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CHAPTER 1 

REVIEW OF VECTOR ANALYSIS 


! Section 1.1 


| 1. a) Area = / / 


+ /a 2 -x 2 


:=-a y=-J a 2 -> 


dxdy 


= 2 


f a 2 - x 2 dx 


x=-a 


u 

-a 

r n. 2 2 . -1 Xn 

= Lx^a - x + a sm — J 


= Tra 



a 2 tt 

b) Area = / / rdrd<j> 

r=0 4>=0 


o r 
= 2^ — 


= Tra 


[Easier than (a)] 


r=0 


2. a) Volume = 


R +Jr 2 -z 2 +jR 2 -y 2 -z 2 

j J j , dxdydz 

z=-R y=-jR 2 -z 2 x=-jR 2 -y 2 -z 2 

R +Jr 2 -z 2 


‘ 2 1 

z=-R y=-^R z -z z 


R 

J 

z=-R 


U- 2 2 , , 

^7 R - y - z dydz 




2 2 .2 2. . -1 y 

y v /K -y-z + (R - z )sin — ■*— 


7^ 


+Jr 2 ~z 2 


y =-^2 


dz 


R 


= TT J (R 2 - z 2 ) dz 
z=-R 


= IT (R 2 Z - ^-) 


R 

z=-R 


3 ^ 
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= | ttR 3 


c) Volume = 


R 

/ 

r=0 


2t t 
r 

7T 

r 

2 

I 

J r s 

<j)=0 

6=0 

7 T 

— 2tt 

cos 6 

0=0 


r 2 dr 


R 2 
= / 4rr dr 

r=0 


4 3 

3 ^ 


R 

r=0 


^ 3 

— ttR [Easier than (a) or (b)] 


Section 1.2 


A 

+ 

B 

= 

6i 

- 

2i - 6i 





X 


y 

A 

— 

B 


6i 

+ 

4i 





y 


z 

I 


C 

= 

4i 

_ 

5i - 4i 





X 


y 

b” 

— 

C 

= 

2i 

_ 

3i - 6i 





X 


y 

A 

+ 

c 

- 

4i 

+ 

i 





X 


y 

A 

— 

c 

= 

2i 

+ 

3i - 2i 





X 


y 

A 

• 

B 

= 

9 - 

8 

+ 5 = 6 

B 

• 

c 

- 

3 + 

4 

-5 = 2 
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c) A * B = det 


111 


x y 


3 

3 


z 

-1 


-4 -5 


-14i U- 12i - 18i 

x y z 


B x c = det 


ill 


3 

1 


y 

-4 


z 

-5 


-1 +1 


-9i 81 + 1 

x y z 


A x C = det 


ill 

z 

-1 


x y 
2 

-1 


3 

1 


= i - 4i - 5i 
x y z 


d) (A x B )-C = (-141 +121 - 181 )•(! - 1 + 1 ) = -44 

x y z x y z 

A*(B x c) = (31 + 2i - i ) • (-9i - 8i + i ) = -44 

x y z x y z 


equal 


e) 


A x (b x c) = det 


ill 


x y 
3 2 


z 

-1 


-9 -8 1 


-6i + 6i - 6i 

x y z 


B(A*C) - C(A*B) = -6C = -6(i - + i ) equal 


f) COS0 


AC = = 0 - 0 AC = 900 


COS0„ T. 


B» (A x c) 44 


•96 -* 0^ -- = 16.2° 


B > AXC B | A x c| ^507421 B ’ AXC 
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4. A + B = -i + 5i - 4i 
x y z 

A - B = 3i -i -2i 
x y z 


Add: 


2A = 2i +41 -61 -*■ A = i i+ 2i - 31 

x y z x y z 


Subtract: 2B = -4i + 6i - 21 -*■ B = -2i + 3i - 1 

x y z i x y z 


5. a) B i | = aA, A*B = AB i i = aA*A -> a = 


A-B 

A*A 


b) B | | = — A = ( ] 2) - (1 - 21 + 1 ) = 2(-i +21 - i ) 


A*A 


y z 


y z 


Bi = B — B | | = 51 +1 -31 

± || x y z 


6. A*B = -36, A*C = 0 (A and C perpendicular), B-C = 0 (B and C perpendicular) 


A A’B -36 , „ -.n^o 

cos6 ab ' AB" ■ " e A,B ' 180 


V24 754" 


7. a) A*B = -75 
b) 

A x B = det 


1X1 

x y z 
3 4 0 

7 -24 0 


= -1001 


■=> “ se AB - 7T - 5 THT - - 6 " e AB - 126 - 87 ° 


A*i 


8. cosa = 


y 


222 

A + A + A 
x y z 


A-i 


cosB = 


y 


222 

A + A + A 
x y z 


A 



REVIEW OF VECTOR ANALYSIS 


i 


A-i 


cosy = 


y 


2 2 2 

A + A + A 
x y z 


2 2 2 
A + A + A 


cos ct + cos p + cos y = ^ J = ^ 


A 4- A + A 
x y z 


! 


9. a) C*C = (B - A) • (B - A) = B*B - 2A*B + A-A -*■ C 

b) ¥ x A = (C” + A) x A = Cl x A ! 

|b x A I = ABsin0 = ACsin(ir - 0, ) = ACsin0, 

c b b 

sin6, sine 

b _ c 

B C 

B x c = B x (B - A) = A x b 

|b x cl = BCsin0 = | A x B | = ABsin0 

11 a 1 1 c 


2 2 
A + B 


- 2ABcos0 


sin6 


sin6, sin6 

b a 


10. a) 


(A x B)*C = det 


(B x C) *A = det 


= (A x B) -C 


(C x A)*B = det 


= (A x B) >C 
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REVIEW OF VECTOR ANALYSIS 


b) The vector A x b is normal to the plane formed by the vectors A arid B while its 
magnitude ABsin0 a ^ gives the area ojf the parallelogram formed by A and B. The 
component of C in tjie direction of f x B defines the altitude of the parallel- 
piped formed by A, B, and C, so that the enclosed volume is 

V = I (A x B) -Cl 1 


V = Axb-C=1 


0=4 


d) A x (b x c) = 


(Ai + A i + A i ) 
x x y y z z 

x [ (B C -B C )i +(B C - B C )I + (B C - B C )T ] 
yz zyx :zx xzy xy yxz 


= i [A (B C - B C ) - A (B C -BC)] 
x yxy yx z z x xz 

+ i [-A (B C - B C ) + A (BC -BC)1 
y xxy yx zyz z y 

+i [A (B C - B C ) - A (BC -BC)] 
zxzx xz yyz zy 

= [B i +B i + B i ][A C -f A C +AC] 
xx yy zz xx yy zz 

- [c i + C i +Ci][AB + A B +AC] 
xx yy 2 z x x yy zz 

= B(A-C) - C(A-B) 


11. a) A = AcosBi + AsinBi 
x y 

B = BcosM - Bsind>i 
x y 


b) A*B = ABcos(0 +<())= ABcosB costf) - ABsinB sin<() 

-> cos(0 + <j>) = cosO cos<j> - sinQ sin<() 

|a X B| = ABsin(0 + <(>)= |-AB(cos0 sin<j> + sin0 cosif>)i z 
sin(0 + <(>)= sin0 cos^> + cos0 sin<j> 


Section 1.3 


10 . 3fT.3f-r.3f-r 

12. a) Vf = — l + — l + — i 
8x x 3y y 3z z 

2 — 3— — 

= (az + 3bx y)i + bx i +axi 
x y z 
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u 3f ~ , 1 3f t , 9f t 

b) Vf = — — i + — — i + l 

9r r r 3<J> <j> 3z z 


a 2 — a 2 — — 

(- sin<}> + bz cos3<f>)i + (— =• cos<)> - 3bz sin3<f>)i, + 2brzcos3<f>i 
^ r zi <p 2 

r r i 


s 9f — 1 3f — 

c) Vf = — i +-—i„ + 


3r r r 36 0 rsin0 3 <f> 


3f - 
x . 


, a 2b . . — l b cos<f — 

(acos0 - — ~ sin<t)i - asxn0x„ -I ~ — : — - x, 

3 T r 03 sxn6 4 

r r 


13. f = rsin<[> Vf = sin<jii + cos<f>i = i 

r a) ^ 


+a 


/ Vf-d£ = 

J dy = 2a 



1 

-a 




+tt/2 


+tt/ 2 

/ Vf-dT = 

/ acos<J>d<}> = 

asin<f> 


2 

— tt/ 2 


— TT / 2 

/ vf-dT = 

2a 




= 2a 


Section 1 .4 


_ 3A 3A 3A 
U. a) VA- 3 ^+ 3 ^ + jf. 3 


1 ^ 

(V-A = — 2 — ^ — = 3 spherical coordinates) 


— 2 3 3 2 2 

b) V-A = y z + 2xyz + 3xy z 


i a , 3A 3A 

c) V-A = ? — (rA r ) + 


= 2cos<f> + 


sin<j) 


- 7 - 



d) V-A 


a) / V 
V 

Let 


b) Let 

/ V 

V 


I V 

V 

c) Let 
$ dS 

d) n = 

ir 

J 

6=0 


REVIEW OF VECTOR ANALYSIS 


1 a / 2 . x . i 3 . l <j> 

2 3r (r A r rsin6 36 (A e sln ) + rs ine 3<j> 

r 


= 4rsin6cos<|) + 2rcos0cos<j> - rsincj) 


A dV = <£ A-dS (Divergence Theorem) 

_ _ S _ _ J 

A=if->V*A= (i-V)f + f ^V;i 


i • / VfdV = i • ^ f dS -y f VfdV = $ f dS 
S V S 

0 

A = i x F -> V-A = V • (T x F) = F-(V x T) - i 


V x F (See Prob. 24c) 


■AdV = -i • / V x F dV 
V 

= <£ A-dS" 

S 


= j (i x F) -dS 
S 

= i ' | F x dS 
S 


> (See Prob. 10a) 


F dV = - j> F x dS 
S 


E = 1 in (a) -> Vf = 0 
= 0 


i = sin0cosd>i + sin6sind)i + cos0i 
r x y z 


2n _ 

/ i R Z sin0d6d<j> = R Z [ i (0) + i (0) - " cos20 
cj)=0 r x y 4 


* ^ = 0 
0=0 2 





! 17. a) dS^ = -dxdyi z 
dS„ = -dxdzi 

2 y 

dS„ = -dydzi 

3 x 

The equation of the plane surface 4 is of the form 
x + Ay + Bz = C 

where the constants A, B, and C are found by specifying three points in the 
plane. 

(a, 0,0) 

(0,b , 0) f = x+ f L y+-z-a = 0 

D C 

(0,0, c) 

The unit normal to the surface is found from Vf as 
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b) A = ri = xi + yi + zi 
r x y z 

$ = cji A*dS 
S 


= -/ A (z=0)dxdy - / A (y=0)dxdz t— / A (x=0)dydz 


a b(1 - ? 

+ / / A-dS z 

x=0 y=0 

Z= "I (x+ f y " a) 


a 


= / / [x+^-yH z] — dxdy 

n n b a a 7 

x=0 y=0 


a b ^-f> 


/ / c dxdy 

x=0 y=0 


= / cb[l - -]dx 

x=0 a 


c) V-A = 3 


$ = / V*A dV 
V 


o i abc abc 
b 3 2 ~ 2 


volume 

of 

pyramid 


Section 1.5 


3A 3A 3A 3A 3A 

18. a) VxA = i - -*) + i (— * - -*) + i (— S 

x 3y 3z 1 y k 3z 3x J z k 3x 


= (x - y 2 )i x - yi y - x 2 i z 



i 


REVIEW OF VECTOR ANALYSIS 




, 3A 3A, 3A 3A . 3A 

»> 5 * A ■ t if ‘ ^ ]l r + 7 - IwTK 


- rr , fsin<f> .it z 

= -sindii + - cos 

V ^ T* 


't’) 1 * "IT cos<f) i . 


1 a 9A _ ' 3A^ 

c) v x A = rsine ( V in0 ) " '3^ 1 r: + 7 ^ sine "7T " ir ^V-^e 


i L a 3A 

+ 7 (r V ' # ]1 * 


cos<f> cot 0 — . , — r cos 0 sind) , . ,,7 

2 1 - rsin^ 1 - [ ^ rcos0cos4>]i , 

r r 


t 


e 

.0 


19. Let A = if, V x a = Vf xi+f V x i (See Prob. 24f) 


(f A‘d£ = i • <f fcU = / (V x A) *dS = -/ (i x Vf) *dS = -i • / V f x dS 


^ fd SL = -/ Vf x dS 
L S 

20. A = (x + a) (y + b) (z + c)i 


(See Prob. 10a) 


_ 3A _ 3A 
V x A = - “r ~ i + 


3y 1 z 8 z 1 y 


= (x + a)[-(z + c)i + (y + b)i ] 

z y 

X 1 0 

&> A*d£ = / A dx + / A dx 

t _ n x x 

L x=0 x=x^ 


y=yi 

z =0 


y=y 2 

z =0 


(x + a) , , , N 

2 (y 1 + b)c 


(x + a)' 


x =0 


(y 2 + b)c 


x=x. 


= Uy-J^ + b)[(x 1 + a ) 2 - a 2 ] - ;(y 2 + b)[(x 1 + a ) 2 - a 2 ]} 
= f [(^i + a ) 2 - a 2 ] [y x - y 2 ] 


- 11 - 
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/ V x A*dS = // (V x A) dxdy 


flat surface 
at z=0 


X 1 y 2 


= / / -c(x + a) dxdy = ~ \ (y 2 " y-j_) C + a) 2 - a 2 ] 

x=0 y=y | 


| * 

/ V x A-dS = / (V x A) dxdz - / (V x A) dxdy + / (V x iv) dydz 

angular y=y 9 y j y=y i y x=xi / X 


rectangular y=y 2 

cylinder surface 


i y=yi 

surface 


X=Xj 

surface 


/ (V x A) dyclz + / (V x A) dxdy 

x=0 / X z=zj ^ 

surface surface 


Z 1 X 1 


Z 1 X 1 


= / / (x + a) (y + b)dxdz - / / (x + a) (y + b) dxdz 

0 x=0 0 x=0 


X 1 y 2 


2 

x toy 


/ / (z + c) (x + a)dxdy 

0 y=y. 


= (y 2 + b) -yECXj^ + a) 2 - a 2 ] - (y 1 + b) — [(x 1 + a) 2 -a ] 

(Z ! + c)(y 2 - Yl ) r , . „ 2 2 -\ 

2 L(x + a) - a J 


[(x 1 + a) 2 - a 2 ][y 2 - y^] 


f -Zf 1 : 

y 


l (f) ■ 5 ci - 

y y . 


3 r3f'i 2x 


22. V • i = V*i = V*i =0 
x y z 

V x i = V x i = V x i = 0 
x y z 


Cartesian 




REVIEW OF 

1 

VECTOR ANALYSIS 

„ - 1 3r 

V»i = - -r- 
r r or 

= V-T = 0; V*i = 0 

r tf) z 

i 

! ) 

V Cylindrical 

n • r\ . 

n T _ 1 3r T _1 T 

i - > 

n L -• _ n 


V '_L — y V — - X. X J » - X vy 

r $ r or z r z z 

2 i 

„ — 1 9r 2 „ — 1 3sin0 cote „ — 

V-i = — ^ - — = — ; V*i = — ' — = 5 V*i = 0 

r 2 3r r 0 rsm0 30 i r d> 

r 1 

V x i = 0; V x T = - I 1 i = - i ; i 

r 0 r 3r <p r <p 

I 

i 

_ — 1 3sin0 — 1 3r — cote — 1 — 

V X i = — ' — TT 1 TT- 1 = 1 - — X. 

6 rsin0 30 rr3r0 rrrO 


Spherical 


Cartesian 


a) h = 1 
x 

h = 1 

y 

h = 1 
z 


Cylindrical 


h = 1 
r 

h . = r 


h = 1 
z 


, s ,, 3f . , 3f . . 3f , 

b) df = — du + — dv + — dw 
3u 3v 3w 


= Vf • d£ 


Vf-[h dui + h dvi + h dwi ] 
u u v v w w 


Spherical 


h = 1 
r 

h 0 = r 

h, = rsin© 
<P 


(vf) = h~!^ ; (vf) = iT"F ; (vf) = TT 

u n du v n dv w h dw 

U V w 

JL_3f>- ,1 3f T _l_^f- 

h 3u 1 u h 3v 1 v h 3w 1 w 

u v w 

c) dS = h h dvdw; dS = h h dudw; dS = h h dudv 
uvw vuw w u v 


dV = h h h dudvdw 
uvw 

d) Divergence 


$ = <£ A*dS = f Ahh dvdw - ( A h h dvdw 

• J 11 IT T.T J 11 ‘17 T.T 


UVW 


, U V w 

_L 

u-Au 


+ ( Ahh dudw - ( Ahh dudw 

2 vuw 2 » v u w 

v+Av v 


+ / Ahh dudv - / Ahh dudv 

2 w u v 2 ? w u v 

w+Aw w 
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A h h 
u v w 


- A h h 

Ahh 

-Ahh 


U V w A . 
u u-Au 

V u w 
+ : 

v+Av v u W 

v. 


Au 

A h h 

W U V 


w+Aw 


A h h 

W U V 


Aw 


Av 


AuAvAw 


A*dS (f A’dS 

— S S 

V *A = lim — — = 

, , . AV h h h AuAvAw 

Au-n) u v w 

Av-K) 

Aw->0 


, f 9 (h h A ) 9 (h h A ) 9 (h h A ) 

1 I v w u + u w v + u v w 


h h h 
u v w 


9u 


9v 


9w 


Curl 


^ A-d£ 


(V x A) = lim ^ - t - 
u a h h AvAw 
AvH) v w 

Aw-HD 


& A-d£ = [A h Av 
L 


w 


- A h Av 

V V 


w+Aw 


] + [A h Aw 
w w 


-Ky AV* 


(v,w) A 


T 

’'-•w A w 

4> 


v+Av 


- A h Aw 
w w 


(V x A) = lim 
U Av-H) 
Aw-H) 

1 

"hh 


1 J 

[A h 

f V V 

-Ah 

V V 

w 

3 [A h 
w+Aw , W W 

-Ah 

, A w w 

v+Av 

3 

V 

hh 1 

V W 


Aw 

+ 

Av 



9 (h A ) 9 (h A ) 

w w v v 


9v 


9w 


Similarly 


(V x A) = 


) 9(h A ) 

w w 


v h h 
u w 


(V x A) = 

w h 


r 9 (h A 
u u 

|_ 9w 

[ 9 (h A ) 9(h A )" 

V V u u 

9u 9v 


e) V f = V-<Vf) = 


1 


'h h 

V W df 

, 3_ 

' h u h w 9f] 

+ £_ 

fh h 

U V df 


h h h 

U V w 

8u 

h 3uJ 

u J 

8v 

>' 

<ro 

■ > 
J3 

9w 

h 9w 

w ' 
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REVIEW OF VECTOR ANALYSIS 


a) r QP ' ( *2 - V 1 * + (y 2 - VS + <a 2 - VS 


.2 . , y2 . , _ -v 2 -i 1/ 2 


QP 


[ ( x 2 - x 1 ) + (y 2 - y 1 ) + (z 2 ” z \ ) ] 


= [l 2 + (-5) 2 + 2 2 ] 172 


= ^30 


r 1 ~ 51 + 2i 

b) T = -2£ = 2 2. 

QP r nD ^ 


QP 


c) n = ni +ni 
xx y y 


5i + i 


n-i„„ = 0 n -5n = 0 '-»■ n = 


QP 

Miscellaneous 


x 


/26 


L — 1 + 7T / i dt + iR = V 
dt C 1 o 


, di Rdi i 
a) — t + — — + 7-^r = 0 


dt 


2 L dt LC 


b) i = le 


st 


■ 2 t ‘ st r« 


s = - 


R 


2L 




JL_ 

LC 


c) Initial conditions 
i(t=0) = 0 
x di 


dt 


= V 


t=0 


Steady state: v T = 0, v = V , v„ = 0 

3 L c o’ R 


d) 


_ _R_ _ / f _R_ 1 2 . A 

“ 2L’ 3 J W + LC 


s = -a ± jg 


i(t) = [A singt + A 2 cosgt]e 


-at 


-at 


+ g[A cosgt - A 


„ singt] 


di 


-a[A singt + A„ cosgt]e 



1 

I 
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i(t=0) = 0 A 2 = 0 


di 

dt 


t=0 


0 V 

= -^= _ a A* ■+■ 6 A;l h.A 1 -tf 


V 

o 

L 


/ 2 


V 


i(t) = sinBte at 


If 6 is imaginary 

V i i 

o sinh B 1 1 -at 


i(t) = 


w 


If 6 = 0 

V t 

!(t) = — e 

e) V R = ±R = “lB sinSte“ at 


T? 1 f , nil V o [asinBt + BcosBtje 

V c - - J !(t)dt - — 2 2 

a + B 


-at 


-V 


~ [asinBt + BcosBt]e at + constant 


-V 


V„(t=0) = 0 -»■ constant = V -*■ V_ = — [asinBt + BcosBt]e a + V 
v-< o C p o 


tt Ldi o r« n n “i ext 

V^ = — = — [BcosBt - asmBtje 


V 


f) i(t) = [A x sinBt + A^ cosBt]e 


-at 


i(t=0) = 0 
„ di 


dt 


-V 

-*■ i(t) = — sinBte a 
Lp 


= -V 


t=0 


(I - I ) (I - I ) 

—} \ t ± t ■ n n t 1 n _L n « 

27. a) LjojI + — = 0 

n Cjw Cju 


I - (2 - %)l + I . = 0; 
n+1 ^ L 1 n n-1 


2 1 
“o LC 


b) I = IA 
n 


i[A n+1 - (2 - \)A n + A 11 " 1 ] 


= 0 


16 
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I 


i a: ( n+1) i a? , 

A ^ , B = ° 1 1 


- (N+l) N 
A 1 + A 1 


. - (N+l) N 

j + A^ 


o r^n-N-1 -n+N-i 

n ~ -(N+l) , N L 1 + A 1 J 


I = 


V ' + A! 


I 


I (1 - A,) 


V = 


n --(N+l) 

Cjw(A 1 v + A 1 ) 


1' r , n-N-1 ,-n+N-ln 

) . , N. LA 1 A l! J 


d) If I = 0, for an open circuited end, I and V can be non-zero if 
o n n 


A“ 2N = 1 + A x = (1) 2N = e j2lTr/2N 


r = 1, 2, . . . 2N 


Cl 


2to 


J (l - 4 2 - 1 = e j2 " r/2N 


2a) 


±7(1 - 4 2 - i - e i 2 ' r ' 21i - (1 

2co 


2 w 


Square both sides and reduce 


co -i 2 _ j47rr/2N 


(1 - A) - 1 = 


2 o 

r 0J a a _ 0) 

+ (l - yl - 2 [l - r-) 


2co' 


2> e 1 i+ ^ 2 J ~ '■' L ~~ 2 


co > | j 2irr/ 2N 


2co 


2co 


r, co 2 , g j 2irr/2N + e -j27rr/2N 

l 1 “ 2^ _ 9 

2co 


= cos 


frr 


o 

2 „ 2 
’13 
O 

For a short circuited end 


co 


= 2 co 2 (l - cosy); r = 1, 2, . . . 2N 


A? + a" (N+ 1) = 0 - Af +1 


= _1 ^ X = (.i) 1 / (2N+D = e j7r(2r-l)/(2N+l) 

r = 1 , 2 , . . . 2N+1 


2 „ 2 f, ir(2r-l), 

+ co = 2co [1 - cos T - - J 
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I 


I 


Section 2.1 


CHAPTER 2 

THE ELECTRIC FIELD 

I 


1. 


a) 



+ 

+ 

+ 

+ 



*Q: 


b) Net charge on pail after charged ball is removed = -Q. 


2. a) 


un Q. _ Q. 

b) q x 2 > q 2 4 ’ q 3 8’ ' ‘ 


1 =^- 
2 N 


Original sphere has charge q = ^rr 

LN 2^ 

O q t -<4 + | + I + • • • ^ + 

^T-Q[ t + i + • • • ^ + -et] 


4 8 


2 n 2 n+i- 


2T = 0 rl _L _ _2_1 

O ” L o + M MJ.1 J 


-2 ' 2 N 2 N+1- 


: (Subtract) 


= 3 + 


0 

<. Q T = Q 

The total charge in the system remains unchanged, 

43 43 P m® 

3. qE = p g — irR -*■ E = — ttR 

o m 3 o 3 q 


Q 1 Q 2 = Tsin0_ 

4 tte d 2 21 

o 


where T is the tension in the strings, 
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THE ELECTRIC FIELD 


T = Mg _ Mg& 
^ cose 


2ttg d 3 2 ttg d 3 Mg 

Q = T = ° 

2 Q l £ „ L2 ,d N 2 


l/i 


QW * - (f)‘ 


2 ^ 1^2 
5. a) mu R = ; 

4ttg 

o 


•* 0 ) = 


y 2 

4 ire r\i 
o 


1/2 


b) = e, Q 2 = Ze 


L = mvR = mwR = nh/2ir 
2 2_4 


V ,nh. 2 " 2r '‘ V2 

" “ E * < 2 ^ ‘ ~ “T" 

4ire R m 
o 


m Q 1 Q 2 R 
4 ttg 


R = 


/ /nh. 2 i /iih\ 2 

4^^ ( ^) 47rc o (— ) 


m Q 1 Q 2 
c) For Z = 1, n = 1 


m Ze 


R = 


4tt -9 _h_ 2 
36 tt x 10 (_2t? 

_ Q 1 Q O 

9.1 x 10 (1.6 x 10 ) 


= 5.3 x 10 meters ^ .53 A° 


CD = 


2 

e 

1/2 

-19 2 

(1.6 x 10 

3 

4ttg R rn 
■“ o J 


-9 

10 -11 3 -31 

(5.3x10 ) (9.1x10 JX )-I 


1/2 


= 4.1 xlO^ rad/sec 


v = ajR = 2.2 x 10 m/sec 


Mg ^1^2 

6. T = — = where sin0 

cos0 . 2 . „ 

4ire s sxn0 
o 


21 (Q 1 Q 2 


Mg4Tre o (2Jlsln0) sin0 


Q 1 Q 2 cos0 


= 1 


2 ^ 1^2 
sin 0 tan0 = 


2 2 
16ire SL Mg 64ite i Mg 
o ° o 
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THE ELECTRIC FIELD 


d 2 r. 


a) m 


q x q 2 


1 dt 2 
d 2 r. 


4 ire (r - r V 
o 2 1 




m 


1 H 2 


2 2 2 
dt 4ire (r - r ) 
o 2 1 


(multiply by m^) 


(multiply by m^) 


d ( r 2 " r 1 ) q x q 2 (m 2 + n^) 


.2 

dt 2 

4tt£ 

c 

d 2 r 

q l q 2 

m : 

dt 2 

/ 2 ’ 
4tte r 

o 

dv 

dt 

dv dr 

m — — = 

dr dt 

dv 
mv — 
dr 


num 2 
+ m 2 ’ 


q i q 2 

4tre x L 
o 


(subtract) 


r = r - r 
2 1 


q l q 2 dr ^ 

1 2 

q i q 2 1 
4 ttg in r 

f) 


4ire m 2 

2 V = - 


o r 


o 

0 


+ / _q i q 2 

r r 

q l q 2 

> 0, r > r , 
0 

j 

v > 0 

i 

J 2tt£ m 


< 0, r < r , 
o 

1 

v < 0 

v 0 

o 

q l q 2 


c) v ' IF 


dr + / q l q 2 A 


(— — ) 

2ire m r r 
o o 


dr 


/r dr 


i 1 i/ 2 r 1 
i- J_ i — r 

r r r 

L oj L o. 


1/2 


_ + 


~ q l q 2 
2 Time 


1/2 


dt 


i) q q < 0 (charges attract) 


-/r >/r - r + r sin ^ 


-/r /r - r + r 
o c 



"- q i q 2 _ 

1/2 

j_ i 


2inn£ 0 

t T 

dl 


'- q l q 2 ' 

4 


2 Time 

0 


irr 


3/2 


r(t=0) = r constant = — — 
o 2 


, 1/2 

t 
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THE ELECTRIC FIELD 


ii) q q 2 > 0 (charges repel) 



q l q 2 


2-rnnc 


1/2 


q l q 2 


2 Tnne 


t + constant 


1/2. 


d) If q ± q 2 < 0 see (c) (i) 
r = 0 when 


■- q l q 2 " 

1/2 tt 3/2 7T 3/2 

t = — r -*■ t = — r 

27rme 

o 

1/2 

27rme 

2 o 2 o 

- q i q 2 


^ o_ 





e) 


1 dt 


q l q 2 


4re (r - r )' 

O 2 1 


dr. 


3 


q l q 2 


2 dt . , N 2 

4ire (r - r ) 

o z 1 


(multiply by 6 2 > 


(multiply by g ) 


6 2 e i dt (r 2 r i ) 


q l q 2 


4ttc (r - r ) 
o z i 


(3 0 + 3,) (subtract) 


2 VH 2 *1 


dr q l q 2 


3i3 2 


dt , 2 

4ttc r 
o 


3, + 6 ’ r r 2 r l 


2, q l q 2 
r dr = 


4ttc 3 
o 


dt 


r 3 1ll2 , .lo 
3 4ttc 3 3 


If q q 2 <0, r = 0 when 

3 3 

-q q 0 t r 4tte $r 

1 2 _ _o ^ _ o o 

4TT£ o e 3 ^ 3q l q 2 
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THE ELECTRIC FIELD 


d 2 qE t2 /° f 

o d z ^ o , /, , y' 

8. m — = qE -»■ z = — ~ 1- v t + z 

,2 o 2m zo y o 

dt / / 

m ^—5 = 0 x = v t ->■ t = ~ 
dt 2 

qE o X 2 

Z = 2m v 2 
o 


z(x=L) = h = 


qE L 


2mv 


2 

9. m M = -mg sine + 

,2 4TrE 

dt o 

^ I 

^ SI 


(D + O 2 (D - O 2 


~mgg . qQ r 

o 9 1 


2 1 r 2 r 2 

4 ” e o d (1 + ;> a - §> 


0/ 


Mi + aQ J 1 _ -?i _ (1 + -i?) l 

£ , ^2 1 D D ; 1 


4tte D 
o 


_ -mgg qQ c 

£ " n 3 

ire D 

o 


, d ? _ .mg qQ 

dt ire D J 

o 


5 = A-sinoj t 4- A cos co t; to = -f + 


2 = £. , _afi_ 


° £ n 3 

mTT £ D 
o 


Unstable when 

2 


a) < 0 ->■ qQ < tte D' 
o £ o 


If ?(t=0) = ? , (t=0) = 0 

O dt 


5 = 5 COS a) t 
o o 
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THE ELECTRIC FIELD 


a) 


b) 


F = ~^JA± 

* 4 * e a 2 y 

o 


E = 
p 4 tte 


2Q /3 


7 , 3/224 3 2 


ire a 
o 


L ( 16 } a 


2 JJ Q _ £ 
( 7 ) 3/2 " 3 


16 J 


V — % 


E, = 


q, [- 7 i + 7 i + zi ] 

_1 2 x 2 y z_ 

2 3/2 

4tte [z + — ] 
o z 


E„ = 


q 7 [7 i +71 + zi ] 

2 2 x 2 y z_ 

7 2 3/2 

4tte [z + 


q, [f i__ - ^ i„ + zi ] 


Ho L« 0 J- 

7 = 2 x 2 y 


2 3/2 

4 -rre [z Z + -y-] 
o 2 


E, = 


r a— a — , — -1 
q 4 [ ~ 2 \ ~ 2 S + Z 1 z ] 
2 3/2 

4 -rre [z + -r— ] 
o z 


E t (z) = E ! + e 2 + E 3 + E 4 


a) q 1 = q 2 = q 3 = q 4 = q + E T (z) = 


4 qz 


7 2 3/2 z 

4 -n-e (z + 7 —) 
o 2 


t) q x = q 3 = q, q 2 = q 4 = -q + E T (z) = 0 


c ) q x = q 2 = q» q 3 = ^4 = -c i ^ E T (z) = 


2 qa 


2 2 3/2 v 

4 -n-e (z + 
o 
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THE ELECTRIC FIELD 


12. a) 0 . 

q = / X e Z a dz + / X 

A v rv J r 


-z/ a 
e dz 


= X a e 
o 


z/ c 


- X a e 
o 


-z/a 


= 2X a 
o 


b) 


P r dr 


q = 4tt / — 7- 

0 [1 + i] 4 


Let u = 1 + — ; du = — dr 
a a 


3 2 

“ P a J (u - 1) Z 

q = 4 * J 1 


du 


00 2 

, 3 r u - 2u + 1 , 

= 4Trp Q a J ^ du 

1 u 


3 7 r i 2.1 

- 4,,p „ a T - “ + T 

1 Lu u u J 

/ 3 T 1 , 1 1 

° ^TTp a - — + — ^ o 

o u 2 3 

L u 3u J 


du 


3 * P o a 


c) 


-x/c 


+°o oo 2ct e 

q " / / 7^ — 77 dxdy 

y = _00 X =0 [l + (7) ] 

4» -2o a e ‘ x/a |" 

- / — 2 To dy 

y— [1 + A 2 ] 


+OO 


= 2a a / 


_dy_ 


0 1 a + (f) 2 ] 


= 2a ab tan d y - 
o b 


+00 


= 2a abir 
o 
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THE ELECTRIC FIELD 


j 2 q° 
n ,, d x o 

a) M j = 2e Mg 

dt o 


0 


q °o t 2 

x = IiTm " T + V + x o 
0 / 

b) Charge remains stationary if 


qa 2Mge 

o . o 

— — - g = 0 a = 

2Ms & O q 


.qa 


c) x = 0 when ~ g) V = “ 


t = 


2x 


qa 


2 Me 


1/2 


qa 


V = 


dx 

dt " ^Me 


(n§- ~ s)t = - 


L r nil 172 

[ x °L 8 ~ 2Me 0 J 


qA 


a) F q 2 ttc D "y 


O "T 

1 


+°° A dz q D 

b) F = - / ° 


. .2 , 2,3/2 y 

4lT£ (D + z ) y 

o 


dz 


-qA D +°° 

o f 

4ire , 2 2 3/2 J 'y 

o -oo (D + z ) 3 


-qA D 
o 

4tte 

-qA 


0 D 2 n D 2 +z 2 


+ C 0 


2tte D y 
o 


c) F = -F = yS — / — 2 


00 2A zD dz 


4tte i / n 2 , 2 ,3/2 ± y 

o 0 a(D + z ) 


zdz 


A ° Dq _ I A 

27re o a 0 (D 2 + z 2 ) 3/2 y 


A Dq 
o 

2tt£ a 

o 


-1 


Jj) 2 + z 2 
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THE ELECTRIC FIELD 


V 


2ire a y 
o 


15. T = 


_ Mg _ 


Qa 


Qa 


cos6 


2e sin8 
o 


-*■ tan0 = 


2e Mg 
o 


16. a) dE = 


E = 


A dz r 


4ire (r 2 
o 

i L 

At r 

+ z 2 

• } 3/2 
dz 

4 ire 

, 2 

2, 

o -L 

(r 

+ z 

Ar 

z 


4tt£ 0 

o 2 

rr 

2 

r 

V z 

+ r 

A 

L 



+L 

-L 


2ire 


o r / T 2 2 

V L + r 


b) dE = 
x 


a dy 
o 


L x 


/ 2 , F [1 2 , 2 . 2 / 2 . 2 

,/x + y VI 


2ire o V x "" + y*" VL"" + x"~ + y“ Jx“ + y 
Lxdy 


0 / 2 , 2 n / t 2 , 2 2 

2ire (x + y ; VL + x + y 


a Lx +°° 

e = - 5 _ r 

x 2 tte J 


dy 


y > o 


° -» f 2 . 2, / 2 2 2 

(x + y ) vL + x + y 

2 2 / 5 

Let u=x +y,y=Vu-x;du= 2ydy = 2JU - 


2 , 
x dy 


a Lx 00 

E = ° f 

x 2ire j 


du 


a Lx 00 

= / 
O ^ ^ J 


o 2 J 2 It 2 4- 

x ir4u - x + u 

du 


2tT£ 


o 2 r 

x uv u 


2 ,2 2 . .2 2 

+u(L - x ) - L y 


a o Lx 1 . -1 (L 2 - x 2 )u - 2L 2 x 2 

2 ire Lx Sin 

o 


un/(L 2 - x 2 ) 2 + 4L 2 x 2 


u=x 


° WT 2 2 N OT 2 2 

o . -1 (L - x )u - 2L x 
sm - 


2ire 


2 2 
u(L + x ) 


u=x 
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THE ELECTRIC FIELD 


2tte 


2 2 

, -1 (L - x") ^ jr 


sm 


L + x 


2 + 2 


lim E = 

T x 2e 
L-KO O 


. -a Rd4> 

a) dE = 

y 2 tte r 


sin<f> 


-O 7T 

E = 0 / sinAdd) 

y 2*t o J Q 


+o 


2-rre 


COS(f> 


-a 


ire 


-p dr 

b ) dE = — 9 — 
y 7re 


-p R 

E = — — / dr 

y " E o r=0 


ire 


|R 

r=0 


~ p o R 

TTE 


c) Surface charged hemi-sphere 

-a 

dE = — — sin9 cos8 d9d<i> 
z 47re 


-a 2ir tt/2 

E^ = / / sinG cosG d8d<f> 


o (f>=0 9=0 


-a tt/2 . 

O I ^526 de 


2e 


o 9=0 


2 
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19. a) 


dE = 
z 


A dxz 
o 


,2a" 2,3/2 

ire (x + — I- z ) 

o 4 


A z +a/2 
E =— / 

rr TT C~ » 


dx 


Z ( x 2 + 4+ Z 2 ) 372 


A z 
o 


TC o 2 o / 

(V + Z 2 )J 


2 a , 2 

X 4 : (- Z 

4 


+a/2. 


x = -!a/2 


A za 
o 


2 o / 2 . 

^a 2, /a 2 

" e 0 ( T + z ) Vt + 2 


Check 


A a 

lim E = + — 2 — 

z , 

z>>a re z 


= + 


z > 0 


4re z z < 0 
o 


(Q = 4A a) •<- 
1 o 


field of point charge 


, da ' 

a a z a — — 

b) E z ■ I 2 2 1— 5 

" ’ 2 )i 4 ' 2 


0 ,3 , j u , » 

z z 


2 a ' 2 . a T da ' 

u = z + — ; du = — ^ 


dE = 


a z du 
o 


4 


TT£ U J2u “ Z 

O 



t 

l 


2 2 

a z z + a /4 


E = 


Z TT E 


du 


J 


2u - z 


a z 
o 


7T£ 


2 ^ -1 | 2u - z 

i— r tan = — 


2 2 
z +a /4 


u = z 
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THE ELECTRIC FIELD 


2a 

= + o 

ire 


tan 


-1 


J 


2 2 > ' 
z + a Z /2 . -1„ 

^ - tan 1 


7T / 4 J 


z > 0 
z < 0 


lim E^ 
a-** 5 


2o a 

+ o + o 


ire 4 “ 2e 


z > 0 


o z < 0 


field of sheet of surface charge 


120. a) dE = 


-2A a sin<f> d<t> 


y . , 2 , 2,3/2 

4ire (a + z ) 


-2 A 


E y . ! 2 , 2, 3/ 2 i Sln4,d ^ .2 


-A a 
o 


4 it e (a + z ) 
o 


ire (a + z ) 
o 


2,3/2 


-a r dr 


b) dE = 


y , 2 , 2,3/2 

ire (r + z ) 


o 

-a a 


2 

r dr 


-a 


v = O f 

y TT£ n , 2 2,3/2 Tre 

oO(r+z) o 


-r 


-o 7 


- £n 


2 x 2 

a + z 


/ 2 2 
7 r + z 


a + ^ a 2 + z 2 


+ £n[r +J~x A + z z ] 


2 . 2- 


a 

r=0 


c) E = 


-A a 
o 


2ir 


y 4ire (a^ + z^) ^ 0 

r» ' v- 


JJ 2 / sin </)d<t> 


-A a 
o 


, , 2 2,3/2 

4e (a + z ) 
o 


d) E = 


'y 4e 


° 


- £n 


2 . 2 

a + z 


[ 


X / 2 , 2 

a + y a + z 


]) 


21. dE = 


2A (zi - yi ) 
o z _y_ 


, r 2 x 2 x 2-i 3/2 
47T£ o La + y + z J 


dy + 


A a dd)[-ai + zi ] 
o r z_ 

/ ( 2 x V/ 2 

4ire (z + a ) 
o 


A z 0 

E = / 
7 / 7 T C J 


dy 


+ 


A az 
o 


z 2 ire J r 2 x 2 x 2 1 3 / 2 / f 2 x 2 ^ 3 / 2 n 

o -oo |_ a + y + z J 4t7£ (z 4- a ) 0 

o 


IT 

/ d<J> 
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A z 
o 


2 ire 2 2. 2 . 2 2,1/2 

o(a +z)(a +y + z ) 


+ 


A az 
o 


. , 2 2,3/2 

4e (z + a ) 
o 


A z 
o 


2 2 

2ire (a + z ) 
o 


1 + 


Tra 


„ 2 21/2 

2 (a + z ) 


ydy 


-a o 

E = e_ r 

y 2 ire J r 2 , 2 , 2-,3/2 

o -oo |_a + y + z J 

+A 


■Aa 2 


4ire 


— ? rjT / sin<f>d(f) 

(z Z + a ) J// 0 


2tte r 2 4- 2 J. 2 i 1 / 2 

o La + y + z J 


0 


.+ 


A a 
o 


. , 2 , 2,3/2 

y=_oo 47TE ( z + a ) 
o 


cos$ 


A 


0 , 2 . 2 , 1/2 
2tte (a + z ) 
o 


1 - 


2 2 
(z + a ) 


A z 
o 


„ . 2 2,3/2 

2tT£ (a + z ) 
o 


Section 2.4 


22. a) E = ar 2 i -* V-E = (r 2 E ) = 4Ar = — 

r 2 9r r e 

r o 


Q T = / P dV 


= / 4e Ar sin6drdBd(f> 


R . 

= 16Tre A / r dr 
0 0 


= 4ire AR 

o 


Another Method 


Q T = i e E*dS = e E (r=R)4iTR 2 = 4 tie AR^ 
T g o or o 


b) E = Ar 2 i -* V*E = — — (rE ) = 3Ar = 

r r 9r r e c 


Q T = / P dV 


= / 3e Ar drd(()dz 
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a 2 

= 6tte AL / r dr 

o i 




= 2tte ALa^ 




0 




3E 

3E ! 

E = A(xi 

+ yi ) 

-> V*E = — - 

+ y ■ 

X 

y 

3x 

3y 


3 

3 


H 

H 

O' 

p a = 

2e Aa 
0 




-x/a 

x > 0 

dE 


P e 

r o 


X 

E o dx 

p(x) = 

\ +x/ a 

x < 0 



P e 
K o 



Integrating 


0 a , 

o -x/a 


E = \ 
x 1 


+ C. 


^ e +x/a + C 


By symmetry, E (x=0) = 0 ■> C. 


x > 0 


x < 0 




THE ELECTRIC FIELD 


dt P X 

E “5T~ = P(x) = ~ + E = 
o ax a x 


2 2 
(X - d z ) 


X < d 


x > d 


d) p(x) = e 


p (l + 7) 

o a 


p (1 - j) 

o a 


-d < x < 0 


0 < x < d 


x > d 


Integrating 


P x 

T- (1+ ^ 

O 


l ^ (1 _ JL) 
f £ o 2d 


P d 
+ 0 
2e 

o 


-d < x < 0 


0 < x < d 


x > d 
x < -d 


, 09,2^. -r/a 

a) ~2 (r E r ) = p (r) = p Q e 

r 


(r 2 E ) = — — e r//a -*■ r^E = — — [r 2 + 2a 2 (— + l)]e + constant 


3 , 2 

(r E 

9r r 


No point charge at r = 0 constant = 


-par „ 

E = -5- 1 1 + 2£ + 

r e I r 

o ^ L 


{ 1 + ^ + 2|? e -r/a _ 2^ 
' L r J r 


b) Use Gaussian sphere of radius r 


r 4 3 

"3 7Tr P 1 


r < R, 


(£ e E*dS = 4ire r 2 E = Q_ .. = -I 4 nR^p, + 4 - R ?)p 0 R t < r < R 

' o or Tenclosed 3 1 K 1 3 12 1 2 


lt [P 1 R i + ( R 2 “ R i ^ ^ 2 


r > R„ 
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E = 
r 


V 

3e 


r < R, 


3 3 3 

P 1 R 1 + ( r " R i^ p 2 

3e r 2 
o 

[p 1 R 1 + (R 2 “ R 1 )p 2 ] 


3e r 
o 


c) Use Gaussian sphere of radius r 


R 1 < r < R 2 


r > R„ 


4 e E*dS = 4 ire r E = Q_ 

I o or Tenclosed 


4irp r 

or ,3, , 
— — J r' dr’ 

R 0 


4-rrp R 

V 1 / 


7T p r 
o 


irp R~ 
o 


r < R 


r > R 


E r = 


P r 

Q 

4e R 
o 


p o R 

4e r‘ 
o 


r < R 


r > R 


25. a) — (rE ) = — e 
r 3r r e 


o _-r/a 
o 


„ or -r / a 

rE = — J re dr + constant 
r e - 1 
o 


P a , 

o -r/a, r 


- 1) + constant 
a 


E 

r e 

o 


-r/a ,1 1. 1 

e (— + — ) 

a r r 


(E^(r=0) finite) 


b) 


2tte rE = 

o r Tenclosed 


2 

irr p n 


2 2 2 

tra p + tt ( r - a )p 2 

2 2 2 

ira p 1 + tt (b - a )p 2 


r < a 
a < r < b 
r > b 
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E = 
r 


2e 


2 2 2 

PjSL + (r - a )p 2 

2e r 
o 

2 2 2 

P^a + (b - a )p 2 

2e r 
o 


r < a 


a < r < b 


r > 6 


c) 2 tte rE = 
o r 


2irp r 

— - — / r' dr' 
a 0 


2irp a „ 

— ^ / r' 2 dr' 

a ^ 


2irp r~ 
o 

3a 


2irp a 
o 


r < a 


r > a 


E = 
r 


p o r 

3e a 
o 


P o a 

3e r 
o 


r < a 


r > a 


26. If the hole is filled with uniform charge density p Q , the electric field within 
the cylinder is 


P r:L 

i-V 

2e 


2T <x1 x + y V r ' E 


If the hole is filled with uniform charge density ~P 0 , the electric field within 
the hole is 


-p r l , -p 
_ o r _ o 


E' = 


2e 


2e - d )i x '+ yi y ] r' < b 


where the primed cylindrical coordinate terms are measured with respect to an axis 
through the center of the hole. The total electric field within the hole is 

- - P~ d - ; 


E = E + E' = 


2e x 
o 


9V ^ ^ z 

27. E = - — — = *■ V = — — ! - h constant 

z 9z 2e 2e 


Each incremental charge element Ady at coordinate y, when rotated winds up at 
position z = (£ - y) which requires incremental work 
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dW = Ady[v(z) - V(z=0)] 
-A 

(i - y)dy 


2c 


The total work required is 

-Act l 

W = f (Z - y) dy 


o 0 


Xo 


2c 


o U ~ y)' 


a -A a Z 


4e 


28. 


1 2 1 2 . qQ 

— mv + qV = — mv + ~r^ — = constant 

2 2 4ire r 


1 2 
tt mv 
2 o 


a) For v = 0 at r = R 


V* / 


_aQ_ 


2ire Rm 
o 


b) If v 




_sQ_ 


2ire Rm 
o 


, then v = 0 when 


qQ = -L -39 ^ r = 4R 

4ttg r 16 Tie Rm 
o o 


2 — 

29. a) V = Ax -* E = -VV = - i = -2Axi 

3x x x 


_ 3E 

p = e V *E = e — - 
o o 3x 


= -2Ae 


b) V - Axyz -s- E = -VV = — ~ i - I - i = -A[yzi + xzi 

3x x 9y y 3z z x j 

p = e V*E = 0 
o 

2 

c) V = Ar sincf; + Brz 

v _ _ IZ - 13V- 3V - 

E 3r 1 r r 3<j> Z <j> 3z 1 z 


= -[(2Arsin<}> + Bz)i + Arcosdii, + Bri ] 

r 9 z 


p = e V*E = e 
o o 


i a i 9E , 3E 

- — (rE ) + - + — -5- 

r 3r r r 3<f> 3z 
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= -E o [3Asin<j) + 


d) V = Ar sin0cos<j) 


_ riY ~ ■ . 1 3v - , i av - i 

3r 1 r r 90 1 0 rsin0 9<j> 1 <j) 

= -A[2rsin0cos<j)i r + rcos0cds<j>ig - rsin<j)i^] 

e V-E = e [ ~ (r 2 E ) + 1 ~ (E sin©) + — ~ — ^] 

o ° r 2 dr r rsinQ 30 0 rsm0 8<() 

= -e A [6sin0cos(j) + cos20 - C ? S q ] 

o sm0 sin0 


30. V x E must be zero. 

. ™ 2 2 - 

a) E = ax y i 


V x E = det ~ y" — = -i ~ (ax 2 y 2 ) = -2ayx 2 i * 0 

9x 9y 3z z 9y z 

2 2 

ax y 0 0 

Not an electric field! 

b) E = a(i^_cos0 - i^sin©) = ai^ (uniform electric field) 

V-E = — = 0 


c) E = a(yi - xi ) 
x y 

_ _ 9E 9E 

V x E = i ~ — r^l = -2ai ^ 0 (not an electric field) 

z ' 9x 9y' z 


d) E = — ■ % [ i (1 + coscji) + sin<j)i, I 
z r A 


1 Si O i-t 

V x E = - l~~ (rE ) - -rj] i 

r 9r <j> d<j) z 


_ ^ [ s ^ n( l ) + S ~*'^ ] = 0 (can be an electric field) 
r r 

8E 

V-E = f- = - (rE ) + - 

£ r 9r r r d<b 
o 



THE ELECTRIC FIELD 


”3. C-t «_A 

= — ^ (1 + cos<f>) H — ^ cost(> = — ^ -> p = - ^ 

r r 1 r r 


e a 
o 


31. a) E = — (between charged sheets) 

x e 

o 

_ -CT X 

E = -VV -> V = — 1- constant 


Av = V(x=0) - V(x=a) = 


a a 
o 


o 

-X 


b) E = - — = -r > V = — Lnr + constant 

r 9r 2re r 2re 

o o 


1 

Av = V(r = a) - V(r = b) = ° £n — 

2re a 

o 


c) E = 
r 


Aire r 
o 


3V TT 4 o 

>- v = 1- constant 

3r Are r 


Av - VCr-Rj) - V(r-R 2 ) - ^ (f - f) 

o 1 2 


32. a) dq = 


2tt R 


2rRsinSRd9 = Qsin0d0 


z' = Rcos0; dz' = -Rsin6d0 dq = - dz' 

R 


b) dV = 


radius of hoop 
dq 


*-/ 


R 2 - z ' 2 


-Q dz* 


Are /(z - z’) 2 + R 2 sin 2 0 Are R / (z - z') 2 + R 2 - z' 2 

o v o'* 


-Q dz* 


Are R[z 2 - 2zz’ + R 2 ] 1/2 


c) V = 


r V -I 


dz' 


Are R , J _ r 2 „ , , ^-i 

o z =R Lz - 2zz + R J 


2 -. 1/2 


r 2 2 

-Q 2 >j z - 2zz ' + R 


Are R 
o 


(-2z) 


0 

z '=R 


Are Rz 
o 


[ | z - R | - Jz 2 + R 2 ] 
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7%7 - R -/ z 2 + r2 ] 


V = 


4ire Rz 
o 


[R ~ z ~ /z 2 + R 2 ] 


477e Rz 
o 


z > R 


z < R 


Check z + 00 
^ iQ 


v;!; SF s rJ [2 - r - z < 1+ | S 2^ 

o z 


4tt£ z 
o 


z -* - <*> 


V ^ 


4^ [R - 2 + 2 < X + | £ 2 ) ] 

o z 


* -Q 

^ 4tte Rz 


d) z > R 


E = _ ™ = Q 8 

z 3z 4tt£ R 3z 
o 




2 , „2 

z + R 


5 rJL , Jz 2 + R 2 1 I 

c T? t ? + 9 < -i 


4tt£ R 1 2 
o z 


/ 


2 2 
z + R 


_2_ K 

4tte R ^ 2 


o" z“ 2 r 2 , d 2 
z + R 


Hf 1+ — 


4tts z 
o 


/ 


2 _2 
z + R 


z < R 


E = _ M = Q L 

z 3z 4 tt£ R 3z 

o 


R _ ! 7 Z 2 + R 2 

z z 


4tt£ R 
o 


^R J z 2 + R 2 

2 2 
z z 


/ 


2 2 
z + R J 
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4re R 
o 


4tte z 
o 


-R R 

z 2 2 / 2 . „2 


£ 


-1 + 


z V z + R 
R 




/ 


2 2 
z + R 




Check: 


o = e [E (z=R ) - E (z=R )] = -2— • 
f ° Z + Z " 2irR 2 


e) a = — -> p dr 
0 0 2 o 

2ttr 

p rdr 


dV = 


2e z 
o 

p rdr 


r-/ 


2 . 2 -, 

z + r J 


P rdr In 7 

- jh - t r '--/* 2 + r 2 ] 

o 


z > r 


z < r 


z _ R 


\ / [rz - r 2 - r /z 2 7 r 2 ]dr 


V = 


2e z 
o r=0 


-P 


2e z 
o 


R 2 Z R 3 1 r -p 2 2 -i 3/ 2 z 3 

~~ 2~” — 2 ^ LR + zJ +^“ 


z 5 0 


-P R 9 

* ' ITT / t 2 - “ 

o r=0 


r /z 2 + r 2 ]dr 


-P 


2e z 
o 


^.^.I [R 2 + z 2]3/2 + ^ 


0 < z 5 R 


„ P o f Z r r 2 / 2 2-i ^ r 2 2 

V = 2e z [_ J L rz - r - rjz + r Jdr + J Lr - zr - rjz + r 


'o -0 


-P. 


2e z 
o 


3 3 3 

z z J 1 r „ 2->3/2 , z 

T“T"3 [2z] + T 


, R 3 - z 3 z .2 2 1 2 2.3/2 1 2.3/2 

+ — — (R - z ) - — (R + z ) + -j (2z ) 
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-P. 


2e z 
o 


2e 


r R 3 R 2 z 1 fT) 2 2.3/2 2 3-, 

[ T ‘ 1" " 3 (R ^ z } + I z ] 


R 3 , 2 1 r.,2 » 2-il/2 r R 2 n 

— 2 + 3 “3 ^ z -l L2 2-1 


3z 




E — = 

z 3z f 2e 


R 3 2z 1 r_2, . 2-,l/2r R 2 -, 

7T + T" 3 [R 1+ z ] [2 " 

3z z . 


2e 


E + ^-i[K 2 :+z 2 ] 1/2 [2 


3z 


2 3 3 


.^1 

2 J 

z 


33. V = ~ — [— + — ] 
4ire r.. r_ 

o 1 2 


T 2 . ^ a \ 2 »-il/2 r 2 , ,a. 2 . q1 1/2 

r 1 = L r + O^) -arcosGj ; = Lr + (— ) + arcosGj 


z > R 


z < 0 


0 < z < R 


a) V = 


4tte lr 2 a 2 fll l/2 r 2 a .2 1/2 

o v Lr + (— ) - arcosGj Lr + (— ) + arcosGj 


b, I.-vv.-[fT + i^TJ 

3r r r 30 0 


1 f q l[“ |t(2r-acos6)i r +asin0i 0 ]] q 2 E* ^ (2r+acos0)i r -asin0i 0 j] 

3/2 


4ire 


T 2 / a \ 2 „ -i 3/ 2 

Lr + (-^) - arcosGj 


[r 2 + C|) 2 + arcose]' 


^ [ ( 2r— aco s0 ) + asinGig] q 2 [(2r+acosG)i^ - asinGig] 

8tt£ 1 r 2 , .a- " " + _ ~ 

O Lr + (-q) 


2 Q "I 3 / 2 

arcosGj 


r 2 .a- 2 -i 3/2 

Lr + (-j) + arcosGj 


c) lim r » a, q^ = -q 2 = q Q 

2 

[r 2 + (-f) 2 - arcosGj £ r 2 [l + q- - — cosG] % r 2 (l - — cosG) 
2 . 2 r r 

4r 


1 a 


1 a 


r 1 % r(l - ~2 ~ cosG) ; r 9 % r(l + — — cosG) 


2 r 


V % 7TT~T { (1 + \ § cosG) - (1 - i -r cosG)} 


4tt£ r 
o 

q o a 

47Te 0 r 2 


2 r 


2 r 
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- q o f (1 + If cos6) ■ _ 

r [(2r - acosB)i + asinBig] 

o r r 


(i - cose) 


[(2r + acos0)i - asinOi,,] 
i r o 


;v 


8tt£ r 
o 


{4acos0i + 2asin0i„| 
3 1 r 0 J 


V 


4tt£ r~ 
o 


[2cos0± + sinOi ] 


d) 


dr 

rd0 E„ 


= = 2cot6 -> / = / 2cot0d9 •> ilnr = 2£nsin6 + constant ->■ r = 


r sin 9 
o 


34. a) V, = 


1 4tte 


(!2_ + l3_) 

r ^ 
o 12 13 


V„ = 


2 4ire 

o 


[-+- + 

V 'V y S 

12 23 


’’ + ^-) 

'o "13 r 23 


V = — (— + — 

3 4 ire v r, . r 


b) Vi = 


1 4 ire 


r > = — — 


v: = 


2 4ttc 


(-2- + ^-) 

'‘T r* ' 

o 12 r 13 

q ’ q ’ 


o r 12 r 23 


V = + ^1_) 

3 4lT£ o r 13 r 23 


q I V 1 + q 2 V 2 + q 3 V 3 = q i V I + q 2 V 2 + q 3 V 3 


c) By breaking each conductor into many incremental point charges, because each 
are at the same potential (the conductor is an equipotential surface) the 
potential may be taken outside the summation 

I (q. V! - q! V.) = V’. I q. - V. Z q! 
xxxi x ^j,x x _J;x 

on conductor Total charge on conductor 
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d) Let q 1 = q, H 2 = q c > v 2 = ° 

qi - °> v i = V v 2 = v c 

qi "l + q 2 i = q i v i + q 2 v 2 

/ / — — 

qV q V 
p c c 


qV + q V = 0 q = - 
p c c c 


qV 

~V 


e) 



V = 


V R 
c 

"D- ’ q c = 


V 


Jin — 
r 

o 


(r -v oo) 
o 


_ si 

D 


V = — - — 

P Jin — 


n AV Jin D/r 

Jin — -*■ A = - — r 2 - = -A ~ 

r c V to a/r 

o c o 


lim A = -X 
c 

r -*» 
o 


g) q-L = q, q 2 = q(y=o), q 3 = q(y=d), v 2 = o, v 3 = o 
q; = 0, = V o , V* = 0 

*0 *0 .0 0 

q l v i + q 2 V 2 + q 3 V 3 “ q l V l + q 2 V 2 + q 3 v 3 

— — / / / / 

qVj q(y=0)V o 


qv{ + q(y=0)V Q = 0 


V: = V (1 - 
1 o d 

qV i 

q(y=o) = — y ~ = _q(1 


av = _ £b 

d ; d 


q(y=d) = -q - q(y=0) = 


-,[i - |] 


_ a* 

d 
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h) q(y=0) = - (d - x) 
q(y=d) = - ^ 

i = dq (y=0) = _ dq (y=d) q dx qV < 

dt dt d dt d 


Section 2.6 


35. f = -r 

X 2tT£ 


a + a ) 


2 

D -ir 



-»x 


36. a) dE = 


a dy' 


y 2 tt£ (y - y') 


y> y 


y> d 


E = 


7 a , . 

_2_ f d y 

T C • ( XT — XT * 


y 2 tt£ } j (y - y T ) 
o y =0 J 


~2vz~ £n(y - y ' } 
o 


d -a 

y ' =0 


° An(l - -) 


2lT£ 


b) 


i 



0 <y<d 


E = -Sl 
y 2ne n 


f dy f # 
J 0 (y-/) {(/-?) 


2^fc 0 d - y 


y <0 


E 

y Otto J 


2^o / =0 (? - ?) 


cr, 


—In 


2;r£„ 


/ ,\ 

1-4 

y 


= *y °o dy ’ ( 2^> ^ 

o a 


-a 


F = T- 2 - i / £n (1 

2iT£ y , n 2 

o y =0 a 




-) dy’ 


2^Td (1 ~ ^T } [£n(1 " " 1] 

o a a 


y ’ =0 y 
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2 2 
a a 
o 

2ttc d 
o 


37. a) V = 


-X 

2ttg 


[£nr 1 - £nr 2 + - tar^] 


>2,1/2. 



Tn - [(y + b) 2 + (x + a) 2 ] 1 ^ 2 ; r. = [(y + b) 2 + (x - a) 2 ] 1//2 


E = -VV = 


2lT£ 


[(y - b) i + (x - a)i ] [ (y - b)i + (x + a)i ] 


[ (y + b)i + (x + a)i ] [(y + b)i + (x - a)i ] 

y ^ y x 


E (y=0) = 0, E (x=0) = 0 
x y 

b) At x = a, y = b 


■ x = o, r 2 = 2a, r 3 = J( 2a) 2 + (2b) 2 , r = 2b 


F = 


2ire 


-i i (ai + bi ) 

_JE _ + x y 


47re 


2a 2b 0 , 2 , 2 . 

2(a + b ) 


~r . 1 a . — .1 b 

1 x a " 2 , , 2’ 1 y d 2 . , 2 


a + b 

r, 3 t . 3t i 

71 — l b x x a V 

4 ire (a + b )ab X y 


a + b 


'] 


c) c f U-0) - SE^O) .A_ (ii- if) (- 


r 3 r l 


[(y+b) 2 + a 2 ] 


[(y-b) 2 + a 2 ]' 


°f (y=0) = e o E (y=0) = + ^ - f (- 

L(x-a) + b J 


r r 
1 2 


[(x+a) 2 + b 2 ] 
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A(x=0) = / o (x=0)dy 


OO I— 

= Aa r 1 

" * 0 L[(y + b 


[(y + b ) 2 + a 2 ] [(y - b) 


- b ) 2 + a 2 ]. 


dy 


Aa f 1 -1 y + b 

— tan - 

it a a 


1 . -1 y - b 

— tan 

a ! a 


A r TT „ -1 b it „ -1 b-i 

= - {- 5 - - tan — - tan 

7T L 2 a 2 : ^ 


2 A -1 b 
— tan — 
7 T a 


, , 2A -la 

A (y= 0 ) tan 7- 

7T D 


A(x=0) + A(y=0) = - — [tan v + tan b — ] 

tt b a 


tt/2 


= -A 


d) Use single image charge at (a,-b) 


F = A 


2tte 


4ue 


i i (ai - bi ) 

j X 2. 4. 2 Z_ 

2b 2a 2 (a 2 + b 2 ) 


-i (i- 

x v a 


o a y ~ ) + i (r ■ 
(a 2 + b 2 ) yb 


2 4 . u 2 
a + b 


4tt£ ab(a + b ) 
o 


9 5 — [-b^i + a^i ] 

2 . , 2 , x y 


e) V = t-9- ^ ] 

4^0 r x r 2 r 3 r 4 


r 1 = [(x - a ) 2 + (y - b ) 2 + z 2 ] 1/2 ; r 2 = [ (x + a ) 2 + (y - b ) 2 + z 2 ] 1/2 
r 3 = [(x + a ) 2 + (y + b ) 2 + z 2 ] 1/2 ; r 4 = [ (x - a ) 2 + (y + b ) 2 + Z 2 ] 1/2 
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E = -VV = 


4tte 


[(x-a)i + (y-b)i + zi ] [(x+a)i + (y-b)i + zi ] 

x y z x y z 


+ 


[(x+a)i + (y+b)i + zi ] [(x-a)i + (y+b)i + zi ] 

x i y z x y z 


F = — 1 


-3 L[ 1 --ill j +b r 1 --All 

I6ire \ a 2 , ,2.3/2 3 x. ° 2 ,2.3/2 .3 

o'- L (a + b ) aJ j L(a + b ) b J 


a (x=0) = e E (x=0) , a_(y=0) = e E: (y=0) 

r ox r o y 

co -f*a> 

q(x=0) = / j a (x=0)dydz = — ^ tan ^ — 

n r tt . a 

y=0 z=-°° 

co -f-o° 

q(y=0) = / / a (y=0)dxdz = tan 1 

n f 77 b 

x=0 z=-“ 


If charges are outside conducting corner 
2 


F = 


16tte 


/ r_i _ i i - , r_i _ i ~ 

l' a La 3 " (a 2 + b 2 ) 3/2 J * Lb 3 " (a 2 + b 2 ) 3/2 J 


Section 2.7 


38. F = qE 
x o 


4re (2x) " 
o 


= qE o ' 


16re x 
o 


a) F = 0 -»■ x = 
x 


o 16tt£ E x 0 
o o 


■/ 


16tt£ E 
o o 


b) V (x) = -E x - 


o 16 tt £ x 
o 


V (x ) = -E x - t-* 

o o o loTre x 

o o 


1 

2 I TT£ 


r qE 

V f-2-l = - 1 —2. 

1 J 8 J ire 
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1 2 

— mv + qV(x) = constant 
For v = 0 at x = x 


1 2 x 

~2 mV Q + qV(-y) = 0 + qV(x Q ) 


\ > q[V(X Q ) - V(-y-)] 


> q 


qE 


7T£ 


r_ I + I] 

■ L 2 8 J 


> 1 
8 



! r— <1 E i / 4 

v > ^ P [—2.] 
o 2 Jm l tt£ j 

1 o 


c) If E = 0, V = J 

o lo^e x 


W = q[V(oo) - V(d)] = r/ 


I6ire d 
o 


39. a) Q. , 
md 


R„ 


Q ind 

4 tie r / 
o 


R, 


b) E r = ■( 


R 0 , 2 

2 4 Tie r 
o 


R„ 


Q + ^ind (1 “ R 2 )Q 


4iTe r 
o 


4ttg r 
o 


E = 
r 


8V 

3r 


-R 


1 Q 


R 2 4 " e c 


£ - A 


R 1 

a - ^)q 

R 2 


+ Tre„ 


i 


! 

! 


I 

I 

i 


R 


1 


< r < R 2 


r 


> R 


2 


R 1 < r < R 2 


i 


[ 


I 


i 


r > 


Rn 
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-40. Field inside the sphere due to V Q is zero. Only field outside the sphere affected 
by raising the potential. 


q(-q d> 


-q 2 RD 


-p _ tL _ H ^ 

X L T r2 nl 2 4it£ [ r2 " A 

4re o — - Dj oL J 


41. a) 


b ) q T = / 




L -RA dz' iL 

qr = / — 4° a + P = RA„£n(L + a + R - z') 


42 . 


= RA £n 


R + a 


o R + a + L 



-fr 
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a) F z = 


-qR/d 


qR/d 


, R 2 n2 . ,, , R 2 ! 2 , /ojN 2 

(d — ) 4Tre (d + — ) 4ire (2d) 

o d o d : o 




R 

° 


4TFe 1 (d 2 - R 2 ) 2 (d 2 


a ; jl _1 

2 2 2 
+ R ) . 4Rd J 


2 

4ire 


r 3 3 “t 

4R d J^_ 

,A D 4.2 2 

o (d - R ) 4d 


b) V = 


R/d 


4 ire ] r 2 2 . ,, z-i 

o ''Lx + y + (z - d) J 


2 - 11/2 


r 2 2 , R -2-.1/2 

Lx + y + (z - — ) J 


R/d 


E = -VV = 


[ x 2 + y 2 + (2 + 4 2 ] 1/2 [* 2 + y 2 * <* - « 2 ] 1/2 

d 

- - - _ _ r 2 _ 
g ; ( xl x +yi v +(z-d)i z ) (R/d)(xi x +yi y +(z-— )i 2 ) 


4tte [r 2, 2 , ,x2-|3/2 ' „ „2 _ _ /0 

o ^x +y +(z-d) J [y.2 +y 2 +< . z _ R_ ) 2-j3/2 

d 


R 2 s^ 


+ 


(R/d) (xi +yi +(z+— )± ) (xi +yi +(z+d)i )i 
x y d z x y z \ 

2-.3/2J 


r 2, 2 R . 2-i3/2 
Lx +y +(z +— ) J 


[x 2 +y 2 +(z+d) L ~\ 


At z = 0 


E = i 


-2d 


+ 


3 2 

2R /d 


z 4 ire I r 2 2 ,2-,3/2 ^ . 

o Lx + y + d J r _ 2 , 2 _ L . / R ^2 n 3/2 


[x" + y" + (^)"]~ 


= 1 _a±_ J. zi + ^ 3 /d 3 

I O r\ r\ I r\ * n 


z 2ire lr 2 2-.3/2 „ ^ . 

0 [r + d ] [r 2 + (^) 2 ] 3/2 

d 


a,.(z=0) = e E (z=0) 
i o z 


q (z=0) = / 2 tt 0 _(z=0)rdr 

r=R 
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= qd / 
r=R 


-r 


[r 2 + d 2 ] 3/2 


,R,3 1 

r<?> 2 

[r 2 + t>L)2]3/2j 


dr 


= qd 


= qd 


(R/d)' 


> 2 + d2 /TT^r 


r=R 


(R/d) ' 


l ~~2 2 2 2 2 ~ 

Jr + (R/d) Jr + d 


= q 


(\ - i) 

_d 

R 2 

J + H 2 

* d 


The easiest way to find the total charge induced on the hemisphere is to real- 
ize that the total induced charge is -q 


q x (r=R) + q T (z=0) = -q ■+• q x (r=R) = -q 


1 + 


si- 1 

d 2 

R 

j d j 


To verify this we convert the Cartesian coordinates to spherical coordinates 

x = rsin0coscj>, y = rsin0sincj>, z = rcos6 

i = sin0cosd>i + cos0cosd>i„ - sind>i, 
x r 0 <f> 

i = sin0sin<f>i + cos0sin<f>i + cosd>i, 
y r 0 <j) 

i = cos0i - sin0i„ 
z r 0 

At r = R we have 

2 2 2 2 
x + y + z = R 

x 2 + y 2 + (z ^ d)^ = R 2 + d 2 - 2Rdcos0 

2 , 2 . + R 2 2 2 r R 2 , 2R - 

x + y + (z X — ) = R LI + “ o 3 cos6 J 

d . z a ' 

d 


The radial component of electric field at r = R is then 
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E (r=R) 
r 


= _ 9 _ 


(R - deos8) 


(1 - 4 cos9) 

Q 


4 " E o [R 2 + d 2 - 2Rdcos6] 3/2 | Rd[l + R! _ ZR cose] 

d 2 d 


3/2 


+ 


(i + -y cose) 

d 


(R + dcos9) 


Rd[l + ^ + f cos0] i/2 [r2 + I' + 2rdC0SG] 3/2 
d 


The surface charge density is then 
o^(r=R) = e^E^C^R) 


with total charge 


2 * /2 2 0 

q (r=R) = 2 ttR j a (r=R)sin0d0 = -2 ttR / a (r=R)du (u = cos0) 


0=0 


u=l 


qR f -(Ru - d) 


(Ru +d) 


2 ’r 2 [R 2 + d 2 - 2Rdu] 1/2 R 2 [R 2 + d 2 + 2Rdu] 1/2 


+ 


<-!> 


(u + f) 


Rd[l + \ - Rd [l + \ + ^] 1/2 

d 2 d d 2 d 


0 

u=l 


= 5. 
2 


2d 


2R 


+ 


(R - d) R + d 


[R 2 + d 2 ] 1/2 d[R 2 + d 2 ] 1/2 (d - R) (R + d) 


R(1 - h R(1 + j) 
d + d 


R 


R^ 


d(l - d(l + 


q T (r=R) 


d - 


R 


= q 


= -q i + 


[r 2 + d 2 ] 1/2 

s- 


- i 


■ 

\ 


i+ S 
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a) 


-t 


f 


» 


t 

1 




t 

7.V> 




<r-* a» 


* • 

f ‘ 


2q 


b) The total charge on each conductor is 

q^, = -q[l -1 + 1-1 + 1-1 + 1-1. . .] non-convergent series 


c) q 


n+1 


R 1 R 2 
b' ^n’ ^n+1 b ^n 


n 


2 2 

t _5 

b n+l b ' ’ b n+l b 

n n 


R, R. R 0 R, R 0 

2 _ i 12 


d) VTC-fl-r: Vi ] ■ 

n - 


b v b , 
n n-1 


b'b . M n-1 
n n-1 


R. 


q n+l R„ q n-l 


‘_1 

l 2 


2 2 
R 1 R 1 

Vl " b^ = -T b n-l 

n R 2 


e) q = AA 
n 


R 2 


A[A 


n+1 1 , n-1 


A n_1 ] = AA n_ 1 [A 2 + (]T ) 1/2 

R 2 R 2 R 2 


b = Ba 
n 
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! 

n T>r n+1 Ax 2 n- 1 -, T, n-lr 2 . R 1 . 2 n + R 1 

0 = BLa - (^~ ) a J = Ba Lot - Cg— ) ] -> a = X — 

» % ■ Vic ;> n/2 + a 2 <- i )"§)” /2 - + (- D %] 


R. 




<lK, 


R. 


TT- <A i- A 2 ) t ) 

o 2 


lxl/2. 


R l R 2,l/2 


A x - A 2 = -q(-^) 
R 

o 


qR l R 1 

q 2 = -R^= (A 1 + A 2 )( ^ ' A 1+ A 0 = q 


q n = 


An/2 

q (— ) n even 

R 2 


R l R l.(n-l)/2 
-q n odd 

R o R 2 


R 1 R 1 R 1 R 2 

b ! = f = A - V ^ " B ! - b 2 = -i 2 

o 2 o 

R 1 R R i ? 

b 2--/‘ «1 + V<r7> * B 1 + B 2- R o 

Z 


b = < 
n 


R i 


n even 


R 1 R 9 R 1 rt 
12. lx.n 

1T~ (— ) n odd 

o 2 


03 R.. R R., i 

s) < T <V - , I [<^> n - 

n=l 2 o 2 


<R 2-V v ,V 
A, t> 

o n=l 2 


-q rR- (R - R ) 
1 z 0 __ 

R o (R 2 - R l ) 


r i /(r 2 -r 1 ) 
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h) 


n+1 


——^—2- = i 


- R 2^ U/2 

R 

o R 2 


qR 2 , R 2.n/2 
R V } 

Oi 1 


n even 


R„ 


+ !A q( !l)(n-Df2 

R o R 2 = /\2, (n+1) / 2 

R 1 R 2 \n ' q R 1 

R o V f 


n odd 


R 2 

b* = — = 
n+1 b 

n 


R V R_ 
o 1 


R 2 R o ,^2.n 

R 1 V 


n even 


n odd 


00 -c l R o “ R o „/o 

15 VV - I Vi ■ IT \ <57’ 

n=0 o n=0 1 

However, since R^R^ > 1 the series is non-convergent . 

j) From Gauss's law $ e E*dS = enclosed. If the surface is taken inside the 

S 

outer spherical conductor where E = 0 we have that the total charge enclosed 
is zero. 


q T ( R 2 ) + q T ( R !) + q = o ■* q T (R 2 ) = - q - qj^) = ~q 


1 - 


R (R - R ) 

12 o 

R (R 0 - O 

o Z 1 


R ? (R o " V 

__ 2 O 1 

~ q R (R 9 - R,) 

o 2 1 


k) d = R_ - R, a = R„ - R , b=R - R 
z I z o o 1 


q^( R i ) = 


lim 

R,/R + 1 

1 o 


'■o' ■ LV 

2 o 


■r 

q T (R 2 ) 

: d 5 
o 

w 

= 

d 

q T « 2 ) 

= zsk 

d 


-qR 


2 b 
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AX [X - 2X + l] = 0 -> X = +1 (double root) 


d) P = A + A„n 
n l / 


First set of image charges 


?1 - = A + A 
1 q QR 12 


1 2R + - 

P = — = ^ = A + 2A 

2 q 2 q 1 R 1 


A = =* = 1 

1 q^ (D - R) Q 


-f 2A J A = — = 

1 2 2 (D - R) RQ 


p » ■ t (i - 


q n P 


nD 

n 1 "T 


Second set of image charges 


P' = (A' + nA' ) 
n 1 2 


p' = — = D + R = (a' + A') 
F 1 q^ RQ ^1 + V 


p' = — 
2 q 2 


i 2 r -^T¥ 


A- = R = I 

1 (D + R)q^ Q 


ID D 


= (A’ + 2AI) > A' = Ar - 
1 2 2 q ' D 


q^ D + R RQ 


p ; = i [1 + f ] 


= _L = Q 
n P n [1 +f] 


b = R + 2R 


-R[l - 

A^ir- 


2 (1 ( ) P ^ 

1'^ri 


e[i - | (n-lj] 


(1 
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-q. 


b' = R + 2R 

r> n 1 


n q 


n+1 


R(l + | (n-1)) 
nD. 

a + T ) 


e) ’T * \ (,, n + ^ 

n-1 


= Q l 

n=l 


1 +-L 


i-¥ l + f 


JQ = I 


= y - 

n=l 1 - (^) 2 n 2 n=l [l - an £ ] 
K 


. ; A = 2Q, a = 


(— ) 2 
R 


f) lim E„ = — ^-=- = -E -> -% = 2ire E 
_ z , 2 o ^2 oo 

D-*» 4iTe D D 

o 


g) lim 
D -*- 00 




■^4 = 4 ire E 
D 2 


it 2 / 6 


q = -4 tte E R 2 ~~ 
h T o o 6 


a) Because the image charge for a conducting sphere is less than the inducing 
charge it is impossible to solve this problem with only two image charges as we 
were able to do for parallel cylinders in (2.6). It will now require an infinite 

set of image charges to meet the boundary conditions. 

To make the sphere an equipotential surface, place a point charge q-^ at the 
center of the sphere. To keep the plane interface at zero potential an image 
charge -q^ must appear symmetrically a distance D behind the interface. However, 
this charge now results in an image charge q 2 = q-^R/2D at a position b2 = R^/2D 

from the sphere center. This charge q 2 must then have an image charge -q 2 a dis- 

tance D - b 2 back from the plane interface. Then again, an image charge 
Hq = q 2 R/GD - b 2 )a distance b^ = R Z /(2D - b 2 ) is necessary to keep the sphere at 
constant potential. This process continues on for an infinite number of positive 
image charges confined within the sphere and negative charges within the plane 
conductor. Each successive image charge gets smaller in magnitude and closer to 
the sphere surface and closer to the plane boundary. The nth image charge is 
related to the previous one as 


n-1 


R 


2D - b 


n-1 


b n 2D - b 
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q R 4ire R V 

q l - 4 " e o RV o> q 2 = 2F - ~i 1 


b) 


R 


R q. 


-y b = 


n 


q 2D - b R "n q , 

n-1 n-1 n n-l 


Letting n -> n + 1 

q 


i-i p q 2D T b 2D - Rq /q 

n+1 R ^ n = n = ^n-1 


q 2D - b q 
n n H n+1 


-V + Jn_ . “ = c 
q.j .1 q. - k 


c) Letting P = 

n q 


n+1 H n-1 
1 


— — + — — =0-*-P -CP +P =0 

q n+l Vl q n n+1 n n " 1 


Let P = AA 
n 


AA n 1 [A 2 - CA + l] = 0 A Z - CA + 1 = 0 


* = -^± 

1,2 2 y '2 


)2 - 1 * X 2 ' ^ 


P = A A n + A„A n 
n 1 2 


1 2 
P, = = A A + — L 

1 q x 1 A 


^ A ! = -A 2 = 


A ' 

p 1 c A ,2 , A 2 

P„- — = — = A A + — 

2 q 2 q l 1 A 2 


q x (A - 1) 




q n = P 


q x (A - 1) 


A 1 2n A 

n A^A + A 2 


(A 2n - 1) 


q p R 

d) b = 2d - — = 2d - 

n q n+l 


R(A 2 (n +1 ) _ x) 
A(A 2n - 1) 


lim b n = d{l - [1 - (|) 2 ] 172 } 
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e) C = 


q i + q 2 + q 3 + ••• n ti q n 


4ireR 


q l n=l n 


l % 


2 00 n 

4ireR(X - 1) ^ 


1 i 2n i 
n=l X - 1 


= 4tt£R(X 2 - 1 ){ T 2 1 — + X L ’16 , ■ 8 


+ T7 + 


+ 


X Z - ! x 4 - 1 1° - 1 X 8 - 1 


C = 4tt£R (Capacitance of an isolated sphere) 
o 


X = C _ [( C } 2 _ -jl/2 = 2D 

2 lv 2 ; J ’ R 


, = R 2 q n 
f) q n D + b 


R, 


b' = 


n D b 


(Upper signs for adjacent spheres, 
lower signs for smaller sphere R^ 
inside larger one) 


d n+l 


q’ R R R q 

_ n I + 1 z n 

_ + D - b’ " - 


D(D I b ) - R„ 


n 


_ + 


n+1 “ D - b’ 

n 


± R i (D + V 

D(D + b n ) - R 2 


(D + b ) 

R 2 q n 


g) Eliminating (D - b^) in the unprimed variables 

q . n n q„ R 9 

n _ u n k — 2 


*n+l 


‘ R 2 q n+l ^ +1 + R 1 


Dropping the index by 1 

b 


q n-l _ + _D_ q n-l , _ ^2 


~ Rj q n 


n + R, 


Since 
b = 


, P R R„q 9 9 

- - i ± - B 2 

“ D |_ Vl 2 
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+ 


— = 0; C = 


n+1 M n-1 H n 
Letting P = +- 

n q„ 


2 2 2 
D ~ R 1 ~ R 2 

R 1 R 2 


P + c P + P = 0 -> P = — T A. A n + A„A 
n+1 ^ n n-1 n q 1 2 

n 


-n 


h) a- ±f - [(f) 2 - 1] 1/2 


1 2 
— = A A + — 
q-L 1 A 


1 , ^ ^ 2 ^ 1 R 1 2 A ? 


R, 

A 2 (A± hT> 

A 1 + R A " ~ A 2 

A (+ 1 + 

R 2 


( A r 2 1 R x ) 
DA 


“V 


i) q n = 


q x (l - C) 


1 - 5 2 A 2(n - 1) 


i 00 4tte r * 

c = f I.s— T 1 l. % 


o n=l 


‘1 n=l 


4tte R 


o 1 


(1 - s 2 ) l 


n=l (1 - £ 2 A 2(n X) ) 


= 4,c o R i (1 - 


+ 


4,4 


+ 


1 - S 1 - ? A 1 - ? A 


R -, 

j ) When D = 0->-A = ^ i ^C = 0 

R 2 


C - 4F8QR ^{1 + A + A + A 2 + . . .} 

4tte R 4rre R n 4ire R.,R 0 
o 1 o 1 o 1 2 


1 - A 


R 1 R 2 - R 1 
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CHAPTER 3 


POLARIZATION AND CONDUCTION 


Section 3.1 


1. a) V = 


-A "1 

— Jin — ; r 

2ire r 1 

o 2 


= 


[r 2 + (f) 2 - rdsi„*] 1/2 
[r 2 + (|) 2 + rdsimf] 222 


b) For r >> d 


r 1 % r(l - sin<j>), r 2 £ r(l + sin<j>) 


TT ^ 

v a. ^ 
2re 


[Jin(l - — sin<)>) - Jin(l + — sini£)] 


^ Adsin<j> 

% 2ire r 
o 


E = -W=-f i - - TT "L 
3r r r d<p <p 


Ad 


2t re r 
o 


[sin<j>i - cos<j>i,] 
z r <p 


Let p = Ad (per unit length) . 


, E 
dr r 

c) ~iT ~ TT - = -tanij) -*■ Unr = Jincos<j> + constant 


rd<)> E 




costp 


= constant 


2. a) p = / rdq 


A z 


= / -A zdz + / A zdz = 


z o 


0 


0 A z 


-L 


A L 
o 


0 L 

b) p = / -A (1 + ^)zdz + / A (1 - ^-)zdz 
Z -L ° L 0 ° L 
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2 3,0 

■z . z 


= " X o( 2 + sj + A o( 2 " 3L^ 

J-i 


2 3 

z 


? 2A L r o 

= A L 2 - —5— = \ A L 2 
o 3 3 o 


L A L 

c) p = / A zdz = — ^ — 


z Q o 


L A L j 

Py * / -V dy 1 - 


->■ p = p i + p i 

y y ! z z 


A L 

o — 
- ~ — (l 
2 z 


i ) 

y 


(d/2)+L -d/2 

d) p = / A zdz - / A zdz 


d/2 


-L-(d/2) 


A z 


(d/2)+L A z' 


d/2 


-d/2 

-(L+|) 


= A o [(j+ L) 2 - (|) 2 ] 


= A L(L + d) 
o 


2tt tt/2 

e) p = / / Ri — 


h=0 0=0 2 tt 


2tt tt 

sin0d0d<}> - / J Ri — -*-■ 


f> = 0 TT 277 

0=2 


sin0d0d<|) 


i = sin0cos<bi + sin0sind>i + cos0i 
r x y z 


p = p = 0 

r x y 

tt/2 it 

p = QR [ j sin0cos0d0 - J sin0cos0d0] 

Z e =0 fl _2L 

0 2 


= QR 


" • 2 „ 
sm 0 

ir/2 

. 2 

sxn 0 

7T 

2 

0=0 

2 

e -f- 


= QR 
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rN , Q dr n _ 3 3Qr dr 

f) dp = V s — n 2 irr = — 


z 2 d 3 
3 WR 


_ 32 ? 3 
p z - 3 i r dr 

Z R 0 


= _J_ r JL + 2Q_JLl 

4 " e oL r i r r 2 J 


r l [r 4- d 2rdcos0]^ ^ r[l 4- — [ (— ) - 2cos0]]^ 


^7 {! - \ (f)[(f) - 2cose] - | (V[(|) - 2cose] 2 } 


7 {i + (^-)cose - ~ (^) 2 [i - 3cos 2 e]} 


Similarly 


'2 [r + d + 2 rdcos 0 ]l / 2 r[l + — [ (— ) + 2 cos 0]]"^ 2 


7 fl ~ 7 cos0 - (-^) Z [l - 3cos Z e]} 


1 ,d* 2 r 


V % Q [ (— ) 2 ( 1 - 3cos 2 0)] 

4Tre r r 
o 


% — (1 - 3cos 2 0) 


4 tt£ r' 
o 


I = _vv = -^i 

3r r r 90 0 


— ^ 7 [3(1 - 3cos 2 0)i - 6cos0sin0i 1 
,4 r 0 

4ire r 
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4. a) p = -p (1 - 

! 

r < R 

o 

R o ! 

0 

r ; 1 

O 

-Q = —4 7T / 

P o a-^)r 2 dr 

0 

o 


R 3 R n 

' - TT- 1 

o 

3 

™° R o ^ 3S_ 

3 p ° ’ T 3 

irR 

o 

b) The electric field due to the volume charge distribution is 

2 


6 £ E-dS = e E 4irr = -4np / (1 - — )r dr 
c o or On R 

o Do 


■ - 4 " p o [ t - ] 


P 2 

E = S r 


e 3 4R " 
o o 


r < R 


F - <* [e loc - IT (f - fiT> ] ■ 0 

o o 


„ 4R d 4R e E_ 0 
,2 o , o o LOC 
d 1 = 0 


9 / o 

d = | r - 4 r - — 0 

i o V 9 o p 


■ I R „ t 1 


L 9£ o E LOC 
“VI r 


P R 
o o 


, 9 e o E LOC . 

c) TT — ~ 1 

o 

d% | R o 

o 


3e 


o^OC 
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3e Q 


» ' aE LOC ■ Qd * a - — - V R o 


5. a) E„ - E i + 
1 o z 


2P 


4tt e a' 
o 


= E i + 
o z 


2aE m E i 

- -> E = ^ 

3 T r, a 


4ttc a 
o 


[i - — a — r] 


2ttc a“ 
o 


_ _ 2aE “ 2 

b > E i-V, + : — ? h 

4ire a n=l n 
o 


% E i + 
o z 


c) p = aE = 


1 . 2aE rr , E i 

— E = 2 _£ 

3 a T 


it £ a 
o 


aE i 
o z 


[i - ^f] 

ire a 
o 


a 

TT £ a 
o 


aE i 
o z 


P Np ^3 3 r -, 1.2a i 

a a LI 3 J 

ire a 
o 


= X ^ E 

e o o 


X e 3r, 1 . 2 a 


e a [l 
o 


-> e = e (1 + x ) 

o e 


7T £ a 
o 


6 . a) The electric field within the sphere due to the volume charge distribution is 

- -Or - 

E = ^ 1 

4ire R 3 r 
o o 

The electric field due to the point charge with reference to a spherical coor- 
dinate system with origin at the center of the sphere is 


Q i 


E + = 




Q(ri - di ) 
r z 


2 22 3/2 

4tt£ r 4ire [r + d - 2rdcos9] 
o Qr o 


The total dipole electric field is then 

-QrT 


E,. = E + E = 

dip - + 


Q(ri - di ) 
r _j_ r z 


4tte R 3 4ire [r 2 + d 2 - 2rdcos0 ] 3 ^ 2 
00 o 
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b) i = sin0cos<f>i + sin 6 sin<f>i 4- cosGi 
r x y z 


R 


, o tt 2tt ! 2 

— v / / / E r sin0drd0dc|> 


<E > = , 

X dip — irR r=0 0=0 (f>=0 X dip 

3 o 


Since E is proportional to cos<j> which integrates to zero over <(> 

X dip 

2tt 

/ cost}) = 0 : 

4>=0 

the average x component of field is zero. Similarly Ey is proportional to sincj) 
which also integrates to zero over <|>; 


c) E 


Qrcos 6 


+ 


Q(rcos 8 - d) 


Z dip 4tte R 3 4tte [r 2 + d 2 - 2rdcos0 ] 3//2 
o o 


so that after integrating over 

R 


2tt 


O IT 

/ / 


E z 4 3 J 4 tte 

Z dip ttR r =0 0=0 

3 o 


Q 

4TTE 

o L 


rcosQ 

R 3 


(rcos 6 - d) 


[r 2 + d 2 - 2 rdcose ] 3/2 


r sin 8 drd 0 


The first term in the integrand integrates to zero over 0. The second term is 
integrated by introducing the change of variable 

2 2 

u = r + d - 2 rdcos 0 , du = 2 rdsin 0 d 0 


so that 


<E > 
z 


.3Q 


R o (r+d ) 2 

I I 


r(rcos 0 - d) 


3 J J 2 3/2 

dip 8 tte R r=0 u=(r-d) 2du 
o o 


drdu 


Now 


rcosG = - 


2 2 

(u - r - d Z ) 

2 d 


so that the integral reduces to 
- 3Q 


o (r+d ) 2 r , 2 2,-1 

( [ ~ r + r < r ~ d ) 

J / 2 1/2 + 3/2 

=0 u=(r-d) L u u J 


<E > 
z 


3 2 

dip 32 tte R d r 
00 


drdu 


R 


ja. 


o 


3 2 1 

32ire R d r=0 
o o 


- 2 ru 


1/2 2 r(r 2 - d 2 

1/2 


(r+d) ‘ 
- u=(r- 


(r-d) 
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R 


-3Q 


16ire R 3 d 2 r=0 
o o 


/ r[r + d - r-d|+r-d- 


(r + d) (r - d) 
I r - d| 


] dr 


When r is greater than d the integrand is zero so that the integral reduces to 


<E > 

z 


-30 


3 2 

dip 4 tte R d r=0 
o o 


/ r dr 


- -Qd 


3 3 

4t7e R 4tte R 
0 0 o o 


d) <e> - — . JL 

dlP R 3 3S o 

o o 


P ■ NaE L0C ■ - ''’dip 1 - "“ [E + ST 3 


p = — — E 


4tte R 3 

a) d = ^ E 

Q o 


1 - 


Net 

3e 


b) - QS 

dt 4tte R 3 


] 


o o 


If E = 0 
o 


d 2 d + O" 


2 ' 3 

dt 4 tte R m 
o o 


d = 0 


_ _ 4tte R _ 

d = d cosid t; d = — — — E , a) 

o o o Q oo 


4ire R 3 m 
o o 


—19 —ID __ o i 

c) Q = e = 1.6 x 10 Coulombs, R^ = 10 meter, m = 9.1 x 10 kg. 

1 /» CO i _ 

to = 1.6 x 10 rad/sec -+ f = - 2.5 x 10 Hz 

o o 2tt 


d) m = -3 ^ — o d + QRe(E e''“ t ) 

dt 2 dt 4tte R 3 0 

o o 
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d 2 d 


dt 


, dd , 2 — Q jut. 6 

0 +y — + u d = - 1 Re(E e J ) ; Yi = — 
2 dt o m o i m 


e) d = Re d e 


jut 


QE /m 
o 


r 2 2-i 

L-u + yju + w q J 


p = Q d = 


Q 2 E /m 
o 


[-u 4- yju 4- u ] 


7T- = a E -*■ a = 

2-i o 


Q 2 /m 


2 2 
[-u 4- yju + u^] 


f) E = E 


Na/ 1 


1 4- 


1 - 


Na 
3E o J 


= e 


u 


1 + 


2 

0 0 U 

i 2 2,. p 

L U Q - u + YJU - 


2 ON 
: u = — 

p me 

o 


= e \ 1 4- 
o 


2r, 2 2 _p. . 1 

u L(u - u f-) - Yju J 

P 0 3 


r , 2 2 p. 2 2 2-, 

L(u - u - -f) + Y u J 

O j 


2 2 2 V 

u (u - u - -f 1 ) 

e = e -!l4--2— ° 2 

r o i 2 

r. 2 2 V 2 2 2-i 

L(u - u - -y) + y u J 


e . = 

i 


-e u yu 
9_P 


r, 2 2 V2 ,2 2-i 

L(u - u f-) + Y u J 

o J 


g) If the lossy dielectric is placed between parallel plate electrodes 


i = ju£v y _ i _ jueA 

As - s 

v 


jue A 


2r . 2 2 p . , -| 

L(u - u - -f) - Yju J 


A r u 1 (u 
o_ |i + _2 o 


r . 2 2 p. 2 .2 2-1 

L (u - u X-) 4- Y u J 

O J 
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jwe^A 


1 + 


O I w o 

<“o J i> 2 


/ 2 2 
(w o ■ “ - ■#> 


2 

0) 0 

- 


Yjw 


2 n 


1 - 


O 3 


+ 


2 2 
Y a) 


0) 

, 2 2 
O j 


The admittance of the equivalent circuit shown is 

S 2 

<j- [l - LC 2 w - RC 2 ju] 

Y = jmC <1 + — : j- 

11 [(1 - LC„w ) + (RC 0 tof] 


so that 


e A 

-h lc 2 - 


<“o - f > 


2 ’ RC 2 


O w 

<“o ~ f > 


O UJ 

( “o - f > 


£ A 

-* c = — 

2 s 


<“o “ ^ 


, L = 


0 e A 
2 o 

o 

P s 


R = 


0 £ A 
2 o 

a 

P s 


2 2 

h) When m -*■ 0, a) , w , and y -*■ <*> so that 
p o 

2 


lim 

m-H) 


e = E 

r o 


1 + 


2 , 2 V 

«J (w , ) 


, 2 V2 22 

(w - o > + y m 

o 3 


e . = 
i 


-e 03 Y03 

O P 


V , 2 V 2 ± 2 2. 

L(o) “ ^ ) + Y [D J 

O 3 


From e we have 
r 


2 2, 2 

r 2 “p.2 2 2 n “p ( “o 3 )e o 

w 0 3 } + Y W ] “ £ - £ 

r o 


so that 



POLARIZATION AND CONDUCTION 


e . = 

i 


“Yto(e - e ) 
r o 


O U) 

(W o-f> I 

, 2 2 

Squaring both sides and eliminating y io yields 


0 0 (e - £ )e to i 

2 . , \ “ r oop 


ef + (e - e ) - — 1 

i r o 


= 0 


0 to 

<“o - -f ) 


By completing the square this relation becomes 


2 

c . + 
i 


r 2 1 

to 

r r fl 1 P 1 

2 

r 2 

£ CO 

0 p 

r o v 2 - 

2(W o-f ) J 


2 

o “ 

2 (w - -2-) 

L 0 3 J 


which is the equation of a circle with radius 
2 

£ 0 
0 

r = 


£ CO 

0 P 


2 

o CO 

2 (or - f ) 


and center at 


£ . = 0 , e = £ 
l r o 


1 + 


O CO 

2(m o 2 - -f) 



When m = 0, the equivalent circuit of (g) has no inductance, 
i) To find e. 

max 



POLARIZATION AND CONDUCTION 


3e . 
: 

3(i) 


2 

-e a) y 
£—P . 


r, 2 V2 , 2 2-i 2 
L (o> - -* 1 ) + Y a) J 


r o 2 2 . / 2 _V 2 2 2-i . 

l_-2y: a) + (to - -nr) + y o) J = 0 
1 o J 


which is zero at frequency 
o (1)^ 9 

2 <“o - ~3> 

0) - 

max 2 


so that 


2 2 
E 111 VM SO) 

/ \ _ o P max _ o p 

i max .22 . 2yu) 

2(y a) ) max 

max 


2 

£ 0) 
-P-E 


9 ID 

2(m o - f) 


a) Each charge Q induces image charges in the sphere - Along z axis 

J_i 

(z + L) _ (z-L) (Z + t > + (Z - I> ^ 



E 

= Q 


z 

4ire 

1 


In z=0 plane 

p = — 2- 


z 

4 ITS 

« 

b) 

lim 

E % 


L»r 

z - 

c) 

In this 
moment 

limit 


l z + L | 3 

2L 


z - L 


, R 
Z + L 


R^ 

Z " L 


2R“ 


2 2 3/2 2 

[L + r ] L 2 [ y ) 2 +r 2 ]3 /2. 

J_i — 


_R_ r2_n 
2tte_ l .2 J 


= 2 ire E 

2 0 0 


'o L" ’ L 

c) In this limit, the two image charges form a point dipole with 


, <E id , JSg! , 4 , c R 3 e 



L L 


o o 


The electric field is then the superposition of the imposed field E i with the 
induced dipole field 0 Z ! 


E = E i + 
T o z 


4tte r 
o 


- [2cos0i + sin0i ] 
J r U 


_ _ ER _ 

= E [i cos0 - i sin0] -I [2cos0i + sin0i ] 

or 0 3 r 0 

r 


3 3 

OD T>' J 

= E q j (1 + — )cos0i^ - (1 -)sin0i^ 

r r 
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Note that at r = R, EQ(r=R) = 0. The electric field must be normally incident 
onto a perfect conductor. 


a) f = q[ E (r + d) - E(r) ] 


E(r + d) % E(r) + J| 


d 

: x 9y 


- y 

r 


_ d z 


% E(r) + (d • V) E 


f = q (d *V)E = (p*V)E 
b) Colinear 


z2 . 3 

ztte: z 
o 


= P n "5” E n 1 

1 1 az z2 z 


Adjacent 


3P P 
1*2 

4 

2tte z 
o 


3P P 

T _ 12 - 

z 4 1 z 

z=a 2tte a 


* 

a 



+ 


lr 4tte 
Qi Q 


&[=1 

E o [a 2 

i^r _i 

2TTE ; 

o a 


cos0 


[a 2 + d 2 ] 


; cos6 = 


[a Z + d"] 


2-il/ 2 


2tte 


2 ' [a 2 + d 2 ] 3/2 

1 

2r . d 2 -| 3/ 2 

a Ll + J 

a 


w - ! d2 > 

^ 4 

2tte a 
o 


' 3p l P 2 


4tte a 
o 
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c) f , = (p. • V) E 

sphere ind 


3 a, l 


D 3 3z ^2-ire \z + D | 3J 
o 


z= - ■ 




2 3 
-3p R 


D 3 2tte o (z + D) 4 


R z 


2 3 

-3p R D 


2tt £ (D 2 - R 2 ) 4 
o 


Section 3.2 


11. V 2 V - = 0; a 2 = 

a 2 d 2 <V 

a 


2 2 

, d V V n T7 
a) — j = 0 -> V 

dx 

cl 


V e 
o 


-x/£ d 


V e 
o 


+x/ £ d 


x > 0 


x < 0 


, -x/^d 


E = 

X 


dV 

dx 


L _I° + x / £ d 


x > 0 


x < 0 


= e[E (x=0 ) - E (x=0 )] = 


2eV a c £ J 

° - V = f d 


£ o 2e 

a 


edE -a - x /£, 
x f 1 1 d 

e 


P f dx 2£ 


b) H <r ^ - 4- °-V - V K(r/t ) 


£. 


E r'-f4w 

a 
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i • r’ o A A 

lim E = — = — ► V = -z — 

r r ZTier o 2tt£ 

r^O 


V =~ K (r/i), E = - \ K (r/k ) 
2tf 0 o d r 2-neHj 1 d 

d * 


*d ZTT* d j 


v a t 2 IV, v _ _ ^ T7 A 1 r ^d 

2 3r 3r^ 2 0 V r 6 

r *d i 


A e" r/£ d 

E = - f = (i + f ] 

r dr r 4: £, J 


A e ' d R/£ d 

E (r=R) = — - = — f- + — ) -> A = 

r , „2 R Lr 1 1 D / 1 _L 1 \ 

4 -rreR d 4 ireR(— + — ) 

d 


-(r-R)/£ Qe" (r R)/£ d(I + -^) 

V=- 2 ® , E = I !d_ 

4 TreRr ( |- + ~) r 47r£Rr( I + J^) 

d d 


-(r-R)/£ 

_ 3 , 2^ . -Qe 0 

P f 2 3r r r 4ir£,r(R + £ ) 
r d d 


12. a) = 0 -> V = V e x/£d + V e x/£ d 

dx £, 
d 


V -£/£ £/£ 

V(x = -£) = - -f = V^e + V 2 e d 


V(x = £) = -f = V^e Q + V 2 e 


V = -V = — ; — 

1 2 4sinh£/£ 


V x/ £ -x/ £ 

[• d - • ] 

d 
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V sinh x/£, 
o d 

2 sinh £/£ 


E = - 


-V cosh x/£, 
dV o d 


~x dx 2£ sinh £/£., 

d d 


dE -eV sinh x/£, 

x _ o d 

P f dx .2 sinh £/£, ! 

Z£ , d 

d 

Positive charge near negative electrode and negative charge near positive 
electrode. 

eV 

b) a (x = -£) = eE (x = -£) = - coth £/£ 

I X Z jC . d 

d 

eV 

a (x = +£) = -eE (x = £) = — coth £/£ , 
r x 2£, a 

a 


+£ 

o = / p dx = 

-£ 


■eV . +£ 


2£,sinh £/£, -£ 
a a 


/ sinh x/£, dx = 0 
a 


dv 

13. m — = -mvv + qE 
dt o 


a) ~~ + vv = E 
dt mo 


v = A e Vt + E 
1 mV o 


qE qE 

v(t=0) = 0 A = — v = — — [l - e v ] 

1 mv mv 


qE 

n o -vt 

b) v = e 

mv 


c) v(t) = ReVe'' 031 ' (jm + v)V = ; E = — 

m s 


_ 


2 AV 

I - (,nV + j U E)A - -f- 


0 ) 


Y = — (ju + vV) ; 0) 2 = 

V Q s' 1 jo) + v^ p me 
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Y = Cjco + 


R + Ljto ’ 


c-^, L.-L, E-^i 


eAto 


eAto 


i ps T ) 

l 14 . j + e iE=iM^A +e JLE = iii 
c 3t A 3t . 2 A dt 

! O L 


d E . 2 _ 1 di 


2 + v E -■ 7K& i(t > - EeieJ " t - e ■ ReEeJ “ 1 - e ■ 


JtOt 


dt 


v r 2 2 10,1 „ eAv 

— L~w + to J = *■ I = 

s pe eA 


2 2 
(to - to ) 

Pe 


s jto 
2 


2 2 
to -to 

Y = i ) = 

V s v J(0 


1 - 


“pe 




sAto 


pe 



V o. , 1 1 - LCto I 

Y = CltO + — — = - = — 

Ljto Ljto v 


sAto 


pe 


jL 

2 

o 

pe 


Lai 


1 eA 

2 s 


pe 


15. a) - = aE 


b) A (mv) = / qEdt = q/ -^dt=-^-/ idt = = mtoR 

J •'A a A a J Aa 


Q = 


mtoRAa 


> di 2 ^ 

c) — = to eEA 
dt p 

t, 2 , 

, . T mtoRco eA 

A (mv) = — | — / 77 = - o — = mtoR -> I = E — 

to eA to eA 

P P 
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Section 3.3 


I 16. a) For lossless dielectrics 


n‘(D 2 - D^) = 0 -+ e 1 E 1 cos6 1 = e 2 E 2 cos9 2 


n x (E 2 - E 1 ) = 0 -»- E^sine^ = E 2 sin0 2 


e 2 tan0 2 

e cote = e cotfe ■> — = - — — 
1 1 2 1 2 tan0^ 


e 1 E 1 cose i e 1 E 1 f~ ~ 

' e 2 cose 2 + t8 f 8 2 

e i E i r e 2 ^ 2 "l 
e 2 1 L e i y 


1/2 


b) For conductors 

n*(J 2 - J^) = 0 -*■ a i E 1 cos0 1 = a 2 E 2 cos6 2 

so that we can replace the permittivities in (a) by the respective conduc- 
tivities 


c) 


. O E cos0 

tan0 2 - — tan6 1 -> e 2 


2 2 2 
1 + (^) tan Z 0 

1 


1/2 


“ J CL 


°f = D 2n " D ln = e 2 E 2 COS0 2 " £ 1 E 1 C ° S0 1 = h COsQ l [ ~ e l + e 2 

- - - 90 f _ _ _ 3 _ _ 

n • ( J 2 - J i) + ^ = 0 => n • [J 2 - J;L + A (D 2 - D^ ] = 0 


(a 2 +jwe 2 ) e 2 cos0 2 = (c^ + jtu^) cos0 1 


E 2 sin0 2 = E^ sin0^ 


17. a) 


tan0 2 = 


(a 2 + 3U)E 2 ) tan0^ 
+ ju)E ) 


~ £ 2 E 2 cos0 2 " e i E l cos ®]_ = E ]_ cos 9^ 


^r 2irr 


0 < r < °°; 


E = 
r 


'(e - £ )A 
o 

P = (e - e )E ={ 2ireF 
r Or 


2frer 

A 

2tte r 

o 


£ 2 (a 1 + ju)£ ) 
e l + (a 2 + ju)E ) 

0 < r < a 

a < r < 00 


0 < r < a 
a < r < 00 
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te - e )A 

0p (r-a) - -tP r (r-a + ) - P r <r-aj] - 


A (r=0) = 
P 


(e - e )A 
o 


b) D = t -y- 

y 2 


y > 0 

y < 0’ 




2e 


2e 


0 < y < 


- ~ < y < o 


a.: y > 


(e - E o >CT f 0 < y < j 


P = (e - e )E = { 
y o y 


2e 


< y < 0 


|y I >f 


d . d (e - e_)ct x 

■y' 7 ~ 2 ' " *y u “ 2 ^ = 


CT = = -IX (y=^f) - p (y = -f-)] = ° 4 


2e 


a p (y=0) = - 

_2i_ 


(e - £ )a f 

o f 


c) D = 
r 


4ttR~ 


4irr 


Or 


E = — 
r £ 


4tteR 

Q 

4tte 

o 


r < R 


r > R 


(e - £ Q )Qr 
3 

4tteR 


P=(e-e)E = { 
r or 


r < R 


a (r=R) = -[P (r=R ) - P (r=R )] = , 

P r + r - 4ii£R 2 


r > R 
(e - e )Q 
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p (r) - -V-P <r 2 P r ) 

r 


(£ ~ e o )Q 

4 ! 3 

3* R E 


18. P = P i = P (i cos6 - i n sin0) 
o z o r 0 


a) a = -P (r=R) = -P cos0 
p r o 


b) dA = a Rd0 = -P Rcos0d0, dq 
P P o 


-2ttP ,R sin0cos0d0 
o 


% nT , _ dqcos© o 2„ . „ 

c) dE — — — — cos 0sin0d0 

z . _2 2 c 

4tte R o 

o 


P TT 2 

d) E = f cos 0sin0d0 + E 

z 2e J 


o 0 


Let u = cos0, du = -sin0d0 
P -1 „ 


E z 2e 


( u du + E 

*' t- 


o 1 


6e 


o 3 
u 


-1 P 

+ E = ~~ + E 
i o 3e o 

1 o 


19. a) V T = 


_ - 0 [Ailns. + A'£nr + A"£ns„] 

I 2t re^ 1 2 

7 tt = n ~ A"’ £ns n 

II 2ttf 1 


where 


3 ^ = [D 2 4- r 2 - 2rDcos4>]^ 2 



S 2 = [b 2 + r 2 - 2rbcos<|)]" 1 "^ 2 ; b = 


= -VV = — {^r- [(r - Dcos<j))i + Dsin<f>i,] 

1 Zire., z r ® 


'1 s 


^ M ^ f 

4 ;r [(r - bcos<f>)i + bsint))!,] 4 i \ 

2 r <f> rr J 

S 2 
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E = -VV 
II II 2tte 0 s 


’’T - [ (r - Dcosd>)i + Dsinbi,] 

V* rh 


2 1 

! 

At the cylinder surface the boundary conditions are 
_ / N . 1 (AD X"b, X"'D 

V (r=a) = E ^n (r=a) ^ = — ? 


4>H 


1 S 1 S 2 


£ 2 S 1 


X* X X" x ,,f 

e^E (r<=a) = e 2 E rII^ r=a ^ ^ + ~2 “ Dcos<f>) + — ^ (a - bcos<{>) = (a-Dcos<j>) 


3- 3 

With b = — at r = a, ^ = — s s ° that the boundary conditions reduce to 


(X + X") _ X'" 


£ 1 £ 2 


2X' + X + X" = X"' 

2 2 2 2 2 
X' (D + a ) + Xa + X"D = X"'a 


X (e - e n ) 


X' = -X" = — - 


2e 2 X 


e + e 

1 2 


£ + £ 

1 2 


b) lim b = — £ a - d 

a ->«o 

D=d+a 

Then X' is at infinity having no effect while X" is now a distance d back from 
the surface as for a flat plane. The image charges X" and X"' depend on the 
permittivities in the same way as in (3.3.3). 

c) F = _zl_ [A1 + _*!!_] 

1 x 2ire L D D - b J 


X 2 (£ 2 - £ 1 } a 2 


2 * £ 1 (£ 1 + £ 2 ) D(D 2 - a 2 ) 


-1 


d) V T = -7T — [ X ' £nr + X'"£ns 1 ] 

I ZTTG^ 1 


V II = 2^ [UnS l + AM£nS 2 ] 



E = -VV = ~ — { — i + [(r - Dcos<j>)i 4- Dsin<J>i ] } 

I I 2tt£. L r r 2 r d> 

1 s i 
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i 


E II = _VV II = ^2 Ur - Dcos<j))i r + Dsln^] + ^ [(r 


bcosd))i + bsin<ii,]} 
r <p 


E <j,I (r=a) = E <(,ll (r=a) 


e l E rI (r=a) = £ 2 E rII (r=a) J 


' = ,1” = 


A = i A 


X(e 2 - e x ) 

£ 4* F 

1 z 2 


2e A 


F + £ 

e l 2 


F = 
x 


AA" 


2-rre 2 (D - — ) 

A 2 (e 2 - e 1 ) D 
2tte 2 (£ ;l + £ 2 ) (D 2 - a 2 ) 

20. a) o 1 E y (0 + ) = a 2 E y (0_) 

W " 

b) The solution is the same as in (3.3.3) if we replace the permittivity by the 
respective conductivities 


q' = 


(° 2 ~ ^q 

°1 + °2 ’ 


q" = 


2 ct 2 q 

°1 +a 2 


c) f = 


ml 


y (2d) 

-q 2 (a 2 - a 1 ) 

2 

16ire 1 d (a 1 + a^) 

21. a) When the electrodes are shorted E = 0, D = P = a„->-q = PA. 

o f o 

b) When the upper electrode is moved to infinity, D -*■ 0 so that all the charge 
flows off the electrode onto the capacitor. 

P A 
q o 

v = -*■ = 

c C C 


22. a) a (z = = ~ 

p 2 2 
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9P P 

pp( Z ) = - v - p = -^ = -r 


b) Superposing and spatially shifting the results of (2.3.5b) letting o = 


of (2.3.5d) letting p = - P /L yields 

o o 


-y— and i 
z i 


D = 9 

z 2 


-2(z - p 


2(z + \) 


[ 


2 X ^ Ln 2"1 1/2 

a + (z - -j) J 


[a 2 + (z - |) 2 ] 1/2 [a 2 + <z + i ) 2 ] 1 ' 2 


[a 2 ♦ (a + |i 2 ] 2 « 


E „ = 1 


D - P z/L 
z o 


I I L 

M >2 


I I L 

l z l < 2 


/ 


23. a) ' I D • dS = 


D 4iTr 2 = 0 => D =0 

r r 


e E + P r < R 
or r 


D = 


E 

o r 


r > R 


-P 


-P r 

o 

£ R 
0 


r < R 


r > R 


h) E (s - b) + E_b = V ; e E = e E+ P 
o P o oo oP o 


V P b V P (s - b) 

E = — + - 2 -, E_ = — - — 

os es Ps es 
o o 


24. 


Eh 

E, b + E a = v(t) -► E = — 

b a a a a 
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3J h 2 

J = oE , — — = to e, E, 
a a 3t pe b b 


J - 
a 


J b + 


at 


[e E 
a a 


sV - 0 



+ a 


!fb 

9t 


+ to 2 E 

o b 


£ a 3 v + ! a _3v 

e b + e, a „ 2 e b + e, a 3t 
a b 3t a b 


o b 

e b + £, a * 
a b 


2 

to 

o 


2 

to e, a 
pe b 

e b + c.a 
a b 


a) E = Ee 
b 


st 


2 2 
s +as+to = 0 -> s 
o 


/ 2 

a j. / a 2 

= - — 1 d to 

2 » 4 o 


2 a 

Critically damped when to = 


= [E^sinBt + E^cosgtje g 


2 a 2 

= . to - -r- 
V o 4 


^b 

at 


A A A /V 

= {B[E^cos3t - E^sinBt] - y [E^sinBt + E^cosBtlje 


-at/2 


Initial conditions: 


e V 

E, (t=0) = — 2 = E 

d e b + £,a 2 

a b 


at 


oV 


aE 


E = 


. = -aE, (t=0) + — t;— 

t=0 b e b + e, a 


= gE - 

1 2 


2 J 


ae 

- zil 

1 6 ( £ b + e a) 

a b 


a, = £ E - e E 
f a a b b 

3E 3E 

i(t) = £D[aE + £ -r-^] = J>d[j + £ — 
a a dt b b 3t 


b) v ( t ) = ReV e jt0t , E, = Re E,e jt0t 
o b b 
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£ V 9 

a o r 2 , o .9 

L-w + — 300 J 


E, = 


e b + e, a 
a b 


2 , . , 2 
-u + aio) + co 

o 


. i V E, b 

E = — — 

a a a 


2 

o) e. 


e E - e E , i = £D[ct + jue ]E = &D[— — + jcoe, 1 e, 
aa b b L J a a jw J b J b 


Section 3.4 


25. a) Series 


Parallel 


J * “A ' °2 E 2 


1 . 
£D 


i = cr^E^aD + a^E^bD 


E,b + E 0 a = V 
1 2 o 


V 

E 1 - E 2 - -f 


-±- + _5_] = v 

£D L a 1 a 2 J o 


DV 

i = — ° [o a + a b] 
si z 


V T. 1 

R = = [— + — ] -f- 

1 L 0' 1 a 2 J £d 


A 1 A 2 
b) E i "T • e 2'-T 


R 2 R 3 

A £n —■ + A Jin = V 
1 R 1 2 R o 


R = 


i D[a^a + a 2 b] 
V 


E = 
r 


R 2 
r ^ R^ 


i = [a^(2iT-a) + a 2 a]E^r£ 


a i A l = °2 A 2 


V i 


= ° R [ct 1 (2tt - a) + a 2 a] 


£n ^ 
R 1 


A„ = ~ - A = 
2 a 2 1 


°i v 

1 o 


R 3 R 2 

C °l to R^ + °2 £n 


R = 


R 2 

£n 

R 1 


i £[o^(2t 7 - a) + a 2 a] 


i = J 2irr £ = a 0 2fr£A„ 
r 2 2 
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POLARIZATION AND CONDUCTION 


o o_2tt£ V 
12 o 


R o K 

[ ° l to + ° 2 £n 


V 

R = — r^- 

1 


R 3 R 2 

CT l £n + °2 to IT 


^2 

c) \ ~ ~2 ' E 2 = ~~2 
r r 


V 


E = 


,1 1.2 
^ ' ^ )r 


A 1 ( R 2 R 1 ) ~ A 2 ( R 3 R 2 } V o 


i = 2-rrE^r [a 2 [l-co£r|] + a^cos^ + l] ] 


° 1 A 1 = ° 2 A 2 


2irV 


= — j ^ — [a 2 (1-cos^) + (cos| + 1)] 


A , = 


° 1 A 1 


-V a 
o 1 


2 a „ ,1 1 . , ,1 1 N 

°1 ( R 3 R 2 )+a 2 ( R 2 "R 1 ) 


i = J 4irr 
r 


V 


R = 


= o E^irr 


= o 2 A 2 4 tt 


R 1 V 


2ir[a 2 (l - cos^) + a-^l + cosy)] 


4Tra„a., V 
2 1 o 


,1 1 w ,1 1 s 

°1 ( R 2 " R 3 } °2 ( R 1 R 2 } 


V 

R = — r~ 

1 


,1 1 , ^ ,1 1 -V 

a i ( R 2 " R 3 } °2 ( R 1 R 2 } 

4 ir ° i a 2 


26. a) a(x)E(x) = J -* E(x) = 


°1 + <°2 - V 7 
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POLARIZATION AND CONDUCTION 


s J s 

/ E(x)dx = Jln[a + (a - a )-] 

0 z i x z 1 s 


s J s a„ 

= - 2 — - £n— = V 
0 °2- a i °1 ° 


R = 


V V 
o o 


Zn 


i J £D £D(a„ - a,) a, 

o z 1 I 


b) E(x) = 


V o<°2 - V 


8t„ --[Oj + - 0 1 )S] 


dE 

p f = e ^ 


e V (a - a V 
o 2 1 


2 „ °2r 


Xn2 


s £n —[a + (a - a )-] 

1 z Is 


a^(x=0) = eE(x=0) = 


o^(x=s) = -eE(x=s) 


eV (a - a ) 
o z 1 


so, £n — 

1 o. 


-eV (a - a ) 
o 2 1 


so„£n — 
2 °i 


s -eV (AD) (a - a ) s 

c) Q = £D / p f dx = / 


dx 


0 


2 °2 
s Zn — 

°1 


0 [a 1 + (o 2 - 


eV £D(a - a ) 
oil 


s£n ^ Ca l + ( °2 ' V? 


£ V D(a 2 ~ V rl_ 

, °2 °2 " V 

s£n — 

°1 


= -J£D[a (x=0) + o f (x=s)] 



POLARIZATION AND CONDUCTION 


. 27 . Rectangular 

[a + b] , [a 2 + b 2 ] 172 


R 1 = *=5^’ R 2 " 


oA 


-*■ R = 


R 1 R 2 


!i R 

2 R 2 = 

R, R, + 2R 

X +R 2 


Circular ! 

R 1 

p = ZR p 2R 2 R 2 W _ 2uR 

1 oA’ 2 aA R R + 2R oA[tt + 4] 

T + R 2 


Section 3.5 


28. RC= e/a -*■ R = 


oC 


2 „2 7 


cosh 


C = 


2iTe£ 


2 2 2 
■in D - R i- R 2 l 

L“ 2R l R 2 J 


R = 


cosh 


l[ + B 

L" 2R 1 R 2 J 


2na£ 


29. Series 


Parallel 


a) D= eiEl = e2 E 2 =o f (x=0) 


E = 


Eb+Ea=V + |-[— + — ]=V 
1 2 o £d e, e. o 


c = = & d 

V b a 
O h 

£ 1 e 2 


'1 2 


V d 

q = [e.a + e b] 

Si A 

c = V~ = f (e i a + e 2 b) 
o 


A A 

»> E l'T- E 2-- 


V 


E = 


„ b 
r£n — 
a 


R 2 R 3 

V* R^ + V n = V o 


q(R 1 ) = E(R 1 )£R 1 [e 2 a+ e 1 (2ir- a)] 


e,V 
1 o 


e l A l =e 2 A 2^ A 2 e A 1 R R 

E l An R-- +e 2 £n ^ 


V £ 

— [e 2 a + e 1 (2ir - a)] 
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POLARIZATION AND CONDUCTION 


q(R 1 ) = e i E 1 (R L )2irR 1 i 


= z^k^lvZ 


C = 


q (Rl> [e 2 a + e ;L (27r 


- a)]*- 


R 2 


C = 


qO^) 




R 3 R 2 

e i ln + c 2 ln ^ 


1 0 

c) Ej - -j, I - 

r r 


A 1 ( R 1 " R 2 )+A 2 ( R 2 " R 3 } V o 


£ lS V 
1 2 o 


£ 1 A 1 £ 2 A 2 " , 1 _ 1 _. , 1 _ 1 _ 
£ 1 ( R 2 “ R 3 } + £ 2 ( R x R 2 } 


E = 

r 2.1 1 

r - R ) 

R 1 R 2 

q (R, ) ~ 

c = = 7I^ L T- [£ 2< 1 - cos f) 

° V 3 ? 


+ e^(l + cos 


c = 


q(R 1 ) 


4ee ;l e 2 


e i ( h 


R 3 } + £ 2 ( R 1 


R 2 


V £ 

30. R = f, C = — r- 
I aR 


I 


Re(V 0 fi ,U,t ; T- c 


. s „ . .1 RC-jo) + 1 

Y(jo)) = Cju + - = — 


I = V Y(ju) = [RCju + 1] 

O K 


/s . v 

i(t) = ReIe JW = coswt - V Cwsinwt 
R o 


31. V«D = - 4~ (rD ) = 0 ■> D = - 
r 3r r r r 
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NJ|S 



E 


b 

/ E. 
a 


q(r 


c = 


Section 


32. a) 


POLARIZATION AND CONDUCTION 


+ <*2 - 


] 


dr = V = r- £ n 

c ° r ( e 2 - 

G 1 b - a 


e + ( e - e ) (r - |b 

1 Kc 2 V (b - a) 


r=a 


, -Mb - a) ^ V 

£ l b ~ £ 2 a E l b 


=a) = D r (r=a)2ira£ = 2 ttA£ = - 


, 2ir£(e a - e,b) 

q (r=a) 2 1 ' 


2ir£(e b - e a)V 


(b - a)£n 


V 

e l b 


(b - a)£n 


e 2 a 


3.6 


-i-/t I ° 

:(t) = P e ' , E (x) = \ 


P f (t)x 

+ C . 

e 1 


0 _ x _ b 


b < x .£ a + b 


t = e /a 
o 


a+b 


P f b 


/ E(x)dx = — h C.. b + C„a = V 

n Ze I 2 o 


3 a. 


n-[d - dj+ — = 0 ->■ -a [- 


P*(t)b 


a b 3t 


a T Pf (t)b “I 

■ +C l ]+ ^[ e o [C 2- C l-^- ] J-° 


3C 2 + V 


a — v 


a, ■ , + m = 7 — ~7T *■ C,(t) = Ae a + b T + -2- 

3t (a + b)x (a + b)x 2 a 


p (t=0)b V p b 

o (t=0) = e (C c ) = 0 A + — — - C = 0 

f o2el a e 1 


A = 


p o b 


V b 
o 


2e o (a + b) a(a + b) 
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POLARIZATION AND CONDUCTION 


c 2 (t) 


_ ' 

" - 2e o (a " 


V b 
o 


a t 


V 


a+b x o 

(a + b) a(a + b) I e a 


V P .p (t)b C a -p be 

C ( t ) = _° f i_ o_ 

1 < ‘ ; b 2e b 2e 


: t/ ^ r j- P Q ab V o -| 

|_2e (a + b) a + b J 


a t_ 
a+b x 


b) o^(x=b) = e o [E(x=b + ) - E(x=b )] 

P f (t)b 

= £ o [C 2 - l - C l ] 


r V o , , p o b V o a+b x p o b -t/x- 

= e o C T + ( 2^-T) £ ■ “ 2^ e - 

o o 


c) f v = / P f (x)Edx + | a f (x=b) [E(x=b + ) + E(x=b_)] 


x ' Q f 


= / e Q E || dx +-f [E(x=b + ) - E(x=b_)][E(x=b + ) + E(x=b_)] 


= \ e Q [E 2 (x=b_) - E 2 (x«0 J .)]+-f [E 2 (x=bJ - E 2 (x=b_)] 


+ ,J 2 


+' 


h e [E 2 (x=b ) - E 2 (x=0 )] 
z o + + 


■ 1 £ </ C 2 - 


33. 


E = 
r 


P o r -t/x 

3ea 6 
o 

2 

P o a o -t/x 
3tr ® 

2 

P a 
o o 

3e r 
o 


0 < r < a 


a < r < a. ; x = e/a 
o 1 


r > a. 


a = e E (r=a ) - e E (r=a ) 
r or 1+ r 1- 
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POLARIZATION AND CONDUCTION 


2 

P a . 

° 0 (1 - e" t/T ) 


3a 


1 


34. a) 


E = 
r 


R. < r < R 2 


- * 2 < r < E 3 


^ E 2 E 3 

/ E dr = C, In ~ + C„£n = V 

^ r ' 1 h 2 E 2 0 


At t = 0, o (r-R.) = 0 


£ 1 C 1 = £ 2 C 2 = 


e i £ o V 
1 2 o 


R R_ 

e l* n R^ + £ 2 £n R^ 


b) J r (r=R 2+ ) = J r (r=R 2 _) - = 


C) J r (r " R 2+ ) " J r (r=R 2- } + ^ = ° 


o a v 
1 2 o 


R 3 R 2 

a i £n R^ + CT 2 £n 


a 2 C 2 - a i C l + H [e 2 C 2 " £ 1 C 1 ] = ° 


5k + fl 

3t t 


C,V 
2 o 


R 3 R 2 

£ l £n R^ + E 2 £n ^ 


T = 


E 3 *2 

V 5^ + e 2 to 

R 3 R 2 

a i £n ^ + G 2 £n R^ 


ct-V [l - e ] e V e 

c = 2 Q + 2 o 

1 R„ R„ + R 


■t/ T 


a i £n R^ + a 2 £n rJ e l £n Rj + e 2 £n rJ 


V - C, £n 
o 1 R, 


C 2 = 


R 3 

£n ^ 


CT V 
1 o 


R 2 

V £n — = 
o R, 


R 3 R 2 R 3 I R 3 R 2 

CT l £n + a 2 £n ^ £n R^ le i £n T 2 + £ 2 £n ^ 


~t/ T 


R 3 R 2 j 

°l £n R^ + a 2 £n ^ 
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POLARIZATION AND CONDUCTION 


„ , S 2 C 2 - E 1 C 1 
Of(r.W 


d) 


E = 
r 


C, e 


j03t 


Re 


Re 


C 2 e 


jut 


R x < r < R 2 


r 2 < r < r 3 


- R 2 ~ R 3 
C to + C„ to = V 
1 R^ 2 R 2 o 


A A 

(a 2 + jwe 2 )C 2 = (a + juiE^C = 


(a 1 + jcoe 1 )(a 2 + j U e 2 )V o 

R 3 r 2 

(juE^ + a 1 )to — + (jue 2 + a 2 )to — 


e) 



r 2 r 3 

ta t *"5: 

— Tb — 

a 2irGf£ ’ b 2 tto 2 £ 


2fre £ 2ire £ 

r = i — r = - 

a R * b R 

to — to — 

R 1 R 2 


35. V • (PfU) 4- p f = 0 -> p f V*U + (U*V)p f + ^ Pf = 0 

U = -Ar T -> V-U = 0 + Ar 4- - p c = 0 
2 r 2 dr e f 

r r 


dp „ 3 

f —a 2 —or 

- — = — r dr -»■ top. = -z-f- 4- C 
P. eA f 3eA 


p f = p Q e 


•or /3eA 


„ r= P f 1 3 , 2^ P o -or 3 / 3 eA 
V*E = — -»■ — z- -z- (r E ) = — e 
e 2 dr r e 

r 

-P A 3 ,„ 4 C 

E . _2_ e" 01 /3sA + 4 

r 2 2 

or r 
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POLARIZATION AND CONDUCTION 


E^ (r=0) finite -► E = — ^ (1 - e ° r ^ eA ) 
1 ar 


36. a) P (x) = p e X ^ £ ® = e ; £ = — 

f o dx m a 


-p £ 


E = 


°_5 e _x/i ® + C 


£ p X „ 

/ Edx = C£ + ° m (e - 1) = V 

0 


E = ~ P ° £m e " x /^m + ^ - (e~ A/ V _ i) 


b) f = / p.EAdx 
x Q t 


AsE 

o dx 


= ~ eA[E 2 (£) - E 2 (0) ] 


c) i = CTE + Pr u + E = — e“ x/£m 


A 

£ 


P_U 
Act o 


/ Edx = ^ + 55 (e £/£m - 1) = -iR T 

_ Act ct L 


p U£ -£/£ m ,. 

. = o m (1 - e m ) 

1 o „ , £ 


\ + 


Act 


G sinh/2RG (z - £) 


n *7 / ^ \ TT COSh/2RG (z ~ £) l r\ \ 

37. v(z , t=0_) = V — : ; i(z, t=0 ) = V 

0 cosh/2RG £ ° » cosh/2RG £ 


If the z = 0 end is either open or short circuited, the steady state voltage and 
current distributions are zero. The transient voltage and current are of the form 


v ( z , t ) = V(z)e at , i (z , t) = I(z)e at 


with 
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POLARIZATION AND CONDUCTION 


V(z) = V^sinpz + V^cospz 


I(z) = " dz = 2R [v^cospz - V 2 sinpz]; p Z = 2RCa - 2RG 
Because the line is open circuited at z = *, 


i(z=&) = 0 cosp& - V 2 sinp& - 0 


a) Open circuit at z = 0 


l(z=0) = 0 = -> sinp£ = 0 -* p£ = nir 


00 -at 

. z , \ V x nTrz n 

i(z,t) = l I sin -J- e ; a = 

_ XI A/ XI 

n=l 


(^) 2 + 2RG 
2RC 


Initial conditions: 


i(z,t=0) = V 


rF sinh/2RG (z - 1) 


° J 2R cosh/2RG l 


V T • nTFZ 

= l I sm — 


n=l 


2V j-~- nir tanh/2RG & 
o V2R 


■'"n 2 r/ mr s 2 


* [( o ) + 2RG] 


2RI 
r 

(nTr/ £) 


-a t 

mrz n 


r < 2 * t > = I 7^7^ cos — e 

n=l 


b) Short circuit at z = 0 


V(z=0) = 


0 = V 2 + V (z) 


V^sinpz 


I( Z ) = ~ TD 


1_ dV 
2R dz 


Zli 

2R 


cospz 


I(z=&) = 0 -> p£ = (2n + 1) n = 0, 1, 2, . 

Then 


n=0 


(2n + 1 )ttz ° t n t 

ln 77 

n 2 H 


r ( z , t ) = l V sin e 
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POLARIZATION AND CONDUCTION 


v(z , t=0) = V cosh/ 2RG ( z ~ £ > = l v sin lin + ljTrz 
° cosh/2RG £ n=0 n 21 


V = 


V tt (2n + 1) 
o 


n n 2 


£ 2 [2RG + ( (2 ° 2 + ^i 2 ] 


1 8V “7T 


-a t 


* / . \ -L O V 

l(z,t) = - ^ 7 — = 


2R dz - 4R£ ^ (2n + 1)V n COS(2n + 1} ft e 

n=0 


38. 


a) v(z) = V^sinh/2RG z + V 2 COSI 1 / 2 RG z 


V sinh/2RG (z - £) 

v(z=0) = V -»- v(z) 

° sinh/2RG £ 


v(z=£) = 0 
i(z) = 


1 dv _ I G cosh/2RG (z - £) 
2R dz " o J2R sinh/2 ^ £ 


b) v(z,t) = - 


V^sinhv^RG (z - £) 
sinh v^RG £ 


+ v(z)e 


-at 


v(z) = V^sinpz + V^cospz, p = 2RCa - 2RG 


v(z=0) 

v(z=£) 


= 0 


= 0 


r (z) = I V sin 


n T7z 


mr 


n=l 


v(z,t) = 


V sinhvTRG (z - £) 00 -at 

o , V T 7 rnrz n 

+ 2, v Sln 


sinh/2RG £ n=l 


n £ 


-2nirV 


v(z, t=0) = 0 -*■ V = 


o 


n £ 2 [2RG + (^) 2 ] 


i(z,t) = 


— — = V 
2R dz o J2R 


G cosh/2RG (z - £) 


sinh/2RG £ 


00 -at 

1 v nir „ nirz n 

2R K T V 0S ~ 6 


n=l 


£ 
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POLARIZATION AND CONDUCTION 


9v 

9z 


39. - -r- = 2iR 


9i 

3z 


C ^ + Gv 


-Mf = 2RC + 2RGv 
9z 2 3t 


v(z,t) = Re v(z)e 


jwt 


d 2 v 

dz 2 


- 2R[Cju + G]v = 0 -*■ v(z) = V^sinpz + V^cospz 


p = -2R(G + Cjw) 


a) Short circuited at z = £ 


v(z=£) =0 ^ V sinp(z - £) 

", m „ * V(Z> 

v(z=0) = V r 

o 

= . -Iil = -1 v cosp (z - £) 

K J 2R dz 2R o sinp£ 

Open circuited at z = £ 


i(z) = “ 2 r [V cospz - V^sinpz] 


v(z=0) = V 

o 

i(z=£) = 0 


b) Short Circuit 


p£ = nn jco 


v(z) 


v cosp (z - £) 
o cosp£ 


i (z) 


^o sinp(z - £) 
2R cosp£ 


nr 2 
v £ ’ 
2RC 


G 

C 


Open Circuit 


p£ = (2n + 1) | jw 


r (2n + 1 ) TT -| 

L 2£ J 

2RC 


c) <P> 


1 

2 


Re[v(z=0) i* (z=0) ] 
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POLARIZATION AND CONDUCTION 


Short circuit: 


V 


<P> = ^ Re[p* cotp*£] 


Open circuit : 

v 2 


<P> = 7 -^ Re[p* tanp*£] 
hK 


40. R 


i 


R 


i 


-* 2R = R. + R 


£ 


[— + — ] 

L 0 ^ O O-J 


inner 2 outer ,2 2 . inner outer o n 2 2 2 * 

o ia a tt(c -b ) cac-b 

c c 


2-rre£ _ 2Trgfc 

u , , (j i 


£n — 
a 


£n 


Section 3.7 


3p f 

V<J + 3 t = °’ J 

= p f pE 


p f = cV>E -> Pf = ( 

. JE 
3x 


V • [ p f yE + e -^] = 

n 3 r _ 3E 

° ^ [eyE 3x 

+ e — ] 
3t J 

- 3E 

eyE - + 

3E 

J(t) 

conduction 

displacement 

total 

current 

current 

current 

density 

density 

density 


b) [E 2 (£) - E 2 (0)] + e ^ = J(t)£ 


c) Ahead of the front p f = 0 J(t) = e dE ^ ^ ^ E 2 (£) 

where E(0) = 0 (SCL) and 4^ = 0 for t > 0 

at 


dE( &) _ jjdt _ 1 _ ut 

E 2 (£) ' 2 * "" E <*> ' 2 * 
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POLARIZATION AND CONDUCTION 


V 

E ( £, t=0) = ~ -»■ E ( £) = 

d) E(x=s,t) = E (£, t) 

e) ^ = vE(3,t) =^^r 

1 ^ 

- 1 - o 


V / £ 


ytV 


1 - 


2 £ 


yV t 

-*■ s = -2£ £n[l y-] 

2£ 


2 £ 


yV T On 2 _-|/9 

f) s = £ = -2£ £n[l ~] + t = (1 - e ' ) 

2£ y o 


g) , h) Steady state: 


eyE —■ = J -> E = I — — + E 2 
3xo J ey o 


P f yE 


2J x 

o . 

•p 2 

ey 

IL 

O 


f 2J x 0 3/2 ~ 

E--f *v--fJ-{[-^ + E 2 ] -E 3 

dx 3J I ey o o 


where V(x=0) = 0 


2J £ 3/2 , 

ey !r o . „2-, „3 


V (x=£) = -V = - _ | l 

o 3J I ey o 
o 


l-£- + e z ] 


eyV v E £ E £ „ 

J = f i9 - 12 I- [(9-12 + 192(1 - 


° 16£ 3 


V 


E £ 
o 

V 


9 epV o 

SCL-vE = 0 -»■ J = -| -2- 

o o 8 „3 


42. a) p ,yE = 1 ; V*E = — (rE ) = — 

f r 2nr£ ’ r 3r r e 


E (rE ) = —j— + (rE ) 2 = 1 (r 2 - R 2 ) + R 2 E 

r 3r r 2ir£ey r 2-rr£ey l x 


E r ■ 7 <' 2 - + R l < ]1/2; ** - w 



POLARIZATION AND CONDUCTION 


b) E. - 0 * E - i - E 2 ] 172 

i r r 27Tey£ 1 


/ E dr = [ 1 y] 1/2 { Jr 2 - R? - R.cos 1 — 

J r 2irEy£ ^ li r 


R. 

l 


= V 


r=R . 

l 


2ttei_i£V 


1 = — . U - 

f o 2 ~ -1 ^i' 1 2 

4 k - R. - R.cos ^ 

Id o l i R 


c) E 2 = - 1 — -*• E(r) = E. / E(r)dr = E. (R - R.) = V 

l 2iTey£ l i l o l o 

V 


R. 

l 


V 


E z = r 2 = 

1 '•R - R. J 

o 1 


2 tt£ 1 j£ 


-*■ I = 27TG 1 j£ ( r _°r )' 

o 1 


d) V E r -7-2: ? - E - \ -b - T 

47 rr r 

2 2 3 3 2 2 

I E r ) Kr - R.) (R.E.) 

E — (r E ) = r r = — + 


r 3r r 47rey 


127rey 


R V 

, I \ 1/2 1 r 3 „3 . i^i , -,1/2 

E = (- ) - 7 - Lr - R. + — 7 — 6 TTEyJ 

r birey 2 1 I 

r 


f 2 

4rr yE 


Section 3.8 


43. a) W = -| q [v(r + d) - V(r)] 


% - qVV-d 


% ~ \ P’ E 


b) w= 1 p (Mi 2 ) l Ij.i ^ 


t TIE 


n=l n~ 


2tte s 
o 
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POLARIZATION AND CONDUCTION 


c) W = 


1 P (2p) (2) y (-l) n .9 p 2 

2 3 4 3 ^ 3 

4tte s n=l n 2 tte s 

o o 


d) W = 


-Ip ( — 3 ) <2) 1 . 

4tte s n=l n 47re s 

o o 


(identical) 


w--ip H*S (2) 3 


4 tte s n=l n 4 tte s 

o o 


(alternating polarity) 


44. E = 


— -y [ 2 cos 0 i + sin9i ] + y e |e | 2 


4tte r~ 
o 


e J 2 o 1 


? 7 [4cos 0 + sin 0] 

32tt e r 6 
o 


W = / / f e o l E l 

T co 
/ / 


2 2 

2 Trr sin 0 drd 0 


0=0 r=R 

2 7T c° r 2 2-1 

p r r L4cos 9 + sin 9] o _. 

16 tte ' 4 

o 0=0 r=R r 


sin 0 drd 0 


2 7T 


48 tte R 0=0 
o 


/ [4cos 0 + sin 9]sin0d0 


P [_ ^ c ° s 9 - i cos0(sin 2 0 + 2)] 


48 tte R 
o 


3=0 


12 tte R' 
o 


45. a) Each drop carries a charge ^ with radius r so that the volume is conserved 


. , 4 3 4 3 R 

N^rirr = — ttR r = 7-77- 

J N X 


b) W = 


N <i> 2 


6 8tte (R/N 1/3 ) ' 8tte RN 2/3 

o o 


c) W_. = NW 4 tt (- 4 t 7) 2 + W = 4ttR 2 W c N 1//3 + 2 — 777 

final S 1/3 e S 0 _„2/3 

N 8 tie RN 
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POLARIZATION AND CONDUCTION 


2 0 

d) W . . . = W 4 ttR + 0 V 

original S otto R 


"° rk ■ "final - "original ' V * 2 ^ 3 " l] + (rtTI O ^' 3 ’ » 


„ T7 . W 4ttR 2 

\ 9Work S 2 0 0 Q 

e) — — — = — 777 - - ~ — — = 0 -> N = x 


8N 3N 2/3 3 8tte RN 5/3 

o 


2 2 

16tt e R W„ 
o S 


N = 


10 


-12 


167r 2 (8.854 xl0“ 12 )(10 6 ) ( . 072) 


4 10 

! 10 droplets of radius r = — 4 / 3 ^ 4.64x10 


i~5 


10 


meters 


46 . a) 


a a 
a 


er 


E = { 
r 


a < r < b 


r > b 


1 2 

-> W = f — eE 2irrdr 
1 2 r 
a 


ir(a a) b , 
a r dr 

e •* r 

a 


ir(a a) , 

^ In ^ 

£ a 


b) 


E = { 


V 

2 e 


P a 
a 

2 er 


0 < r < 


a < r < b 


a 1 P r o b 1 pa 

W = / — e(-^-) 2irrdr + / — e ( 777 -) 27rrdr 


0 


2 2 e r 


2 4 

irp a , 

-f- Ci + *■> -] 

4e 4 a 


c) 


E = 4 
r 


Vi 

2e 

2 .2 2 . 

P_a p fe (r - a ) 


— + 


2 er 2 er 


a_ p r 0 yj ca ^- \ n 

w ■ 1 2 s( 2t> 2 " rdr + 2 + p b r 2 ; r a ■ ] ^ 

0 a 


b 1 P„a 


0 < r < a 

a < r < b 
2 


2 2 . 


2 4 4 2 

irp a Tra 0 , irp . . irp, 

a , 2 \ 2 „ b , b „ 4 4, , b , 

—77 b 7— (p - p, ) In 1- -77— (b - a ) + 7 — (p 

16e 4e a b a 16e 2e a 


p fe )a (b - a) 
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POLARIZATION AND CONDUCTION 


47. a) W = | QV_(r=0) - yQ[v + (R) + V_(R)] 


V (r) = 


jiQ_ 


4 tt e r 
o 


"Q 


4 tt e: R 

o 


r _ R 


r < R 


V + (r) 


4tte r 
o 


» - 1 - 1 0 [o] 

o 


= -Q 

87Te R 
o 


b) V(r) = 




(R? - I-) - — 9 - 


Q „3 ' 1 3 ' 4TTE R 

Site R, o 2 

o 1 


A-ne r 4tt£ R„ 
o o 2 


r < R, 


R 1 < r < R 2 


R, 


0 


1 -L 2 1 f O 

W = ~ / pV r sin0drd0dcj> + — / ^^ 2 ^ r s i n0d ® d< £ 

r=0 / 

R 1 2 

1 r _Q r 3Q ,2 r . Q_i , 2^ 

2 4 d 3 o r 3 (R 1 3 ~ 4 tte R 47Tr dr 

r=0 — ttR_ 8t\£ K o 2 

3 1 o 1 


Q 2 [A _ !i ] 

8tt £ R l 5 R„ J 
o 1 2 


Check: 


Qr 


3 

4tt£ R., 
o 1 


4tt£ r 
o 


0 < r < R., 


R 1 < r < R 2 


r > R„ 


R 2 

w = \ e o / I E r 1 2 47Tr2dr 
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POLARIZATION AND CONDUCTION 


- - <^> 2 1/ 1 4 dr + H 4 . ^ 


'° 4?re o / lo R 6 

1 


R 1 r 


F---M 

L C D -I 


87re R.. 5 R n 

o 1 2 


48 ‘ a > H l„it * 2 C 4 (t - 0) + I - 1 a l 


v l ~ v 2 . Cdv 2 Cdv i _ £ 

b) R 1 dt dt * R aA 


dv.. 2v V 

, T 7 1,1 o 

v„ + v = V -> + - — 

2 1 o dt RC RC 


V , V -i 

_ ° Ti i -t/xi o r . -t/x rc 

'i - “L 1 + e J ; v 2 ‘“L 1 - e J- t - x 


. O -t/ T 
x =— e 


c) lim v = v = — , i 

X Z Z 


12 12 12 1 

w, . = ± cvf + ± Cv^ = =- cv = 4 w. . . 

fxnal 2 1 2 2 4 o 2 xnxt 


d) W 


diss 


/ i Rdt 

0 


_ Z° / -2t/- 


R 


dt 


0 


v2 x , 

o “2t/x 

2R 6 


= j CV 2 = J w. 

4 o 2 xnxt 

e) If R = 0 + x = 0. From (d) the dissipated energy is independent of R. The 

circuit problem becomes nonphysical as an infinite current flows for zero time. 


di 2 Ci \ 

f) dF = V AE "“^2" 


2 2 

Cd v, , . 0) eA 

1 dx _ p 

~TT~ - IE - JT (v i - V 

dt 
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POLARIZATION AND CONDUCTION 



g) ^ H = 0 -> i(t) = I_smO) t + I„cosO) t, oj 

,1 C 1 o 2 o o 

at 


i(t=0) = 0 -> l 2 = 0 


L — 
L dt 


t=0 


= V = LI-0) 
o 1 o 


V 

-> i(t) = smu t 

Lu o 

o 


_ 2 _ 

LC 


2a) 2 eA 

_E 


1 C 


V 

^(t) = - — / idt = — | [cosai^t + l] 


,(t) = 7 / idt = 


v 

— ?■ [cosio t - l] 


h) W. = -7T Cv 2 = CV 2 [l + 2cosai t + cos^ai t] 

1 2 1 8 o o o 

12 12 2 
W- = -r Cv = — CV [l - 2cosu t + cos ai t] 
2228 o o o 

V 2 

T, 1 t - 2 1 o r . 2 , 1 2 . 2 „ 

W T = — Lx = — — ^ Lsm ai tl = — CV sm ai t 
L2 2 t 2 o 4 o o 

jUo 

o 

i) W , = W + W„ + W T = y- CV 2 [l + sin^u t + cos^ai tl 

total 1 2 L 4 o o o 


j cv 2 

2 o 
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POLARIZATION AND CONDUCTION 


Section 3.9 


49. a) T=rxF -* T = qdsinBE 


= di^ x qE = pEsinG 

e 


b) dW = Td9 

= pEsin8d9 = -pE(cos8 - 1) 


W = pE J sin8d8 
0 


c) n = n e pE /kT e pEcos8/kT 


2ir it R 

N = / / J nr sin8drd8d<j> 

< J )=0 0=0 r =0 


pE/kT 2 ttR 3 V r pEcos8/kT . 

= n — — j sin8d6 

° 3 8=0 


Let u = -j^| cos0, dii = - sinGde 


pE/kT 2-rrR 3 kT -pE ( kT u 
N = -n — j e du 

° 3 PE pE/kT 


2ttR kT e pE/kT r -pE/kt _ pE/kt-i 
3pE o . J 


-2sinh 


kT 


n _ 3pEN ^pEcosG/kT 

4uR 3 kTsinh ^ 
kT 


d) dP = pncos8d8r sin0drdc{> 


e) P = 


pN 


/ cos0 sin0 e 


pEcos0/kT 


Z 2sinh g 6=0 kT 

-PN - pE/kT kT u, 
j — ue du 

2sinh pE/kT pE 


d 0 
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POLARIZATION AND CONDUCTION 


-pN kT u , i x 
2sinh § PE 


-pE/kT 
u = pE/kT 


~ P N ]Sl r -pE/kT £1 _ i-) _ pE/kT ,£E _ n1 

„ . , pE pE L ^ kT ' ^kT 

2slnh kT 


~P N is! r £E h £E ££-, 

. . pE pE L kT kT kT J 

sinh ^ 


-pN [i| - coth g] 


f) g % (1.6 x lO-^KlO-^lO 6 , 0386 

(1.38 x 10 )(300) 


coth % — - — fi + p % £^^pE. 

coth kT ^ pE/kT L-L + 3 ( kT -) J p z ^ 3 ( kT > 


g) P = aE -»• a = E— 
6 z 3kT 


1 V ^ D t (e - e )V 2 

50. From (3.9.3) f x = j (e - £q ) -f - = p^hsD -> h = j- 


P m gs 

m 


eV i i eV 

5!. (a)-(O o f = Y* f e -I°fE-i-! 

a 


-Y£n ~ 
a 

o 



d -1/2 

d“ = e 
o 


. This value is reached when 


o ee 
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POLARIZATION AND CONDUCTION 


52. a) E = (in electret) ; E = E^ (in free space) 


E n d + E s = V 
1 2 o 


P s 

E i * <v „ - f-> 

o 


e E + P = e E„ 
o 1 o o 2 


P d . 

E = (V + —2—) — - — 
2 ^ o e ; s + d 

o 


1 1 0 T s A p d „ 

b) f = ~ a E A =-eEA = J ^ [ V + -^] 2 

x 2 f 2 2o2 2 , jN 2 o e 

(s + d) o 

dE p p x 

53. a) V*E = E = + C 

dx £ x c 


.2 


P s 


V p s p 

/ E dx = — + C s = V ->C=~ - -> E = — ( x 

J Q x 2c o 1 s 2c x e v 


s 1 o -i s fP (x - b V 12 

W ' I 2 e V dx ‘ 2 eA / L £ + TtJ dx 


-5) + !° 

2 ; s 


| c 2 A r P o (x - f) V_*|3 
3p_ I e + s 


#! 


s 

x=0 


A 

6 p„ 


{»*¥-[-¥*¥} 


eA§ f p o S . 

6 \_ { 2e 


) 2 + 3<V] 


b) i CV 2 - W - C - p - [(^f) 2 + 3<V] 

o o 


lim C = 

P =0 
o 


eA 


c) a f (x= 0) 


f (x=0) 

X 


f x < x .s) 


£E (x=0) ; n (x=s) = -eE (x=s) 
x f x 


I O £ fe-W\(-0)A - | £<(*-0) - | = [- jf + i 52 ] ^ 

1 19 , r P s V -i2 

2 ° f (x=s)E x (x=s)A = - y cE^(x=s) = - \ e A 


- 110 - 



POLARIZATION AND CONDUCTION 


f , = / p AE (x)dx 

J n -v 

o 


s dE 

= / eAE — ^ dx 
x dx 


0 


1 '2 
-r eE 
2 x 


x=0 


12 12 

— eE (x=s) - — eE (x=0) 
2 x 2 x 


d) f (x=0) + f (x=s) + f = 0 
x x vol 


V P 

54. a) E (z=z ) = — — — , E (z= - °°) 

ro.br e 

r Hn — o 


F = P 
z 


8E 


3E 

3E 

z 

; V x E = 

0 -*■ r = 

z 

r 3r 


3z 

3r 

3E 

2tt 

•L Z 

b o 

3E 

r 

-> f = f 

/ ( 

P — 

o 3z 

N 

-©- 

It - 
O 

J J 

r=a z= - 00 

o 3z 


= / PE 


r=a 


= 2ttP 


o r 


2-rrrdr 

z = - °o 

V P 


D r V r 1 

1 b e 

:=a L r£n — o J 


rdr 


"V (b - 

3 

° 

£n — 

L a 


(b - a) P . 2 2. 

= 2ttP | g + -f- (b ~ a - } 


b) C(z) = 


2tt 


in 


, [ez + e (£ - z) ] 
b o 


f =i v 2 ^ 

z 2 o dz 


ttV 


£n 


f (e - e ) 
b o 


e (i - x)d 

55. C(x) = — ; f 

s x2odx 2so 


1 Tr 2 dC 1 £ o d v 2 
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POLARIZATION AND CONDUCTION 


56. a) p = vi = v — [c(0)v] 

dt 


d r l 2-.12 dC(0) d0 

-^[-2 c <e)v] + ? v 


T * I ' 2 if > W-ic<6)v 2 


K e 2 NR 

b) C(0) = ~~z (0 - 0) 

s o 


2 2 

1 o a p m Re 

c) T = — v 2 — ^ o 

■ 2 d 0 s 


2 2 2 2 
NVRe NVRe 

d) T + T = 0 -> 2 £ - K(0 - 0 ) = 0 •> 0 - 0 = - ° ° 

e s s s 


m 


Ks 


At high frequency, the shaft position responds to the time average of v (t) 
(rms value) . 

0 C (0) = 7 T [c + C . ] + 4 [c - c . ] cos20 
2 max min 2 max min 


T = — v 2 — = 
2 d0 


77 v 2 (C - C . ) sin20 
2 max mm 


— V 2 (C - C . )cos 2 u)t sin20 
2 o max mm 


f) T = - i V 2 (C - C . sin20 + y [sin(2 (cut + 0) ) - sin (2 (ut - 0) ) ]1 
/ o max mm 4 

T has a time average value if m = + w (0 = u> t + 5). 


g) T = - V 2 (C - C . )sin26 
o 8 o max mm 


x 1 • "! 

-y 6 = - — sin 


8T 


V (C - C . ) 
t- o max mm 


] 


h) It I = ~ V 2 (c - C . ) at 6 = + 45°, + 135° 
1 max o o max mm 
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POLARIZATION AND CONDUCTION 


Section 
57. a) 
b) 


58 . a) 


b) 


59. a) 


3.10 


i = a Uw = C 4^- -* v(t) 
r dt 


a Uwt 

— - — ; C = 4ire R 
(_» o 


Force on the charged belt is 


F = Of w£ = o^wv(t) 

(o Uw)^t 

P = FU = a wv(t)U = — ^ 

mech f C 


tt 9Pf j. CT n -az/eU 

U -r — + — p =0->p =pe 
3z e f f o 


dE 

— — - — — -* E = - e 

dz e a 


p o U -az/eU 


P f U 


+ C 


+ C 


V V 

i = Jwt = [p.U + aE]wt = — — -v C = ° 

f R l aR L wt 


aC 


/Edz=- V o= 2 
0 a 


P £ U / TT 

o -az/eU 


+ CSL 


0 


P 0 £U r -oSL/c U 

O 1-6 


V £ 

- 1] 


aR^wt 


P o £U r, -a£/eU-i 

2 Ll “ ® J 

a 


° 1 + -^ 
awt 


*L 


dv V (v - V ) 

-Vz - c ir - ~ — = ° 


*L 


r r ^ V 2 , (V 1 " V n 

- nC i V l - C dl R + “ ^ = 0 


TT St TT St 

V 1 = V l 6 ’ V 2 = V 2 e 


v i [Cs + R + i ] + V nC i - 1 ] = 0 
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POLARIZATION AND CONDUCTION 


v i [ " c ± - ^ + v 2 [Cs + I + i^ ] ‘ 0 


[Cs + 1 + . [nC± - 1-] 2 


- i ri x Jx_ + JL_ - r 1 
c R \ \ + ” ±]; 

JL 


- ? [ i + ^ 


1 2 

s > 0 -> nC. > — 4- — — (self-excited) 
1 1 R \ 


b) n = 10, C ± = 2pf , C = 10 pf, = R 


R 


min nC . 

i 


3 11 

= 1.5 x 10 Q 




dv 0 

v„ 


nC . v. 

+ C 


+ -=■ = 0 : V 

T7 St 

= V e 

i 1 


dt 

R ' 1 

i 



dv 

v_ 


nC . v„ 

+ C 

3 

+ — = 0 : v. 

T7 st 
= V„e 

i 2 


dt 

R ' 2 

i 



dv 

v . 


nC.v. 

+ C 

1 

+ — = 0 : v 

T7 st 

= V e 

i 3 


dt 

R 3 

3 




] 



' nC. 


Cs + - 0 


" v, ' 

i 



R 


1 

0 


nC . Cs + r" 


Vo 




l K 


2 

Cs+i 

0 

nCi 


V 3 

L 



_ 




= 0 


(nC.) 3 + (Cs + ^) 3 
1 K 


= 0 -> S = - tt— 


1 j2irr/3 nC j 

RC C ’ 


r = 1, 2, 3 
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POLARIZATION AND CONDUCTION 


For self-excitation 
nC 


> it with a) 

2 R o 


2 C 


d) „C.V k + (Cs + i)V - 0 i V k - A» k 


nC . 


[Cs + ~]a + nC. = 0 -»■ A = 

R l ^ , J- 


cs +- 


. N+l , N 
A = A -v A =!-+■- 


nC 


i j 2iTr/N 
— = 


Cs + 


R 


n< ^i -j2irr/N 1 
C RC 


For self-excitation 


r = 1, 2, . . . N 


Re(s) > 0 -*■ cos2frr/N > - 


inC . 


nRcT ’ “o = |lm(3)| = 


2irr 

N 
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CHAPTER 4 


ELECTRIC FIELD BOUNDARY VALUE PROBLEMS 


Section 4.1 


__ V _ _ 

!• a) E = - + xl y ]; CT f (y=o) = e o E y (y =0 ) 


cv f (x= 0 ) 
q T (x=o) 
q T (y=o) 


■'o 

d / 

0 


(x= 0 ) = - 
o f (x= 0 )dy 


V 

ab 



CT f (y= 0 )dx = - 


V Dy 2 
o o 

2 ab 

V Dx 2 
o o 

2 ab 


q T = q T (x=o) + q T (y= 0 ) 


V D 
o 

2 ab 


2 2 

(x n + yj 

o o 


V x 
o 

ab 


C = 


D ( 2 . 2s 

" 2 ab (x o + y o } 


1 2 

b) — mv + qV = constant = qV 
2 . o 


^ (V o " V) 


2 qV 

— * a - *£) 

m ab 


c) v 


2 qV 

c 

impact J m 


2 . a) 


V- 


-ax 


[A^sinay + A2Cosay]e 
[B^sinay + B2Cosay]e +ax 


x > 0 
x < 0 


E = -VV = 


J" ae aX { [A^sinay + A 2 co'say]i x - [A^cosay - A2Sinay]i^} 
-ae +aX { [B^sinay + B2<:osay]i x + [B^cosay - B2Sinay]i y } 


x > 0 
x < 0 
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ELECTRIC FIELD BOUNDARY VALUE PROBLEMS 


Boundary conditions: 

E y (x=0 + ) = E y (x=0_) -*■ A 1 = B 1 , A 2 = B 2 

o 

e[ E x^=° + ) “ E x (x=0_)] = o f = a o cosay -* A x = B 1 = 0, A £ = B 2 = 


V = 


o -ax ^ . 

co say e x > 0 


2ae 
a 


, E 1 = -VV = 


-ax 

a e 

— [cosayi + sinayi I 

2e x y 


o +ax „ „ 

cosay e x < 0 


2ae 


-a e 
o 


ax 


„ [cosayi - sinayi ] 
2e x y 


, E x > 0 

b) i = / = 1 tan ay n 

x x < 0 


+ e +ax sinay = constant 


3. a) 


V- 


V^cosay e 


a (x + -) 


\ -V^cosay 


sinhax 


sinh 


ad 


k -V cosay e 
o 


-a (x - 2 ) 


x < - d/2 


x < d/2 


x > d/2 


E = -W s 


a(x + -) _ _ 

-V ae [cosayi - sinayi 1 

o x y 


V a 

[coshax 


sinh 


ad 


cosayi - sinhax sinayi 1 
x y 


-a(x - -j) _ _ 

-V a e [cosayi + sinayi 1 

o x y 


x < - d/2 


x I < d/2 


x > d/2 


b) o f (x=--) = e[E x (x=- 2 -) - E x <x= - ] 


= eV^a cosay [coth + l] 


o f ( x =2‘) = e[E x (x = — ) - E x (x = -^-)] 


= -eV^a cosay [l + coth 


4. a) V(x,y) = £ sin — - [a cosh — — + B sinh — — ] 

, d n d n d 

n=l 

n odd 
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ELECTRIC FIELD BOUNDARY VALUE PROBLEMS 


V (x=0) = V = 


1 7T 


4V- «> 

1 I 

n=l 
n odd 


sin 


nrry 


n 


= r 

n=l 
n odd 


niry 
d n 


4V, 


n nTr 


V(x=£) = 0 = J sin [A cosh — 1- B sinh — -^] 

d n d n d 

n=l 
n odd 


B = 
n 


, , mr£ 

-A coth — — 
n d 


4V 


V(x,y) = 


1 l 

n=l 
n odd 


sin 


niry 


[cosh — - coth 


nu£ 


. , n7TX"| 
sinh — — -J 


4V 


niry 

1 V d . , nir(£ - x) 

— / sinh j 

7 T L , , nil d 

n=l n sinh — 3 — 

n odd 


4V 


E = -VV = - 


1 I 


d , . . nir£ 

n=l sinh — — 

n odd 


r mry . nu(£-x) 

Lcos — -f- sinh 


— . nTry , nu(£-x 

1 - sm — , cosh : 

yd d 


,, , „ . niry . mix . , mr(d-y) 

4V « sin —f- 4V “ sin — — sinh — 

, s 1 v d . , nrr (£-x) 2 v £ £ 

b) V = —— > 3 - sinh —3 H ) 

77 Aj n tv 0 A t t 


, . , nir£ “““ d tt u , nud 

n=l n sinh —r— n=l n sinh — 7 — 


n odd 


n odd 


c) V = — l 

TT *- 


,,, _ . nuy . , mr(£-x) /TT . nux . , mr(d-y) 

4V_ « sin sinh 3 4V„ » sin — — sinh 7 — — 


£ 


tt , nir£ 

n=l n sinh — — 

n odd 


l 

n=l n sinh 

n odd 


nird 


4V 00 sin ^ 3 ^- sinh 4V 00 

+ — 1 ~ + l 

nu£ L 


TT 


n=l n sinh 

n odd 


TT 


nirx . , mry 
sin — — sinh — j*- 


n=l 
n odd 


n sinh 


nud 


5 . a) c 


= 1 


2 2 
a + b 
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ELECTRIC FIELD BOUNDARY VALUE PROBLEMS 


V(x,y,z) 


V sinax cosbz sinhc(y - d) 
o _ 

sinhc(s - d) 


s f y < d 


V sinax cosbz sinhcy 
o _ 

sinhcs 


0 f y S 


-V 


E = -vv = i 


— : — 7—7 7T- [a cosax cosbz sinhc(y - d)i 

sinhc(s-d) J y 


s < y < d 


-b sinax sinbz sinhc(y - d)i z 

+c sinax cosbz coshc(y - d)i y ] 

-V _ ■ _ 

— 7— r [a cosax cosbz sinhcy i - b sinax sinbz sinhcy i 

sinh cs x 5 


+ c sinax cosbz coshcy i ] 


0 < y < s 


-eV c 

b) ci (y= 0 ) = eE (y= 0 ) = — r— r — sinax cosbz 
f y sinhcs 


eV c 
o 


a f (y=d) = -e Ey (y=d) = 


sinax cosbz 


J f (y=s) = e[E y (y=s + ) - E y (y=s_)] 


= -eVcsinax cosbz [cothc (s - d) - cothcs] 


4o 


o_ = 


f TT 


^ I - sin ^ 

L -‘ -n A 


n odd 


a) 


V = 


V „ . nwy -mrx/d 

i v „ sin — e 


n odd 


V TT . mry +mrx/d 

I V sin —-r- e 


x > 0 


x ^ 0 


n odd 


E = -VV = < 


V „ nil p n-rry — . mry — n -mrx/d 

- ) V — Lcos —r~ 1 - sin —A- 1 Je x > 0 

,,nd dy dx 

n odd y 


V ,, mi r mry — . mry — +nrrx/d 

- I V — — Lcos — rf- 1 + sin — ~ lie 

L n d A A ” 


n odd 


d y 


d x 


x < 0 
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4 a 

a. = e[E (x=0 ) - E (x=0 )]-> — - = 2eV ^ 
f x + x - nil r n d 


V = 
n 


2o d 
o 

e(n7r) 2 


n = 1, 3, 5, . . . 


b) a f (y=0) = eE y (y=0) = 


-l 


2 o 


o -inrx/d 
— e 


n odd 


(nir) 


-l 


2 a 


o +mrx/d 
— e 


n odd 


(nir) 


> 0 


< 0 


a f (y=d) = -eE y (y=d) = a f (y=0) 


c) q T (y=0) = q (y=d) =2 / a (y=0)dx 

0 


i v If - (rnrx/d) 

= -4a ) — e dx 

o L ,, nir i. 

n odd 0 


= 4a y 


° n odd (mr) 2 


d -mrx/d 
e 


i=0 


to a d 

= -4a d l (— ) 2 = - -f- 

o ,, nir 2 

n odd 


2 

d V 


7. 


a) V V = ^ = - — sinax -► V = -z 

P dx 2 ? 2 


o 

o 


1/8 

P_ 


smax 


e a 
o 


Vp(y=0) ^ 0 (Boundary condition not satisfied) 


b) 


2 

V V = sinax V = 

e 

o 


Asinax e 


-a(y - d) 


y > d 


[ [Bsinhay + Ccoshayjsinax + y sinax 0 < y < d 


- 120 - 


e a 
o 



ELECTRIC FIELD BOUNDARY VALUE PROBLEMS 


E = -VV = 


-Aa[cosax i - sinax i ]e ^ 


y t d 


P o — _ 

— cosaxi - a{cosax[Bsinhay + Ccoshay] i 

o x 


+ sinax[Bcoshay + Csinhay]i y } 0 < y < d 


Boundary Conditions 

P 

V(y-O) = 0 •* + C = 0 

e a 
o 


V (y=d_) = V(y=d + ) -> A = j + B sinhad + C coshad 

e a 
o 

a f(y = d) = £ q [E (y=d + ) - E (y=d_)] = 0 ■> B coshad + C sinhad = -A 


~P P -ad. 2 p 

c - -Sj, a - -2-j ‘ > . B - -2_ [1 - e - ad ] 

e a e a e & 

o o o 


v , 

c) o f (y=0) = e ri E u (y=0) = -e^asinaxB ° (1 - e ad ) sinax 


o y 


, ^2 2 

, a (y=0) p 

d) F y = - ° f (y=0)E y (y=0) = \ = \ -Sj 


. -ad 2 . 2 

(1 - e ) sin ax 


e a 
o 


2-n/a 

f = / F dx 

y i y 


-1 P „ , 9 2 it/ a „ 

J- o / “ad N z r , Z 

~2 J “ e ) J sin axdx 

e a 0 

o 

2 

p 

tt o -ad. 2 

2 3 (1 ~ e ) 

£ a 
o 


F = p E = p_[E i + E i ] 
v f f L xx y y J 


2ir/a d 2ir/a d p 

f = / / P,E dxdy = -p a / / [Bsinhay + Ccoshay H ^rjsinaxcosaxdxdy 

x=0 y=0 £ x ° x=0 y=0 e a Z 

o 

= 0 
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27r/a 

when integrated over x[ / sinax cosax dx = 0] . 

0 

2Tr/a d 

f = / / P f E dxdy 

^ x=0 y=0 y 

2ir/a d 2 

= -p a J J sin axiBcoshay + Csinhay}dxdy 
° x=0 y=0 


P TT 


= - — — [Bsinhay + Ccoshay] 


d 

y=0 


p tt 

= - [Bsinhad + C (coshad - 1)] 

a 


2 

P TT j O 

o ,, -ad, 2 
3 (1 - e ) = -f 

2 e a y 

o 


The total force on the system is zero (f + f = 0) . 

y vy 


e) V-D = 0 = V • [e E + p] 
o 


_ 3P _ 2 

V*P = -r- 2 - = 0 -> V-E = 0 -> V V = 0 

3 y 


V = 


Asinax e 


-a (y - d) 


y > d 


[Bsinhay + Ccoshay]sinax 0 1 y f d 


E = -VV = 


. r T . — n -a(y - d) 

-AaLcosaxi - sinaxi Je 


-a { co sax [Bsinhay + Ccoshay] i 

X 

+ sinax[Bcoshay + Csinhay]i^} 


Boundary Conditions : 
V(y=0) = 0 -> C = 0 


y > d 


0 < y < d 


V(y=d + ) = V(y=d ) A = Bsinhad + Ccoshad 
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D y (y =d + ) = D y (y =d _) e o E y (y= d + ) = e^,(y=d ) + P^sinax 


0 y 


P P 

. o -ad . , , _ o -ad 

A = — — e sinhad. B = — — e , C = 0 
e a e a * 

o o I 

“3 d 

a (y=0) = e E (y=0) = -ae Bsinax = -P e sinax 
f o y o o 

1 

2 2 2 2 2 2 
a) i) z =(x + jy) = (x - y ) + 2jxy u = x - y , v = 2xy 

i 

ii) sinz = sin(x + jy) = sinx cosjy + cosx sinjy 

= sinx coshy + jcosx sinhy ■+ u = sinx coshy, v = cosx sinhy 

iii) cosz = cos(x + jy) = cosx cosjy - sinx sinjy 

= cosx coshy -jsinx sinhy u = cosx coshy, v = -sinx sinhy 


iv) 

z 

e = 

v) 

&nz 

dw 

_ 3 u 

dz 

3 x 


X X 

e cosy, v = e siny 


v = tan 


-1 


3 u _ _ 3 v _ _ 3 v _ _ 3 u 

3 x 9 y ’ 3 x 3 y 


3 r3u 

C) 17 


3v -i 3 2 u 

3 y 3 x 3 y 


3 2 v 

3 y 2 


3 r_ 3 v 
3 x 3 x 


3 u -i 3 2 u 

3 y 3 x 3 y 


3 2 v 

3 x 2 


3 2 v 

3y 2 


2 2 
9 V + 0 


2 ' 2 
3 x 3 y 


2 2 

3 r_ 3 u _ _ 3 v-i 3 u _ 3 v 

3 x 3 x 3 y 2 3 x 3 y 


_3 r 3 v _ 3 u-i 3 2 u _ 3 2 v 

3 y 3 x 3 y ^ 2 3 x 3 y 


3 2 u 

3x 2 
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2 2 

3 u 3_u 

2 + 2 
3x 3y 


d) Vu = ± + — ^ - i is perpendicular 1 to lines of constant u 

dx x 3y y 


dV — dV — i 

Vv = v; — i + — i is perpendicular 1 to lines of constant v 
3x x 3y y 


3u 3v _3u _3v _ _3v _3v _3v _9v 

3x 3x 3y 3y 3y 3x 3x 3y 


Vu J_ Vy ->■ lines of constant u and v are perpendicular. 


Section 4.3 


a) 

V(<J>) = 


A 1< (. + B 1 


A 2 4> + b 2 


0 < d> < a 


a < d) < 7r 


E = -W = l 


[ I i 0<cj)<a 

r <j> 


2 - 

r 1 d: 


Ct < (j) < 7T 


Boundary conditions : 

V(4>=0) = V = B. 

o 1 


V(<()=7r) = 0 = A 2 ir + B 2 


V(<J)=a_) = V(<()=a + ) + A a + B 1 = k^a. + B 2 


At t = 0 


cr f (4>=ot) = e 2 E^(<})=a + )- (<}>=a_) = 0 -»■ 


£ 2 “ £ 2 V 

A. = — A = T ; B. = -A tt, B = V 

1 2 *f £^(tf - a) 2 2 1 o 
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At t = 


= J ^~ a J a 2 E ^ =a + ) = CT l E ^ ( ^ =a - ) ^ CT 2 A 2 = CT 1 A 1 


a 9 -a V 

A = — — A = — — t> _ 

1 a 1 2 a 2 a + a (tt - a) ’ 2 


“V’ B] _ = v o 


Transient Interval 


J ( j ) { ( f )=0( + ^ " ^ CT f (<t>=a) = 0 


a 2 E ^(4 ) =a + ) - CT 1 E ( j ) (4 >=a _) - e^ (<t>=a_) ] 


9A A a V 

1 _j 1 _ 2 o 

9t t e a + e (ir - a) * 


x = 


e 2 a + e i^ “ a ) 
° 2 a + CT i^ ~ a ) 


e 0 V e 
2 o 


•t/x 


a V (1 - e t/x ) 

^ — _ — — — _ ^ Q 

1 z^a + (tt - a) a^a + a (it - a) 


A a + V 

A 2 ' » - , ° ■ B l‘V B 2*-V 


b) a f (<t>=a) 


e 2 E ( , ( ^= a + ) - e^j, < 4 >-a_) 


-e 2 A 2 + e 1 A 1 (e 2 - CT 2 T ^ V 0 ^ 1 “ e 
r (tt — a)r 


(E 2 CT 1 " E i a 2 )V o (1 “ e_t/T) 


La 2 a + a (ir - a) Jr 


c) a f (4>=0) 


e l A l 

e.E. (<>«0) = - 
1 © r 


q (4>=0) = / a f £dr = -e^A^ 


£ £n 


r =a 


= q(4>=0, t=0) = _ £ 1 £ £n a A l (t 0) _ 


e, e„£ £n — 
12 a 


C 


£ 2 a + e i^ 7r ~ a ) 



I 
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R = 


V a 

i( ° =m) » Kt=“) = / J r (t=”)fflr 

r=0 


a a 1 A 1 (t=°°)tor 

= / 

r=0 r 


, 0.. a„& to — V 

= - a £. A (t=°°) to - - ~ — —7 , a ° . 

11 a a 2 a + o (tt - a) 


R = 


V a„a + a, (tt - a) 

o /I 


I(t=“) . . b 

a..a„£, to — 
12 a 


10. a) 


V (r/a) sinn<j> 


V(r , <(>) = 


0 < r < a 


1 V (r/a) n slnn(() r > a 

v o 


E = -VV = - 


3 V - _ 1 3 V - 
9 r 1 r r 3 <t> 1 <j 


= < 


V n 

— {(~) n [sinmjil + cosn<j>i ]} 
a a r <p 


V n _ 

— — { (— ) n [sinn<j>i - cosn<|>i |} 
a 1 a r d> J 


0 < r < a 


r > a 


“ 2 V 

b) V(r=a,<j>) = Y V sinnc[) V = — — n odd 

, n n nr 

n=l 


c) 


, l 


V(r , (J>) = 


n odd 


2 V 

o ,r.n 

(— ) smnd) 

nTr a 


0 < r < a 


n odd 


2 V 

o ,r.-n . 

(— ) smn<f> 

nr a 


r > a 


E = -VV = < 


n odd 


2V n _ _ _ 

— ~ { (— ) n [sinn<t>i + cosn<j>i,]} 

a a r <p 


2V n 

I — — { (— ) n [sinn<j>i - cosn<j)i ]} 

n odd 3 a r + 


0 < r < a 


r > a 
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: 11, 


V (r , 4>) = 


A^rcos<(> 


f (A r + — ) cos(|) 
2 r 


0 < r < 


a ^ r < b 


(A.r H — )cos(J) r > b 

3 r 


-A [i cos(J) - i sine))] 
1 r a) 


E = -VV = 


B„ 


B, 


-(A 2 2 ) c ° S( t>i r + (A 2 + — 2 )sin<t>i 

r r ^ 


B _ B„ _ 

^ ~( A 3 2 )cos<|>i r + (A^ + — 2 )sin(j)i 


0 < r < a 


a < r < b 


r > b 


Boundary conditions : 

B 2 

V(r=a ) = V(r=a ) A a = A„a H — 

— + 1 z a 

B 2 B 3 

V (r=b ) = V (r=b ) -> A„b + ~ = A„b + —■ 

~ + Z D 3 D 

s 2 

eE (r=a ) = e E (r=a ) -> e(A - — y) = e A 
r + or - 2 2 ol 

a 

B„ 


B, 


e E (r=b ) = eE (r=b ) -> e(A 2 ) = e (A =-) 

or + r - 2.1. o 3,2 

b b 

E(r-*») = E i = E [i costj) - i,sin(j>] -»■ A„ = -E 
o x o r d> 3 o 


-4E 


A 1 = 


A 2, 

A e a A 

, a 2 a +3, Bo a - 


2(1 +%) + ( f - + - £ )(1 - %) 

b Z £ o E b 


2 2 


e 


A 3 = - E „- E 3 ■ “ E o ~ 1“^? [1 + 'r - i 

o b 


12 . 


V (r , 4> ) = 


Arcosij) 


0 < r £ a 


( (Br + — )cos<j) r > a 
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I 


E = -VV 


-A(cos<t>i - sin<t>i ) 


~(B - -jocose))! + (B + ^Osinijji , 
r r r I 


0 < r < a 


r > a 


Boundary conditions : 


V(r=a ) = V(r=a ) -*■ Aa = Ba H 

+ a 


E(r^°°) = E (i cos<f> - i,sin<f>) B = -E 
or $ jo 


£ o E^(r=a + ) + P^cosc|> = £ o E^_(r=a ) + P^cosij) 


P - p 

f [— — - E ]rcos<j> 

° 


V(r,<j)) = 


0 < r < 


(P, " PJa 
[-E r + 2 1 


2 e r 
o 


-]coscf> r > a 


E = -VV = { 


P 2 “ P i 

■[— rz E ][cos(f)i - sin<j>i ] 

2 e o r <b 


( p o -P i ) _ a 2 (P -P ) 

[E H ^ jcos^i - [E - - 


° 2er 2 
o 


r o „ 2 

2 e r 
o 


■]sin<j>i 


0 < r < a 


r ^ a 


a) E = [EJ 1 + -^-)cos 0 + i - E (1 - ■^ L r-)sin(f)i 


o 2 J 

r 


2iT£:r‘ J ~r “o N " 2 
r 


E = 0 - 4 - E (1 + ^r)cos<|> + = 0 

o l 2 -rrer 

r 


E (1 2 ") s in = 0 -»- <f> = 0 ,tt 

r 

r = a 


At r = a 


or , , A(t) , , ~X(t) 

2E costfi + — > cos(f> = — - — 

o 2irea c 4ireE a 

o 


At (f>= 0 ,ir 
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i E (1+irf +4^ - 0 » r 2 + » 2 + . 0 


o ' 2 2Trer 

r 


2tteE 


_ Ht) 

+ 4tteE 


Ht) + 

4tteE \ 
o 


,_2 2 

( 4ireE ^ a 
o 


-If - E = E (1 + —~j) cos(j) + 4^- 
r 3q> r o 2 2i\er 

r ! 


If ’ E 4 , - - E o (1 - 

r 


1 I ( I )2+1 A 

sin<f> + 0 <f> = constant 


E a 
o 


( T> 


2ireE a 
o 


b) E (r=a) < 0 -»■ 2E coscf) + ^ **- - < 0 -*■ cost}) < - ^ ^ 

r o 2irea 4iTeaE 


c) -1 < cos((i < 1 -*■ A = 4ireaE 

max o 


d) dl = -q n pE (r=a)ad<(> 
o o r 


2^*0 i 

I = -q n pa / [2E cos<t> + -r ]dcj>; 

o o ' o 2irea 


-1 A 

!> = cos — 

c 4ireaE 


-q n pa[2E sintb + ^ 1 

o o o 2irea 


2 tt— d 


-q n pa[-4E sin* H (ir - d> )] 

o o o c Trca c 


e) lim y* = rsirnj) = — — 
r-*» E o 

(j)-nr 


Air 


2ireE 


I H c 

— = 2asin<f> + -r — — — 
E T c 2ireE 

o o 


A (<f> - it) 

y* = 2asin<j) + - — £ 

J T c 2 tteE 

o 

I = q n pE (2y*) 
o o o 

A (<t> - it) 

= 2q n pE a[2sind> + -r — — ] (agrees with d) 

o o o c 2ireE a 

o 
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0 0 

14. a) a (t) = a (t=0)e _t/x ; t = - 1 - 2 

f f °1 + °2 


b) V = ReV (r , <f>) e J 

Arcos<j) 


2 (a e - a e„) . 

^ E cos<j>e~ t//T j 

a i + a 2 

1 

jwt 


V(r,<j>) = 


0 < r < a 


[ [Br + — ]cos<f> 


r > a 


i -A[cos<j>i - sin<j>i ] 


E = -VV = < 


-[b - ^]cos<}>i + [B + ^r]sin<j>i 

z r z a 

r r * 


0 < r < a 


r > a 


E(r-*») = E (i cos<f> - i , sin*) -»■ B = -E 
or <p o 


V(r=a,) = V(r=a ) ■+ Aa = Ba H — 
+ - a 


J r ( r =a + ) - J r (r=a_) + jwo f = 0 ->■ [c^ + jwe^E^ (r=a + ) = la 2 + jwe 2 ]E r (r=a_) 


2 2 " °1 + “ e iU 

C = a E 


2 E (a + jue.) 

B = -E A = — — — — 

o a 2 + °l + + E -|) ’ o’ °i + + j“(e n + e o ) 


'2 


1 2 


'1 2 


a f = El E r (r=a + ) - e 2 E r (r=a_) 

^ C A 

= [-e^ (B + e 2 A]cos<J) 

a 

2E q [e ct 2 - e^^jcosij) 
a 1 + a 2 + + e 2 ^ 


15. 


a) 

V(r ,z) 


A^z + B i zAnr + c 1 Anr + 


[ A^z + B 2 z£nr + C^nr + D 2 


a < r < b 
b < r < c 
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V (r , z=0) = 0 
V(r=a,z) = 0 
V(r,z=£) = V 


J (r=b,z) = 0 
r 


0 < r < c 
0 < z < £ 
b < r < c 
0 < z < £ 


V(r,z) 


= 


V z 

— r £n - 

£ £n - a 
a 


V z 
o 


a < r < b 


b £ r < c 


-V 


E = -W = < 


£ £n 


-V 


t- [£n — i + — i ] 
b a z r r 


£ z 


a < r < b 


b < r < c 


b) o (r=a) = e E (r=a) = 
f or 


-e V 
o o z 


£ £n 


a (r=b) = eE (r=b ) - e E (r=b ) = 
r r + o r - 


e V 
o o 

b b 

£ £n — 


a f (z=0) = 


-e V 

e E (z=0) = — 2 - 2 t- £n - 

02 i i ‘ 

a 


-eV 

£E Z (Z=0) = -f 


a < r < b 


b < r < c 


c) 


. E 
dr _ r 

dz “ E 


z r£n — 
a 


2 2 r „ r l-i 

► z = r L£n — - — J + constant 

r a z 


16. a) 


V(r,z) = 


A^z + B^z£nr 4- C^£nr + D 


0 < r < a 


A^z + B^z£nr + C 2 £nr + D^ 


a < r < b 


Boundary conditions : 

V(z=0)= (H-C = D 1 = 0, C 2 = D 2 = 0 

V (r=b) = 0 -»• A 2 + B 2 £nb = 0 

V (z= £,r<a) = V +A,£ = V , B = 0 
o 1 o 1 

V(r=a + ) = V (r=a^) ■+ + B 2 £na = A 1 
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\ ‘ "I - B 1 ‘ C 1 - D 1 ’ 2 " ’ P> 


V 


B 2 = 


£ £n 


V £n b 


A 2 = - 


£ £n 


V z 
o 


V(r,z) = { 


V £n 2- 
° r 

£ £n — 
a 


V 


e = -w =; i 


O — 

£ x z 


0 < r < a 


£ £n 


-r- [£n — i i] a<r<b 

b r z r r 


b) a r (r=a) = e E (r=a,) - eE (r=a ) 
f o r + r - 


e V 
o o 


£ £n — 3 
a 


q T (r=a) 


2ira / a dz 
0 f 


ire V £ 
o o 

£n — 


v dr r 
dz E 

z 


„ b 
¥ x.n 


-> z = 


2 r 1 

r [£n — - — ] + constant 
b 2 


Section 4.4 

3 3 

17. a) E = E { (1 + )cos0i - (1 - ^r-)sin0i } 
o 3 r 3 0 J 

r r 


a. = e E (r=R) = 3e E cos0 
f or oo 


tt/2 2tt 

q = / / ct R sin0d0d(J) 

0=0 < 6=0 f 


2 71-/2 

= 3e E R'2 tt f sin0cos0d0 


o o 


0=0 


= -3E R 2 2tt£ — f 26 
o o 4 - 


= 3tts E R 
o o 


tt/2 

6=0 
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If the hemisphere were not there q = ttR^e E so that the hemisphere has three 
. . , too 

times more charge. ! 

ir/2 i o 2 ' 

b) F = / - eE (r=R)cos627rR sin9d0 

z 0=0 2 r ; 


2 2 2 

= 9ttcR E f cos 9sin0d0 
° 6=0 


= 9,eR 2 E 2 

o 4 


tt/2 

0 


9 2 2 2 3 

= T 77eRE > — irR p g + E £ 
4 o 3 m o 



18. a) 

V(r , 6) 


A(t)rcos9 


[B(t)r + C ^ -]cos6 
r 


r < R 


r > R 



-A(t)[i cos0 - i sin0] 
r 0 

-(B(t) - 2(2 ^ t ^ )cos6i + (B(t) + ^^v^ )sin6i 

Jr J 0 

r r 


r < R 


r > R 


Boundary conditions: 


ECr-* 30 ) = E (i cos0 - i sin0) B(t) = -E 
o r 0 o 

V(r=R ) = V(r=R_) -> A(t)R = BR + 

R 

°l E r (r= V " ° 2 E r (r=R - ) + C £ 1 ® r ( r= R + ) - e 2 E r (r=R_)] = 0 

Initial conditions: 


o f (t=0) = e 1 E r (r=R + ) - e 2 E r (r=R_) = 0 


3e £ 

A(t=0) = - 1 ° B = -E , C(t=0) 

1 1 2 ° 

M 1 C , c = (a 2 ~ °1 )E q R3 . 2£ 1 + s 2 

3t t 2e, + e„ * T 2a, + a„ 


(£ 2 - £ l >g ~ 
2£ 1 + £ 2 
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C(t) - E.R^ (1 - e‘ t/T > + : i-lii e- t/T 


o | 2o 1 + a ^ 


A(t) = -E + 

° R 3 


c) a = e E (r=R ) - e E (r=R ) 
f 1 r + 2 r 


= { e x [— B + + e^a} cos 0 


- {(e - e„)E + (2e + e ) — } cos0 

1 2 o 1 2 3 J 

R 


3(e a - £ a ) 

12 2 1 -t/T, 

— z E cos0(l - e ) 

2a, + a„ o 


d) Charge conservation boundary condition at r = R becomes 

[o 1 + J«oe 1 ]fi r (r-R f )- [o 2 + jwe^E (r«R_); I = ReE e jut 
The solution is the same as letting 


e 1 ^ + j “£ 1 » e 2 ^ °2 + J “ £ 2 


in the initial condition solutions of (a) 
-3[a 1 + jtoe i ] 


A = 


2ai + a 2 + jco(2e 1 + £ 0 ) ’ B E o’ C 


'1 2 


[(o - a ) + ju(£ - e )]R 3 E 

Z 1 Z 1 

2 °1 + °2 + + e 2 ' ) 


19. 


V(r,0) = { 


Ar 2 (3cos 2 0 - 1) 


(3cos 2 0 - 1) 
r 


r < R 


r > R 


-2Ar[(3cos 8 - l)i - 3cos0sin0i ] r < R 

r 0 


E = -VV = < 


2 

— [(3cos 9 - l)i r + 2sin0cos0ig] 


r > R 
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Boundary conditions: 


V(r=R ) = V (r=R ) -> AR 2 = -^r- 

R j 


e E (r=R ) - e E (r=R ) = a (3cos 6 - 1) -* — - + 2ARe n 

1 r 4- 2 r - o , ,,4 1 2 

i K 


= a 


B = 


a R 
o 


L3e 1 + 2e 2 J 


A = 


RL3e 1 + 2e 2 ] 


20 . 


Arcos0 


r < R 


V(r , 6 ) = < 


(Br + — ^)cos0 r £ R 

r 


E = -VV = { 


-A(i cos 0 - i sin0) 
r 0 


2n — r 

-(B-— )cos0i + (B + — y)sin0i 
3 r 3 f 

r r 


r < R 


r > R 


Boundary conditions: 


V(r=R + ) = V(r=R_) -> AR = BR + 

r Z 


E(r-*=°) = E (i cos0 - i sin0) B = -E 
o r 0 o 


£ E (r=R ) + P cos0 = e E (r=R ) 4- P cos0 
o r t 1 or - / 


(P 2 " V 

A = _E 0 3e ’ B = - E o’ 


C = 


(P 2 - P 1 )R- 
3e 


21 . 


V(r , 0 ) = { 


B 

(Ar 4 — -^Ocos© r < R 

r 


~2 cos0 
r 


r > R 


2 g g 

“(A 2) cos 6i r + (A 4- — )sin0i^ 

r r 


E = -VV = < 


[2cos0i 4- sin0i ] 


r < R 


r > R 
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Boundary conditions : 


lim 

r->-0 


4tte 0 2 

2 r 


' 1 r v V 2 r 


2 p( £ o - O 
A = = , B = 

4 " £ 2 R < e 2 +2 V 


4tt£2 



B C 

1 


2 2 



R R 



-> -£2 (A. - 

>B) 

3 ' 

2C 

3 


R 

R 




: -E_ r 



2 


4tte, 


_E_ = 


£ 2 + 2E 1 47Te 2 


2e 

4 1T ( £ 2 + 2e l ) 


Section 4.5 


22 . DIMENSION V(4, 4,20) , P(4,4,20) 

READ (5,30) VI, V2, V3, V4 
WRITE (6,9) 

WRITE (6,8) VI, V2 , V3, V4 
WRITE (6,9) 

DO 10 K=1 , 10 
DO 10 J=l,4 
DO 10 1=1,4 

V(I, J,K)=0. ; P (I , J ,K) =0 . 

V(I,1,K)=V1 ; V(4,J,K)=V2 ; V(I,4,K)=V3 ; V(1,J,K)=V4 

10 CONTINUE 
DO 3 K=l, 10 
DO 3 J=2, 3 
DO 3 1=2,3 

V (I , J ,K+1) =0 . 25* (V (1+1 , J ,K)+V(I-1, J ,K)+V (I , J+l ,K)+V (I , J~1 ,K) ) -2 . 

P (I , J ,K)=V (I , J,K) ; V(I,J,K)=V(I,J, K+l ) 

3 CONTINUE 

WRITE (6,7) (K,K=1 , 10) 

WRITE (6,9) 

WRITE (6,6) (P(2, 2 , K) ,K=1,10) 

WRITE (6,4) 

WRITE (6,6) (P(3,2,K) ,K=1,10) 

WRITE (6,4) 

WRITE (6,6) (P (2 , 3 , K) ,K=1 , 10) 

WRITE (6,4) 

WRITE (6,6) (P (3 , 3, K) ,K=1 , 10) 

WRITE (6,9) ; WRITE (6,9) ; WRITE (6,9) 

4 FORMAT (' ’) 

6 FORMAT ( '+',10(F11.4,2X)) 

7 FORMAT ( , +',6X,9(I2, 11X) ,12) 

8 FORMAT ('0V1 = ' ,F7 . 2 , 4X, ' V2 = ' ,F7 . 2 , 4X, ' V3 = ' , F7 . 2 , 4X, ' V4 = ', 
&F7.2) 

9 FORMAT (’O') 
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30 FORMAT (4F10.2) 
STOP 
END 


VI = 

0.00 V2 

= 0.00 

V3 = 

0.00 V4 

= 0.00 

K 

1 

2 

3 

! 

4 

5 

V(2, 2) 

0.0000 

-2.0000 

-3.2500 

-3.8125 

-3.9531 

V(3,2) 

0.0000 

-2.5000 

-3.6250 

-3.9063 

-3.9766 

V(2 , 3) 

0.0000 

-2.5000 

-3.6250 

-3.9063 

-3.9766 

V(3, 3) 

0.0000 

-3.2500 

-3.8125 

-3.9531 

-3. 9883 


6 

7 

8 

9 

10 


-3.9883 

-3.9971 

-3. 9993 

-3.9998 

-4.0000 


-3.9941 

-3.9985 

-3.9996 

-3.9999 

-4.0000 


-3.9941 

-3.9985 

-3.9996 

-3.9999 

-4.0000 


-3.9971 

-3.9993 

-3.9998 

-4.0000 

-4.0000 


23. DIMENSION V(4, 4,20) , P(4,4,20) 

1 DO 5 M=l,2 

READ (5, .30) VI, V2 , V3, V4 
WRITE (6,9) 

WRITE (6,8) VI, V2 , V3, V4 
WRITE (6,9) 

DO 10 K=1 , 10 
DO 10 J=1 , 4 
DO 10 1=1,4 

V(l , J,K)=0. ; P (I , J , K)=0 . 

V(I,1,K)=V1 ; V(4, J,K) =V2 ; V(I,4,K)=V3 ; V(1,J,K)=V4 

10 CONTINUE 
DO 3 K=1 , 10 
DO 3 J=2,3 
DO 3 1=2,3 

V( I , J ,K+1)=0. 25*(V(I+1 , J ,K)+V(I-1 , J ,K)+V(I , J+l ,K)+V (I , J-1,K) ) 
P (I , J ,K)=V(I , J ,K) ; V(I,J,K)=V(I,J, K+l ) 

3 CONTINUE 

WRITE (6,7) (K,K=1, 10) 

WRITE (6,9) 

WRITE (6,6) (P(2,2,K) ,K=1,10) 

WRITE (6,4) 

WRITE (6,6) (P(3,2,K) ,K=1,10) 

WRITE (6,4) 

WRITE (6,6) (P(2,3,K) ,K=1,10) 

WRITE (6,4) 

WRITE (6,6) (P(3,3,K) ,K=1,10) 

5 CONTINUE 

WRITE (6,9) ; WRITE (6,9) ; WRITE (6,9) 

4 FORMAT (’ ') 

6 FORMAT ('+' ,10(F11.4,2X)) 

7 FORMAT ('+’ ,6X,9(I2,11X),I2) 
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8 FORMAT ('OV1 = ' ,F7 . 2 , 4X, ' V2 = ' ,F7. 2,4X, ' V3 = ' , F7 . 2 , 4X, ' V4 = 
&F7.2) 

9 FORMAT (’O') 

30 FORMAT (4F10.2) 

STOP 

END 


VI = 

1.00 V2 

= -2.00 

V3 = 

3.00 

V4 = -4.00 

K 

1 

2 

3 

; 4 

5 

V (2 , 2) 

0.0000 

-0.7500 

-0.9688 

-0.9922 

-0.9980 

V(3, 2) 

0.0000 

-0.4375 

-0.4844 

-6.4961 

-0.4990 

V (2 , 3) 

0.0000 

-0.4375 

-0.4844 

-0.4961 

-0.4990 

V(3, 3) 

0.0000 

0.0313 

0.0078 

0.0020 

0.0005 


6 

7 

8 

9 

10 


-0.9995 

-0.9999 

-1.0000 

-1.0000 

-1.0000 i 


-0.4998 

-0.4999 

-0.5000 

-0.5000 

-0 . 5000 ! 


-0.4998 

-0.4999 

-0.5000 

-0.5000 

-0.5000 i 


0.0001 

0.0000 

0.0000 

0.0000 

0 . 0000 

i 

VI = 

1.00 V2 

= -2.00 

V3 = 

-3.00 

j 

V4 = 4.00 | 

K 

1 

2 

3 

4 

5 

V(2 , 2) 

0.0000 

1.2500 

1.4063 

1.2891 

1.2598 

V(3, 2) 

0.0000 

0.0625 

-0.1719 

-0.2305 

-0.2451 , 

V(2,3) 

0.0000 

0.5625 

0.3281 

0.2695 

0.2549 

V(3,3) 

0.0000 

-1.0938 

-1.2109 

-1.2402 

-1.2476 


6 

7 

8 

9 

10 


1.2524 

1.2506 

1.2502 

1.2500 

1.2500 


-0.2488 

-0.2497 

-0.2499 

-0.2500 

-0.2500 1 


0.2512 

0.2503 

0.2501 

0.2500 

0.2500 


-1.2494 

-1.2498 

-1.2500 

-1.2500 

-1.2500 
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CHAPTER 5 

THE MAGNETIC FIELD 


Section 5.1 


V = 

V 

cosco 

t 

+ v sinw t 

X 

xo 

o 


yo o 

V = 

V 

cosco 

t 

- v sinw t 

y 

yo 

o 


xo o 

V = 

V 




z 

zo 








V 

X = 

/ V 

dt = 

X 

+ JO + J_ 


o o 


O bi 0) VO O XO O 

o o 


o 1 

y = f v dt = y 1 — [v sinw t + v cosw t] 

y ou) w yo o xo o 

o o J 


= Jv dt = v t + z 


zo o 


b) [x - (x q + + [y - (y 

o 


2,2 

V o V + V 

xo , J _ xo yo 
o w n - 2 

O 0) 

2 , 2 w , 2 . 1/2 


Equation of circle with radius r = |?v + v )/w ] with center at 

xo yo o 


/ i y w XO N 

(x + — , y - ) . 

O 0) O 0) 

o o 


% 1 ri 2 1 r 2 -l 2 -l 2 i 

c) — m v = — m|_v -I- v + v 1 

2 2 xo yo zo 


dv V 

2. a) m ” “ = -e( — + v B ) 

dt s y o 


dv 


dv 


y my 

m -r—- = ev B v = — — 

dt x o x eB dt 

o 


2 2 

d v a) V eB 

y , 2 o o c 

— x — l- a) v = ; u) = 

.2 oyBs o m 

dt o 
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v = tsimi t + A.coso) t + — — 
y 1 o 2 o B s 

o 


yt=0) = 0 = A 2 + 


dv 

V x (t=0) = 


y B s 
o 


rt 

II 

O 

c 

1 


t} ’ v x = 

dv 

_i y 

o 

> 

co dt 
o 

B s 
o 


sinto t 


V V 

= / v dt = — - — (1 - cosw t), y = / v dt = —■ — (t 
1 x B soo o J J y Bs 

o o J o 


siruo t 

o v 


2V - 2mV 

b) x = - — — < s ■+ B > — jp- for cut-off 

max B su o 2 


o o 


es 


c) i = coscfi + sirufii , i, = -sinbi + cosbi 

r x y <P x y 


~ 7 ~~ = [-sin<f>i + cos<l)i ] = i — ^ 

dt x y dt <p r 


di. j j. v 

cp r — . — -i db — d 

- — = L-cosdn - smbi J — — = -i — 
dt Y x y dt r r 


j— dv di dv, di, 

— _ dv _ — r , r — <S> . <| 

a dt 1 r dt V r dt 1 cJj dt V d> dt 


dv v, dv, v,v 

= i [— - -i] + i [—4. + * r ] 

r L dt r J A ~ J 


“dt 


dv 


-V 


d) m = -e[E + v x B] ; E = ^ 

rln — 
a 


m m 


mr£n 


dv v, -eE ev,B eV 

r r £ -i _ r <p o o 

L dt r J 

dv v.v 


eB 


r - w v ; to 
b o <b o 


dt r 


ev B 

— ] = r ° 


= W V 

m or 
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dv 

r 

dv 

r 

dr 

dv 

r 

! dt 

dr 

dt 

- V 

r dr 

dv 

<f> 

dv 

<f> 

dr 

dv 

- v * 

! dt 

dr 

dt 

r dr 


a ^ \ 
v ) 


dv V X 

v [— — + — ] = w v ->■ — ~ (rv ) 
r dr r o r r dr 4> 


1 d 


w. -*■ rv 
o d 


w r 
o 


+ constant 


0) z 

v (r=a) = 0 v = -y (r - — ) 
<p <p 2 r 


j 19 w 2 

d ,1 2. o , a n 2 

(t v ) - 7— (r ) = 

dr 2 r 4 r r 


eV 


m£n — r 
a : 


u o f a \ 

r - T (r ‘ —> 


, , „ eV o> 2 2 eV 10 

d / J- ^ \ o o, a ^ , a ^ o 

S ( !VTT-t <r -'T )llt l ) ‘TF 

mi6n— r r mien— r 


o ( - a v 

4 r(1 

r 


, , eV u> 2 4 0 

12 r o -| „ r opr.a 2 -\ 

2 V r = [ — b ] ^ + -2 - a ] 

m£n — 2r 

a 


m&n — 
a 


° 0 r o r 

— r An o L 

b a „ 2 


2 2 -1 2 

r - a J 


8r 


„ 8b ^mV 

e) Cut-off -*■ v (r=b) < 0 B > r— ^ — r— 

r o ,, 2 2 2 

e (b - a ) 

Check: Cylindrical geometry approaches planar geometry of (a) if b % a 

so that b = a + s where s << a. 

„ 8a^mV 

B > —TJ 

o ,22 

e 4 a s 

2 mV 

> — 2~ (agrees with (b)) 

es 


~ dv — — — „ _ mg 

3 . m — — = qv x B - mgx -*■ -qv B - mg = 0 B = - — — 

dt y 00 o qv 


12 tt 1 2 2 2 2e 

— mv - eV n = — mv ■> v = v + — V, 
2x 12o x o ml 
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y x o 


V 


c) and d) R = 


dv 


= 0 + 

< 

ii 

ii 

p 


X B 

V o 


o 


E ? 
V B 

- — V 1 


o 



mv 

mE 

E 

X 

y_ e 

= __Z. 

eB 

2 m 

RB' 

o 

eB 


o 

i 

dv 


dv 


2e 2 

+ — V. ; E = — 
ml y s 


XV Z 1 

5. a) m — — = 0, m , = qv B , m — — = -qV B 

dt ’ dt M z x* dt H y x 


v = v , v = v cosco t, v = -v since t 
x xo y yo o z yo o 

v v 

x = v t, y = — ■ since t, z = -^2- (cosoi t - 1) 
xo (0 o (0 o 

o o 


y = 0-*-tot = nir-»- 
o 


u) x „ 

o tittv - 2 v 

xo yo , , 

v = nir -> x = , z = 1 — (n odd) 

xo (0 0) 

o o 


=0 (n even) 


dv dv dv 

b) m — = -qv B , m = 0, m n— ^ - = qv B 
dt M z o’ dt ’ dt H x o 


v = v costo t, v = v , v = v since t 
x xo o y yo z xo o 


v v 

xo xo , , , x 

x = since t, y = v t, z = (-cosce t + 1) 

to O J yo CO o 


y = 0 (never for t > 0) , 


dv 


dv 


dv 


x v z 

c) m -j— = qv B , m — ■ - = -qv B , m - — = 0 
dt H y z dt M x z dt 


v = v since t + v cosco t, v = v cosco t-v since t, v = 0 
x yo o xo o y yo o xo o z 


= - — - [-v cosco t + v sinui t + v 1, y = — [v since t + v cosce t-v ], z = 0 

J ce yo o xo o xo J 
o J 


ce Q yo o xo o yo' 
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y = 0 -*■ v sinto t + v cosm t = v 

yo o xo o xo 


V 1 - sii 


v / x - sin a) t = v - v sinto t 
xo j o xo yo o 


2 . . 2 . 2 2 2 
v (1 - sxn a) t) = v + v sxnxi t - 2v v sxnto t 
xo o xo yo o xo yo o 


2 2 2 

sin to t (v + v )-2v v sinto t = 0 
o xo yo xo yo o 


sinto t = 0 (one solution) -* to t = 2mr n = 1,2,... 
o o 


: 2 2 

2v v (v - v ) 

t xo yo ^ xo yo 

sxnw t = L « , cosw t = — ~ £ — 

o 2,2’ o 2,2 

v + v v + v 

xo yo xo yo 


sinto t = 0, costo t = 1 solution -* x = 0, y = 0, z = 0 
o o 

Other solution for y = 0 


2 

9 v v 
_£ xo yo 

X to 2 , 2 

O V + V 

xo yo 


dv 

a) m . = -ev B - k.x 

at y o 


dv 


m —r^- - ev B - ky 
dt x o 


dv 
2 

dt 


= -kz 


VX A S t A st 

b) x = xe >y=ye , z 


_ eB 

A st o 

ze ; a) = , 

o m 


■IF 


d x , 2 dy 

1- to, X = -to — 


2 k o dt 


dt 


d y 2 dx 

— ir + to. y = to — 
, 2 k- 7 o dt 

at 


d z , 2 . 

+ to, z = 0 


dt 


2 ~k 


2 2 

s + to, to s 
k o 


-to s 
o 


2 2 
s + to, 
k 


2 2 
s + to 

k 


0 ! 
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Determinant of coefficients must be zero 


, 2 2.r. 2 2.2 2 2-i 

(s + u, )l(s + 03, ) +O)sj=0 

k k o 


2 2 

S + 0) = 0 ~> S = ij03 


, 2 2 S 2 2 2 2 2 , , , 

(s + 10. ) = -0] S S + CO. = I](0 s s = I — r 

k o k o 2 


I % 


.2 2 
) - U3 k 


eB 


c) 0 ) = 


o m 


9.1 x 10 


-19, 

i 

-31 


- * (1 ' 6 X 10 ^111 % 1.76 x ' 10 1;L « 10 15 « 03, 


o k 


S = ±j[03 k + 03 o ] 


7. Bv = q(E 4- v x B) 


B(v x B) = q (E x B) + q(v x B) x B 


= q (E x B) + q[-v(B-B) + B(vB)] 


vB = § E-B 
P 

__ ___ 2 g _ _ 

B(v x B) = q (E x B) - qv(B-B) + B(E-B) = B[- v - e] 

p 9 

2 — — 

v[— + q(B-B)] = q[E x B + ^| (E-B) + — ] 

q P q 

E x B+^ (E-B) + — 

? e 1 

8 

^ + B-B 

q 

8. a) m — = -mvv + q(E+vxB) - — V(nkT) 
at n 


b) v % (E + v x B) 
mv 


c) J = qnv = ^ (E + v x b) = a(E + v x B) 

mv 
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I_ 

i 


V, K V U 

d) J =°(--T+vB)=— - = 7-7 
x d y o A ILA 


rO 1 ~i 

V, [7 + 7-r] = av B 
h d IL A y o 


av B A 

V = — 

h 1 1 


\ R, 


int 


R. 


int 


_d 

pA 


e) P = 


V 2 (av B A)R 2 R t 
h _ y o int L 

h <*l + R i„t> 2 


, p (av B A)R. 2 R 

f - = Y ° ^ Cl - R ? R ] - 0 - R l = R. 
^ (R L + R int ) L ±nt 


mt 


Section 5.2 


P I _ 

9 . a) B = 7— i 
2irr d 


mdv — — 
- — = qv x B 
dt ^ 


dv v , .. 

r _ _ d_ 

dt r 


2. 

dr <2 V 


2 


- v B 
m z 9 


dv, v,v dv, v, 

— h = v [7 — + — ] = 0 rv = r v 

dt r r dr r <j> o <f>o 


dv 


dv dv qy I qu I 

— * = * vB, + ^ = ^ + v =^£n^ + v 


dt r dr m r d> dr m 27 rr z 2frm 


r zo 

o 


j i o v (r v ) qy I qy I 

d ,1 2 X 4 > q „ o 4 >o o r o „ r , t 

7“ (7 V ) ^ v B = 5 7. — 1-7 £n — + v J 

dr 2 r rmzd) 3 m 2 -jrr 2 -rrm r zo 


1 2 _ 1 . ,21 i_ qy ~ lv " 

2 V r ~2 (r o V <f>o ) ( 2 ~ l) 2Trm 

r r 

o 


qy o I 

£n — 7 (7 ) (£n — ) + 7 v 

r 2 2Trm r 2 ro 

o o 
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1 r 2 2 2-i 

— m Lv + v , + v J 

2 r <p z 


1 r 2 j. 2 j. 2 i 

7 1 Lv + V + V J 

2 ro <po zo 


c) With v, = 0, for v = 0 
<Po r 


qy I 0 qP I i 0 

[ ? ° £n (— ) ] + 2v [ 0 £n — ] - v =0 

2irm r zo 27rm ro ro 

o ; 


qy I oo 

o . + 2 2 

-r £n( — ) = -v ±v + v 

2Trin r zo . zo ro 

o 


y Id£ x i 

_£ r QP 

4tt t J 2 
L r QP 


y Is +L 

o — r ax 

4r 1 z j , 2 2.3/2 

-L (x + s ) 



r„ = -(xi - si ) 
QP x y 


(xi - si ) 
x y 


12, 2 

x + s 


y Is iL 

o — x | 

4 it X z 2 r 2 2 -i 1 / 2 

s Lx + s J '-L 


y I L _ 

2tts[l 2 + s 2 ] 1/2 Z 


a) Let L -> a, L -> b and use superposition 


B _ f a/2 b/2 .1 i 

t [( | ) 2 +( | ) 2 ] l/2| [(f) 2 +(f) 2 J L/2 f * 

2y I 2y l[a 2 + b 2 ] 1/2 

= O |-a b-rr _ o — 

r 2 2 -| 1/ 2 L b a J z tab 1 z 

irLa + b J 

y la 2 tt i x i 

» 5 --ir / 

0 a 

„ V- 

2a X z 
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2 2 H 2 2 tt .JL 2 2„ 2 -it. 

h = a 7 = a cos — -v (— ) = a (1 - cos — ) = a 

4 n 2 n 


n V | 

' 2 ith [(|) 2 + h 2 ] 1/2 


ny Ism — ny I 

o n o . 7T 

= tan — 

„ tt 2ira n 

2ira cos — 
n 


Po 1 

Check: lim n •> °° B = — — 

z 2a 


(agrees with (b)) 


2y I 

lim n -*■ 4 B = — — 
z it a 


(agrees with (a) when a = b and 


a (of (c)) -*■ /2a (of (a)) 
d) No contribution from straight line segments 


B = 


y I it ai x (-1 )dd> 

_°_ f I 

-TT » 9 


4tt 


f .=0 


V - 

4a X z 


e) No contribution from semi-infinite Line currents. 
From horizontal length 


B = 




Z 2ra[(|) 2 + a 2 ] 172 


From vertical length 



V ° -S x ^ 

-i [y 2 + (V] 


y Ii 0 f dy 

o z j 2 


4 " 4 [y 2 + (W 2 


y I , 
o — b 
1 — 


4tt z 2 ,b.2r 2 ,b.2-il/2 
(y) Ly J 


2 2 TT 

sin — 
n 


0 

y = -a 
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y I a i 
o z 




r2a , bi ' o r ^ , / b \ 2 -|J 

Lt + = — T La + (it) J 


2 ^ b [ a 2 + (|) 2 ] 1/2 


b*, P o X r 2 , .bs. 2 -,1/ 2 


ztotal 


„ r 2 .b. 2 l 

2ir|^a + (y) J 


b. 211/2 L b 2a J irab 


y 0 I 

f) From straight line segments, (see (e)) 

p q i ! 

From semi-circle, B = (see (d)) 

Z ^3. 

y 1 , , 

R = - 2 - 

ztotal 2a ^2 tt 


P 1 e e 

11. F = — = Tsin — , Tcos — = mg 

r „ . 6 X 2 2 


2ir(2j!,sin — ) 

. 2 6 V 

Tsin 2 = 4 ^T 


2 6 


. 2 B 


mgsin — mgsin — 


6 

cos — 


F 


sm 


2 6 


t 2 t 2 

.46, ,V x 2 .26 ,V x 2 „ 

Sln 2 + 4 m ^ mg ) Sln 2 " = ° 


2/2 2 

- 2 1 - I + / rl /o 1 x 2 n 2 /o 1 ,2 

Sin 2 2 4 Tr£mg y 2 4 Tr£mg 47 r£mg 


1 H I 9 

= — (— ) 2 

2 V 4 irLmg 


- 1+1 + 4 r^^l 2 


• 4 TTX , mg -|^ 

PI 2 

o 


12. a) dB = - 


P D _ _ 

- — K i, x i sin6d6d<() 

4tt o <p r 

P o K 0 

sin0d0dd>[i cos6cos<f> + cos0sind)i - sinBi ] 

4tt x y z 


B = - 


y K 2 TT 7T 
o o 

4tt 


J / sin8d6d(|)[i cos6coscf> + cos6sin<])i - sin6i ] 


=0 0=0 


P K tt 9 

2. j sin Q^Q ^ 

6=0 2 
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p K TT 
O O — 

4 z 


b) K -*■ J dr 
o o 


P J TT P J 7T/ u \ 

B = -V- / dr = ° ° (b ~ a) 

z 4 J 4 

■a 


pi (i x j ) 

z QP 


13. a) dB = —y— dz 

4 it ,2,2. 

(z + r ) 


V 


/ ✓ 2 n3/2 

4tt(z +r ) 


rdz i , 



pi L 

B, ~ / 


dz 


y Ir 

o z 


4tt j 2 2. 3/2 4tt 

z= -L (z + r ) 


H 


2 i 2 

z + r 


L 

z= -L 


p I L 
o 


2 2 

JL + r 


2irr 


b) B = 0 

y 


dB = 
x 


p L K dx 
o o 


„ r T" 2 r 222 

2n y + x /L + y + x 


sin<|> ; sin<f) = 


/ 


2 2 
y + x 


p LK y dx 
o o 


o ( 2 2. r T 2 , 2 2 -| 1/ 2 

2tt (y + x ) [L + y + x J 


p LK y +oo 

B --5L-21 / 


dx 


x 2 tt _ j 2 2, . 2 2 2,1/2 

X=-°° (y + x ) (L + y +x) 


2 2 

Let u = x + y , du = 2xdx 


, x = u - 

\ 


y -*■ du 



p LK y «> 

B = / 

x 2ir 

y 


p K Ly 00 
o o j 


du 


J u - y 2 u / 


L 2 + u 


du 


2 tt J r 2 2 2 2 2,1/2 

y2 uLu + u(L - y ) - y L J 


Vo^l_ . -1 

2tt yL Sltl 


(L 2 - y 2 )u - 2y 2 L 2 

L uJ(L 2 -y 2 ) 2 + 4y 2 L 2 J |U=Y 
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"o K „ / . -1 (L 2 - v 2 ) . -1, ,, 

■ s “ . 2 x - sin < - 1) 

(L + y ) 


u o K o fn . -1 .L 2 - y 2 

' ~ 2 + 8 “ ( 'T~2 > 

K L + y 


; y > 0 


Check: 


P K 

11m B = -y-2- 

L^o x 2 


14. Use superposition 


B 1 = 


p K.i r < a 
o ffl z 


r > a 


; b 2 = 


r < a 


p K a 
o z — 

1 , r > a 


B T = B ! + B 2 = \ 


p K cos0 i r < a 
00 o z 


p K a 

O O . . T 

sine 1 , r > a 

r o <p 


15. a) Replace hole by currents J^i^ and -J Q i z and use superposition. 

Field due to slab with uniform current is given by (12) in (5.2 


B l = ^ 


P J d 
00 — 

2 1 x 


-p J y i 

OO X 


p J d 
o o -r 

2 X x 


y >2 


|y I <4 


y < - 1 


Field due to hole with current -J i [from (23) in (5.3.3b)] 

o z 

2 2 

p J a p J a 

' o o - OO , . — , S 

1 = ~ — 0 1 /0 ( _ sin<t>i + cos^i ) 

* 2[x 2 +y 2 ] 1/2 x y 


B 2 " 


2r 


p J a 

o o r . . . n 

— 2 ~ l-y\ + x v 

2(x +y ) x y 


r > i 


P J r pJ o oi/o 

00 — O O r 2 2 - 1 1/ 2 r . — — -I 

— 2 — 1 ^ = 2 — Lx +y J L-sin4)i x + cosifi J 
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l 

y J _ 

— [-yi + xi ] 

2 *■ x y J 


r < a 


B T ■ B 1 + B 2 


b) Fill hole with current J i 

o z 


y J r 

7 - 0 0 T 
B 1 " 2 \~ 


P J 

^ ° [yi - xi ] 
2 x y 


(in hole) 


Fill hole with current —J i 

o z 


U J 


B„ = 


2 2 


^ [yi - (X - d)T ] 


(in hole) 


_ y J d 

B T = B 1 + B 2=^ i y 


Section 5 . 3 


16. a) B = ari 


V - B - - 4 ib < r2 V 

r 


= 3a ^ 0 Not a magnetic field 


b) B = a(xi - yi ) 

y x 

3B 3B 


Can be a magnetic field 


_ 3B 3B 

V x B = i t-Z- - -r-Z] 

z 3x 3y 


2ai = y J 
z o 


c) B = a(xi - yi ) 
x y' 

3B 3B 


V*B = ^ ^ = 0 Can be a magnetic field 

_ _ 3B 3B 

V x B = i [-T-? - — ^] = y J = 0 
z 3x 3y o 
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d) B = ari. 


V-B = - ^ = 0 

r 3<f> 


Can be a magnetic field 


V x B = - (rB, )i 
r 3r <p z 


2ai = p J 
z o 


17. a) 


3B 

> 

3y 


-Vi J 
o o 


VJ J 
o o 


-a < y < 0 


0 < y < a 


-P o J Q (y + a) -a < y < 0 


B = li J (y - a) 
x loo 


0 < y < a 


y I > a 


3B -p J y 

b) -r-Z = ° 0 -> B = 

3y ax 


' y o J c , 2 2 

~ 2 a y " a } 


I y I < a 
I y I > a 


c) -y (rB.) = ± p J ->rB=± 


p J r 
o o 


r 3r 


o O <J> 


+ constant 


B, = 


p J r 
o o 


P J r „ 2 

o o 2a . 

2 u - 2 ; 

r 

"oL ,2 b 2 . 

— (a - — ) 


0 < r < a 


a < r < b 


r > b 


a p J r p J r 

d) — (rB ) = ► rB, = 5 1- constant 


r 3r 


B, = < 


p J r 
o o 

3a 


p J a 
o o 

3 r 


3a 


r < a 


r > a 
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Section 5.4 


18. a) A = 


-p K f 0 9 9 9 9 

^ ° ^ / {£n[(x'-x) +(y-d) ]-£n[(x-x') + (y+d) ])dx' 


:V 

4tt 


— — { (x'-x) £n[ (x’-x) 2 +(y-d) 2 ]- 2 (x'-x)+ 2 (y-d) tan 1 ( X X ) 

y-d 


-(x'-x)£n[(x'-x) 2 +(y+d) 2 ]+ 2 (x'-x)- 2 (y+d)tan X + ^ X ) ) 

° j-x{£n[x 2 + (y-d) 2 ] - £n[x 2 + (y+d) 2 ]} 


-2 (y-d) [tan 1 + -|] 

-1 X _ TT-I 

y+d 2 J 


+ 2 (y+d) [tan 


|y I < d 


3A 


3A 


b) B = V x A = i 


x 3y y 3x 


B = 


3A -vi K 
z 


x 3y 4rr 


o“o I ~ 2 (y-d) 2 (y+d) „ r . -1 x , . -lx-, 

7 T— )~x L o Z o n o J+ 2 [-tan 777 - it + tan 777 ] 


2 2 2 2 
x +(y-d) x +(y+d) 


y-d 


y+d 


+ 2( ^ d) 2 . , ,.2 


2 (y+d)x 

xN-(y-d)‘ (y+d) 2 +x 2 


y o K o -1 x ■ -1 x , -| 

t tan HIT ~ tan + it] 


2tt 


y-d 


y+d 


3A_ 

B y 3x 4 tt 


Z - 0 0 I £n[x 2 +(y-d) 2 ]+£n[x 2 +(y+d) 2 ] - 2 x 2 [- 


2 2 2 2 - 
x +(y-d) x +(y+d) 


2 (y~d ) 2 + (y+d ) 2 


2 2 ' 2 2 
x +(y-d) x +(y+d) 


IHg K ° £n x 2 +(y-d ) 2 

x 2 + (y+d ) 2 


+d d 3A 

c) $ = / B dy = / -r-p = [A (y=d) - A (y = -d) ] 

y = -d y = -d y 

x = 0 x = 0 


x =0 
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P K y 

A (x=0,y) = ° ° -> $ = p K d 

z z 00 


0(x=-°°) = p K (2d) ->■ $ through each current sheet 
o o 


P K d 
o o 


p Ky 

d) A (x=0 ,y=y ) = — ° — 
Z O Z 


A (x=-°°,y) = p Ky -»■ A (x = -°°,y) = A (x=0 ,y=y ) -*■ y = — ^ at x = -<*> 


o o 


19. a) A = 


V f_. ,-l 2 “ . . -1 2 


. , sinh 

z 4 tt [ r 


Z -1 T + 2 

— + sinh 


V-A = 


9A pi 

z o 


9z 4 tt 


-1 


y 


2 , ,L x2 
r + (tr - z) 


P 


2 + (| + z) 2 


* 0 


b) For a square loop 


= — 7 — {i sinh 1 
4 t 7 ^ z 


2 " Z 


r 2., _,l % 2 1 1 / 2 

Lx +(y+2) J 


-1 1 + z 

+ sinh 


r 2 ^r jLx 2 _ il / 2 
Lx +(y+^) J 


- sinh 


-1 2 “ Z 


r 2 . L.2-,1/2 

Lx + (y— 2> J i 


- sinh 


-1 1 + 


r 2 ±r L - 
Lx +(y-j. 


~ -1 + i sinh 1 

, 2 ] 1 / 2 J y[ 


- y 


r 2 L.2-,1/2 

Lx +(z— 2> J 


. . . -1 2 
+ smh 


+ y 


r 2. , L.2-,1/2 

Lx +(z-— ) J 


• 1,-1 2 
- sinh 


- y 


u 2 + (4) 2 ] 1/2 


^ +y 


[x 2 +(z 4|) 2 ] 1/2 


]l 


c) V-A = 


9A 8 A z 
9y + 8 z 


^o 1 


-1 


477 r 2 J . t J ^ 2 ,, 1 ^n 1 / 2 r 2 ./ x 2 -|i/ 2 r 2 , l,2,,l v2 n i/2 

Lx +(y+2") +(^-z) J Lx +(y+^) +(yt-z) J Lx +(y-y) +(yz) j 


r 2 _^ L ^2,/L, x 2 - 1 1 /2 r 2 L. 2 .L .2-.1/2 r 2_ 1 _. L,2, ,L .2 n l/2 > 

Lx +(y— 2") + (yf-z) J Lx +(z— 2> +(yy) ] [x +(z--) +(yby) ] 
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i 


2^.^2x^21172 r 2 , /„ ,Ln 2 , ,L . s 2-i1/2 


[x Z +(z+|) Z +(^-y) Z ] 


[x +(z+j) +(yHy) ] 


= 0 

20. 1 . / m »2 T 

S r QP 


VA=-pJ->Vx (V x A) = y J 


o ' • o 

i 

1 3 


a) A = A^r)^, V x A = — — (r^)i 


V x (V x A) = - — - [— (rA )]i = 0 -*■ - |- (rA ) 

3r r 3r 9 <p r 3r <J> 


= C 


rA, = ~ + D 


% 


V 


l D 

r 


0 < r < a 


r > a 


V x A = - — (rA.)i 
r 3r t> z 


C.i 
1 z 


y K i 
o o z 


0 < r < a 


r > a 


b) and c) A = A (r) i 
z z 

9A _ 9A 

V x A = - — i , V x (V x A ) = (r y- 5 -) = -y J 

3r q> r 9r 9r o o 

2 2 
9A -y J r -y J r 

r "a - ^ = — + C -> A = — — + C£nr + D 
9r 2 z 4 

b) Surface current K i -> J =0 

o z o 


A = 
z 


C&nr + D„ 


0 < r < a 


r > a 


9A _ 

B = V x A i = { 

9r d) 


r - P n K a 

C — o o — 
- - l , = l , 

r 4> r <p 


0 < r < a 


r > a 


! 


I 
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c) Volume current J i 

o z 


A - 
z 


-y Jr 


C£nr + D,. 


3A 

B = - ^ = < 

9 dr 


y J r 
o o 


y J a 
o o 


2r 


0 < r < a 


r > a 


d) A = A (x)i 
z z 


a 2 A 


3x 


„ = -y J -*■ A = 

2 o o z 


T 

-y J_x 

’ 2 ’ - + V + A 2 


_ _ _ 3A 

B = V x A = -i -r— ^ - = (y J x - A.,)i 
y dx o o 1 y 


B = < 


y J x 
o o 


y J | 

o o2 


t d 

-y J -z 

o o2 


d 

< — 
2 


y > 


d 

y < - o 


e) 


3 A -y J x 
z oo 


3x 


a A = 

d z 


-y J x 

+ A 1 X + A 2 


3A y J x 

T Z , O O 


B = V x A = -i -r — = ( 
y 3x 


2d “ A 1 ) V B y 


= 


Vo , 2 d 2 . 

~2d~ (x ~ 2~ 


x < 


x > 


Section 5.5 

n - 1 - v “ 1 2.- - . 1 2- 

21. a) m = — r x q V = — qua (l x i) = — qua l 
2 2 r 9 2 z 

b) m = — <f ai x Iad9i, 

2 1 r 9 


= Iira 2 i 


1 


z 

2tt a 


c) m = -^ / / rK (i x i )rdrd<J> 

2 n _ or 9 
9=0 r=0 


- 157 - 


K>|CL ho|& 



THE MAGNETIC FIELD 

i 


= K tti / r dr 

0 2 n 

r=0 


K ira 
o — 

3 1 z 


d) Surface charge a =. ^ ; K = a.wRiJ = i , 

f 4tiR 2 f 4 , 4ttR <j> 


2 tt tt 


= i / / r3 (K x 1 J Sined6d<f) 


< j )=0 0=0 


r <f> 


- i . 


1 r 2 2 tt tt _ _ _ 

~ ~ ~2 Znr - / / [cos0cos<f>i v + cos0sin<f>i^ - sin0i_^] sin0d0d<}> 


b=0 0=0 


= 0, = 0 when integrated over 


1 2 
m = — QwR / sin Z 0d0 

Z 4 0=0 


TT 


= Q - R 2 | 

Volume charge p = J = p ur i = . ^ ^ , ri, 

f | uR 3 f * j nR 3 “ 

— lOw RTr2TT 4_ _ 
m = j ,^ W ~ / / / r (i x i ) sin0drd0d<j> 

y ttR r=0 0=0 d>= 0 r * 


3Qw f ) 4 . 2 

m = — v J Jr sin 0drd0 

Z 4R 3 r=0 0=0 


_ 3QcottR 
40 


22. a) H = [H + 
o 


] i along 


2tt | z 
3H 


3 J z 


z axis 


3y m 


b) f = y m - — = y m[— — y] = - . 

z o z 3z o „ 4 J . 4 

2ttz 2ttz 
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c) H = H + l — i— % H + tfc H + aH 

Z ° 217 n=l (na) 3 ° 2l ra 3 ° 2 ™ 3 Z 


H ^ 
z 


H 

'v q 


aH 


1 - 


i o > m = aH = — r— 

l. 2 a z z 1.2a 


2ira' 


1 - 


2tra 3 


m 

d) B = p (H + -f) 
z o o 3 
a 


= pH [1 + — g- ] -> p = p. [1 + — T - - ] 

o o _ 3 [i _ 1. 2a n J o L 3r-, 1.2an J 

2773“ 


a [1 - ±^L] 
2 ua 


oo sdL - - — 2m e — dm — — e 

23 ' a) d¥ =mXB ’ L = - — m-— = - Y m x B; y= — 


dm 


dm 


dm 


b ) dt“ = ^r- = , — = 0 


y o’ dt 1 x o’ dt 


d m 0 „ 

x , 2 n 2 

z H a) m =0; cj = yB 

,2 ox o o 

at 


m = m sinw t + m cosw t 
x yo o xo o 


m = m cosgj t - m sinw t 
y yo o xo o 


m = m 
z zo 


c) Precessional frequency = 


2b. a) cf H*dA = / J -dS -v H (2irr) = < 


J TTr 
o 


J TTa 
o 


r < a 


r > a 


H . = 


J r 
° 


pJ r 

r o 


2 


2 

B. 

■ M, = — ^ - H = i 
p 4) 

o 

i 

Ja 2 ’ 

^ o 

V 

a 2 5 
p J a 
o o 

2 r 


2r 



(p - p ) J r 
o o 


P 2 

o 


r < a 


r > a 
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- _ P“ P _ 

j = V x M = j i 


m 


y Q o z 


y-y J a 

K = - M (r=a ) = -(— 

mz <p y 2 


b) H x = ^ 


K 

- -§ y > o 

K 

+ -| y < o 


B = 
x 


y K ^ 

0 < y < 

2 ! y 2 


yK 


0 i -4 < y < o 


2 ! 2 
y K 

o o . d 

y > ^ 


2 , 


y K , 

y < - A 

2 y 2 


(y - y )K 


K (y=0) = M (y=0 ) - M (y=0 ) = 

zm x + x - y 


o o 


; M = 
x 


(y-y )K j 


(y-y )K 

_1 < < o 

2y • 2 7 


|y I 


K zm< y= f> = - W-b - VH 

o 

d d y - y 

K (y-“7) = M (y=-y t ) - M (y=-~) = - - ° K 

zm 2x2 x 2 2y o 


Section 5.6 


25. n*[B 2 - B 1 ] = 0 -> y-jH-^ose.^ = y 2 H 2 cos0 2 


n x [ H 2 - H^] = 0 -»■ H^sinB^ = H 2 sin9 2 


tan0„ = — tan9, 
2 y 1 1 


y cos 9 y I 7 Pi VU 

= — H. t— ■ = — H cos9 J 1 + tan 9 = — H..COS0., 1 + (— tan9j 

y 2 1 cos 0 2 y 2 1 1 V 2 y 2 1 1 ^ v y 1 


26. Replace magnetization by surface current at r = a, K, = M . 

<p o 

a) From (5.2.4c) 


y M 

B --f* 

z 2 


- z 


+ z 


[<* -f) Z + a Z ] 


+ 


^2,_2 n l/2 ' [(z+ I ) 2 + a 2 ]1 /2 
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B 

— - M 

° 


H = 


I L 

z l <2 


z > 


b) lim^ B 


p M 
o o 


z»2 


-1 


Z 2 ' a 2 ,1/2 


+ 


[! + -^_] J 


, L , 2 ' 

(z -2 } 


[l + — 1 ] 1/2 

i + V 

(z + 2> 


p M , . 2 

-^—2- L i + I 5 ! _ 1 a 

2 V 2 , L,2 T 1 2 , . L.2 


(z - f>‘ 


(z + f)‘ 


p M a r 

o o 1 


4z 




1 


2 (1+^) 2 

2z' U 2z ; 


p M a f 
o o , . L 


1 + - - (1 - -) 


4z 


p M a L 

O Q 
2z 3 


Far field of dipole along z axis 


P o m 2 

lim B = — m = M tra L 

..L z 3 o 

z>> 7 T 2 ttz 


-M 


c) lira B = 0, H = 
_ z z 

a-* 10 


z| <| 


Z > 


3M 


M 


d) J = V x m = - -r— i = — ^ i 
m dr d) a <t 


M 

dK = — dr’ 

<p a 

From (a) 


p M 

dB = dr’ 

z 2a 


2 + Z 


r, L. 2 , 2 -i 1 / 2 T r, L. 2 , 2-,l/2 

L(z--) + r J L(z+^) + r J 
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Section 
27. a) 


b) 

28. a) 


a vi M r T 

<1 

r=0 v 


- z)Ln[r'+Jr ' 2 +(z-^) 2 ] + (j + z) £n[r '+Jr ' 2 +(z +^) 2 ] 


r=0 


yM r a+la 2 +(z-j ) 2 T 

, L, + ( I +Z)£n 


a+, 


a 2 +(z+^) 2 


l z r j I 


l z + l 


} 


5.7 


T C-yi + (x-d)i ] . [-yi + (x+d)i ] 

I x y x y_ 


H 1 2 it r, , % 2 . 2 


[(x - d) + y ] 


2ir 


C(x + d) + y ] 


I" [ " yi x + (x_ d)i v^ 

H = — — 2— 

2 2 tt r. ,n 2 2 -, 

L(x- d) + y J 


Boundary Conditions : 

At x = 0: y 1 H lx = p 2 H 2x -»■ ^(1 + I') = y 2 I" I’ 


H. = H 
ly 2y 


f = - 


Ujl I’ 


P 1^ P 2 ” 


I + I' = -I" 
2 


2 Tr(2d ) x (y^ + 1 x 


(u 2 - P 1 )I 
y l + U 2 


2u.I 


I" = 


P 1 + P 2 


Try image -I at b = a /D from center and current I + I at center. 

o 

_ _ _ 2 _ _ 

= i_ [~yi x +(x+D)i v ] ^ [-yi x +(x+^)i y ] (I o +I)[-yi x 4xi y ] 

2lT [(x+D ) 2 + y 2 ] 2lT ° - 2 ° „ r 2 . 2. 


[y 2 + (x+%) 2 ] 2 ”l> +y ] 


xi - yi = ri • i = sin<|>i + costbi, 
y x 4> y r <f> 


T [ri, + Di ] T [ri , + -5- i ] (I +1) 

» = i_ 4> y _ i_ 4> d y J . o 7 

n n „ o o _ O T O 1 


2 TT r. .2 2-1 2 tt _ 2 0 

[ (x+D) +y ] [y 2 +(x + a_ ) 2 ] 

Check: H (x 2 + y 2 = a 2 ) = 0 

r 


2irr <p 


H = — Dsind 
r 2 tt 


2 ,_2 

a /D 


L [(x + D) 2 + y 2 ] [y 2 + (x + a 2 /D) 2 ] 


] 
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i 


id . , r i 

= — sxH^-y-y- 


x~+y>2Dx+D 2 D 2 [x 2 +y 2 + 2^ + ( a^2 -j 
a 


] 


2 2 2 
H (x + y = a ) = 0 
r 


a) and b) = — 


. 1 


[<*+ D ) V ] t 2 +(K + «!, 2 ] 


.ID , 1 

+ ^ COS M7^72. 2 


2 .2 

a /D 


+' 


I + I 
o 


u , 2 ^_ 2 2. Ia 

H , (x + y = a ) = 


[<x + By + n [y 2 +(I+ ^ ) 2 ] J . ' 2,ir 

1 l + . (I o +I > 


277 'a 2 +D 2 +2xD 2 ,a 2 .2 2xa 2 * 2lTa 

3 +( ^ } + 


x = acos<j> 

V+> - H (x 2 + y 2 .a 2 ) = £ 


a +D +2aDcos<(> [a 2 +I) 2+2aDco s *] A 


+ 


< T o + 

2ira 


I =2 / K ad(f> 

Z <(>=0 z 2 

2 x 

= Hr 1 r a — d * + (I ~ + x > 


(p=0 a +D +2aDcos<|> 
2 


2 2 

I§_ (i_2_) 

2T u r r/ 2, 2,2 n ,2 nl/2 


tan 


a [(a +D ) - (2aD) ] 
2 


_^[(a 2 +D 2 ) 2 -(2aD) 2 ] 1/2 tan^ 
2 2 

a +D +2aD 


T 2 m D , 

Ia (1 2 > 

a 


[(a 2 + D 2 ) 2 - (2aD) 2 ] 1/2 ° 


+ (I +D 


+ (I +D 

<j)=0 ° 


^ 2 V ' l 7 ? + (I + T) 

[(a 2 - D 2 ) 2 ] 172 0 


= I 


Integration must be 0 < <j> < it and not 0 < <j> < 2ir to avoid ambiguity in the 
principal value of inverse tangent function. The integrand is even in 4> so 
that the integral for ir < <}> < 2tt is the same as for 0 < <j> < tt so that we only 
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integrate 0 < <f> < it and multiply the result by 2. 
-t (I + x > 

c) ^ [ 7 + — ^ 1 I 


x 2tt 


D 


D - 


i 2 d 


1(1 + I ) t 2 

o i 


2 2 
2ir(D -a ) 


2ttD 


= [-D__ I] _ 


II 


2 it 2 2 D J 21TD 

D -a 


2 2 
I a 


II 


„ _ ,_2 2 2ttD i 

2ttD (D - a ) 

d) Place image current -I at y = -y^ so that cylinder image current is at position 


y = d - 


d + y ' o 
o 


= y [to keep magnetic field tangential to cylinder 


and plane] 


y (d + y ) = d(d + y ) - a 
o o o 


2 2 2 
y = d - a -* y 
o o 


■ 


e) f = 


P I 
o 


P I 
o 


y 2ir(2y o ) 


/ , 2 2 

4frjd - a 


29. a) X = 


A^sinaye 


-ax 


; h = vx = 


A. a[cosayi - sinayi ]e ax x > 0 

1 y x 


A^sinaye 


+&x 


A„a[cosayi + sinayi ]e 
2 y x 


+ax 


b) Boundary Conditions: 


H (x=0,) - H (x=0 ) = K cosay -»■ a (A. - A„) = K 
y+y- o 12 o 

V*'V - H x ( x -0_) - -A x a - A.,a * \ - -Aj - 


x < 0 


P K 
o o 


t n -ax 


3A 9A 


c) B = V x A= i 


- l 


x 3y y 9x 


„ [cosayi - sinayi ]e 
2 y x 


y K _ 

— jr 2 [cosayi + sinayi ]e 
2 y x 


x > 0 


x < 0 
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A = { 
z 


P K 

o o -ax 

~ 2 ^ — cos aye 


M K 

o o + ax 

cos aye 


2a 


x > 0 


* < 0 


d) A = constant is equation of field lines. 


30. a) Particular solution, A = A z (x) 1 z 

2 

2- - d A z ; 

V A = -y J -> — = -y J sinax A 

o ,2 o o z 

dx 


y J 

o o 


smax 


0 < y < d 


y > d 


b) Homogeneous, A = A (x,y) i 

z z 


2 2 

2 _ 8 A 8 A 

V A = 0 -*■ — 4- — 7^- = 0 -*■ A = sinax[A + A 0 e 3 ^] 
8x 2 8y 2 z 1 2 


ztotal 


sinax [ ° ^ + A^e 3 ^ + A^e a ^] 
a 


-a (y - d) 


k sinaxB^e 

_ _ _ 3A _ 8A 

B = V x A = i ^ - - i 


0 < y < d 


y > d 


x 8y y 3x 


H J 


f i^asinaxtA^e 3 ^ - A^e ay j - i aCosax [- — + A^e 3 ^ + A^e 3 ^] 0<y<d 


y 

CL 

-Ba[i sinax + i cosaxle 3 ^ d ^ 
lx y 

Boundary Conditions : 

M J 

B (y=0) = 0 -+ A + A 2 + - 2 ~ = 0 
^ a 

B x (y=d_) = B x (y=d + ) ■> -B^ = A 1 e ad - k 2 & ad 
B (y= d _) = B (y=d + ) + ^ + A ie ad + A 2 e" ad 

a 

. Vo -ad Vo , ! e ‘4 Vo , -ad, 2 

A i--7T e • a 2 r (1 -— >. B i*TT- (1 - e > 

2a a 2a 


y > d ' 
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c) K (y=0) = -H (y=0) = -asinax[A - A 0 ] = — sinax(e ad - 1) 

Z X A. 'A Si 

/ j 2 

d) F Ay = i y o K z (y=0) * H x (y=0) = - \ ^ 0 K x (y=°) = - si n 2 ax(l - e" ad ) 2 

! 2a 


Ay 


2iT/a 

/ F a . dx 


0 


Ay 


P J , o 2Tt/a „ i 

o o -ad. 2 r .2 

j ~ (1 - e ) J sin axdx 

2a 0 

T 2 

P J U A 0 

o o /, -ads 2 
T~ (1 - e ) 

2a 


F v = J x B 


= J sinax i X [B i + B i ] 
o z x x y y 

=J sinax [B i - B i ] 
o x y y x 


f Vy 


d 2-rr/a _ 

da/ / [A 1 e ay - A e ay ]sin axdxdy 
° y=0 x=0 1 2 


J it i d 

- -f - [V ay + V‘ ay J 


y=0 


t 2 
-J irp 


[e a(y " d) - e “ a(y + d) + 2e~ ay ] 


2a~ 


d 

y=0 


-y irJ o j J 

-V s - [1 - e" 2ad + 2e~ ad - e~ ad + e~ ad - 2] 

2a J 


j 

or, -2ad . ^ -ado 
o - L-l - e + 2e J 

2a 

t 2 

y ttJ • so 

o o /j -ads 2 
o- (1 - e ) 

2a 


f A + f w = 0 

Ay Vy 


e) M = M^sinaxi V*M = 0, V*B = V-H =0, Vxh = 0+ H = Vx, V x = 0 


- 166 - 



THE MAGNETIC FIELD 


sinax[A^e y + A^e y ] 0 < y < d 

-a(y - d) 


B^sinax e 


y > d 


H = V X = { 


f a[i cosax(A e ay +A e 3y ) + i sinax(A e 3y -A e 3y )] 0 < y < d 

] x x z y x z 


B.,a[i cosax - i sinax]e f^ y d ^ 
lx y 


y > d 


Boundary Conditions : 


M 


B (y=0) = y [H (y=0) + M sinax] = 0 + - + A, - A = 0 
y °y o a 1 2 


H x (y=d + ) = H x (y=d_) + B 1 = Aje ad + A 2 e“ ad 

M 

B (y=d ) = B (y=d ) ->■ -B = A e ad - A.e" ad + -2- 
y+y - li z a 


M 


o -ad 


M 


-ad 


M 


-ad v 2 


A i - - Ta 6 ’ A 9 = — B, = - — (1 - e ) 


2 a 


2a 


K (y=0) = -H (y=0) = -acosax(A + A ) = -M cosax(l - e ad ) 
z x 1 2 o 


Ay 


M 

= \ y K (y-O)H (y=0) =-ip K 2 (y=0) = - -2 y cos 2 ax(l - e _ad ) 2 
zoz x zoz 2o 


2 2 
2u/a y M 2ir/a „ y M tt 

r f T? j, r o o f - 1 “ad v ^ r _ _ ^ o o ✓ ™3d. 2 

f.- ~ J F A ^dx ~ (1 - e ) J COS axdx ^ — (1 - e ) 


Ay x = 0 * A y' 


<=0 


F = y (M*V)H = y M sinax — [Hi + H i ] 
V o oo dyxxyy 


F = y M sin 2 ax a 2 [A e 3y + A„e 3y ] 
Vy o o 1 2 


„ d 2u/a „ 

2 r r .2 


f Vy = y 0 M o a ^ / sin + A^e ay ]dxdy 

y=0 x=0 


= y M ir[A e 3y - A e 3y ] 
o o 1 2 


d 

y=0 
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= y 


M it [A (e ad - 1) - A (e ad - 1)] 
o o I 2 


2 ■ 2 
p M i , uMtt 

o o „ -ad , -zad. o o 

(1 - 2e + e 


2a 


> ■ if - (1 - e_ad) ■ - £ 


Ay 



Image current in the same direction as 
original current. 


b) B = 


V 

4iTr 


L - z 


L + z 


[r 2 + (L - z) 2 ] 1/2 + [r 2 + (L + z) 2 ] 1/2 / ‘ 


c) K(z=0) = -i x H(z=0) = =; 

z „ r Z 


-I L 


2„r|> 2 + (L) 2 ] 1/2 S 


32. V x - 0, H - V X 
( Arcosi() 


r < a 


X = 


(Br + — )cos<J> r > a 


H = V X = { 


A[cos<()i - sintjii ] 


r < a 


Q Q 

[b ~] cos(j)i - [B H ^-] sin<(>i, r > a 

z r z m 


Boundary Conditions : 


HCr-* 03 ) = H i = H [i coscf> - i,sincf>] ■+ B = H 
o x o r <j> o 


a) H^(r=a + ) = H^(r=a_) -*■ A = B + — 2 

a 


A = 


2 "l H o 

>*1 + v 2 


y 1 H r (r=a + ) = y 2 H r (r=a_) + y 2 A = y^B - -j) 

a 


C = 


V (p l " y 2 ) 


y l + y 2 
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b) A = 0, H (r=a ) =0 B = = H 

r + z c 


r < a 


H = 


2 _ 2 

H { [l - cos<|>i - [l + sin<j>i } r > a 
o z i z d) 

r r . Y 




c) H (r=a ) = H (r=a ) ■> A = B + 

<J> + <f> - 2 

a 


(M 1 - M 2 ) 


A = H + . 

o 2 


(M - M ) 

H r (r=a + ) + M^cos<)> = H r (r=a ) + M 2 £OScj)->-B--^ 2 - + = A+ M 2 C = a 2 — — — 

a 


H- 


M "M _ M -M_ 

[H H — J[i cost); - i sinif] = [h + — - — ] i 

o 2 r <p o 2 x 

(M -M )a 2 _ (M -M )a 2 

[H ~ ] cos<j>i - [H H ~ ] sintfiij 

o ri ^ r o rt ^ 


r < a 


r > a 


2r 


2r 


33. a) 


4K - sin BIZ 

K(y) = ~ l — 

7T 1 _ n 

n=l 

n odd 


b) X 


= ^ 


A^coskye 


-kx 


A 2 coskye 


+kx 


x > 0 


x < 0 


H = V X = 


A^k[-sinkyi - coskyi^]e 


[ A k[-sinkyi + coskyi ]e + ^ X x < 0 


x > 0 


H (x=0 ) = H (x=0 ) -»- A = -A 
x + x - 1 2 


H y (x=0 + ) 


H y (x=0_) 


K n Sin ^“ A l + A ? ^ = K 5 k = ^1 

n ddl2nnd 


A i = 


-K d 4K 

_A — H . ir _ o 

2 2mr ’ n htt 
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c) H = 


V or- nrry t , rtiry — -mrx/d 

> L sln — , i + cos — i Je 

La n1T d Y d * 


n odd 


V o r . nrry — , jiiry — n +mrx/d 

> I -sin — r 2 - 1 + cos l le 

j, nir L d y 1 d x J 

n odd 


x > 0 


x < 0 


d) K (y= 0 ) = -H (y= 0 ) = 

Z X 


n odd 


n odd 


o -nnx/d 
— e 


o +nirx/ d 
— e 


K z (y=d) = H x (y=d) = K z (y= 0 ) 
On y = 0 for x > 0 


I = / K (x)dx 

z J n z 
x=0 


x > 0 


- 2 K “ 

= -I l 1 e 

17 0 n odd n 


1 -nrrx/d . 


o y d -mrx/d 

rr ^ , 2 e x=0 

n odd n rr 


2 K d , K d 

o y 1 _ o 

2 ^ 2 4 
rr n odd n 


I (x>0, y=0) = I (x<0, y=0) = I (x>0, y=d) = I (x<0, y=d) = —7— 
z z z z 4 


Section 5.8 


34 . a) From Prob. ( 32 c) with = 0 , M„ = M , H =0 

1 2 o o 


M _ _ M 

9 [ i cos<j) - i sincj>] 7 i 

z r 9 Z x 


M a 

— 7— [cos<f>i + sin<pi,] 

9>* 2 r <t> 


r > a 


b) f. = -Ii x y H ( <f> = - 90 °) 
L z o 


(I at y = -b) 


V IM a 

o o rr — N 

7 (1 * O 

2b 2 ^ 
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y IM a 
o o 

2b 2 


f T = -Ii X y H(<j> = 0°) 
L z o 


-y IM a 
o o 

2b 2 


(i x i ) = 


-y IM a 


2 ! 


o o 


2b 


9 l 1 

2 l y 


35. 


dH 

a ) = V x H = “ t H _( x ) = LT x constant 


i_ 

'y Dd 


1 W J. II \ 

dx y y y * z 


Dd 


H (x=0) = H (x=d) = 0 ■> H (x) = — j (x - d) 
z u z z [ Dd 


b) F = y (M'V)H + y J x H 
o of 


t 


= y M 7 + i X [H (x)i ] 

oz^dz Dd y z z 


VI 


Pi 

F x = - (x - d) 

(Dd) 2 


f = 7 F s Ddx 

X 1 _ X 

x=0 


y Is d 


/ (x - d)dx 


Dd x=0 
2 

V S (x - d) 2 
Dd 2 2 


t 2 

1 V s 

2 D 


d 

x=0 


[independent of p] 


36. F = p o (M*V)H 


= (y - y )(H*V)H 

= v(ky - y ) | H | 2 ) 

l O 1 1 


a) F = \ (y - y )]-£- [H Z + H^]i + -f- [H 2 + H 2 ]i 


2-rr 


/ 1 T\ I X ■ _ I 11 ■ J-1 I -L. 

o l^x x y x dy x y y 
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CHAPTER 6 

ELECTROMAGNETIC INDUCTION 


Section 6.1 

I 1. 


0 H, = 


<f> 2'n , r' 2 tt[D 4- r cos <f>] 


a 2 tt 

$ = / / y H, rdrd<f> 

r =0 < f >=0 0 * 


a 2 t t 


u 1 

2lT r J =0 4>=o [D + r cos 


f f *d 

' n [D + r 


rdrd([) 


y I 

o 




2r „ -i . 

tan < 


n 2 2 <f> 

D - r tan — 

D + r 


77 

dr 

<f)=0 


= y I 


0 n 
r=0 V 


dr 


= -y i , 

o y 


n 2 2 
D - r 


r=0 


n 2" 

= -y I JD - a - D 
o — » — 1 


M = 


R = 


$ 

I 

2?ra 

Ok 


-„ o [d- j 7 - a 2 _ 


w dl , T di _di , w dl 

b) -1R =rM-: L~i y L— + 1R = Mv~ 

dj - dt dt dt dt 


MI -tlx L 

1 L 6 ; T R 


c) i(t) = 

d) R = 0 - 


MI “(t - T)/t 


Short circuit: -=-[M(D)I - Li] = 0 — *■ M(D)I - Li = MfD ] I 

at o 


M(D) = y 0 |o - /d 2 - 


D = D + v t 
o r 
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c) 


H = ^ 
z 


J d 
o 


J d 
o 


x > d 


x < 0 


J d , 

— — (1 - “7”) 0 < x < d 

2 d 


i * = i 


U J abd 
o o 


U J abd 
o o 


t < 0 


t > 


d + b 


d > b , 0 < t < b/U 


0 = - 


y J da(b - Ut) y J da 
o o o o 


Ut 


' 

1 _ 2x 


1 d 

/ 


dx 


x=0 


p J da 
o o 


b - Ut - 


ih - J* 

V d 


Ut' 


x=0 


P J ad 
o o 


*< t < d 
U 


U 


$> = - 


u J da 
o o 


b - 


Ut 


(Ut)' 


r 

1 _ 2x 

✓ 

1 d 

/ 


dx 


Ut-b 


y J d a 
o o 


1 - 


2x 


y J dab 
o o 


< t < 


2 

d + b 
U 


Ut 

Ut-b 

2Ut 


d + 1 " d 


y J ad u J ad 

* OO , TT 0 0 

® = 2 — ( Ut_ d) 2 — 



1 - — 


1 d 

y 


dx 


Ut-b 


u J ad 
H o o 


Ut - d + f- 
4 


r ** 

1 - — 

2 

d 

r d 


x=Ut-b_ 


U J adr 
H o o 


2Ut - (d + b) - 


(Ut - b) 2 ~ 





ut-b 


Ut 
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V 

oc 


3. 


Let 


ELECTROMAGNETIC INDUCTION 


d$ 

dt 


= IP 


y J aU t 
o o 


J abU 
o o 


y J abU 
o o 


(Ut - b) 
b 


t <_ 0 


0 < t <- 


u — *■ — ~u 


d 

Tf < t < 


u — — . u 

d + b 


t > 


- U 




a) $ = Bxb 0<x<s 


b) 


Ldl 

dt 


+ i R = = B b ^ = B bv ; R = 2(a J~ b) 

dt o dt o rrh 


Ok 


c) m g = f =- iB b^i = --^? 
dt x o B b dt 


mL d v niR dv _ 

B b 2 B b dt " B o bv 
o dt o 


2 2 

2 B o b R d 2 v dv 2 

w - — — : , a - v- -*■ — v + a ~rr + to v = 0 

o mL L 2 dt o 

at 

T7 st 2 2 n a + 

d) v = Ve -> s + as+u o = 0->-s = - 2 '- 


f -)2 

a I 
2 


- w 


a 

- J 1 o 

v(t) = jv.^ sin 3t + V 2 cos 3tje ; 3 = a/ - 


i(t) = - 


m dv 


m 


B b dt 
o 


B b 
o 




V - gv„ sin 3t + - — 
± l 2 


^2 ^1 cos 


v ( t = 0) = v = V„ 
o 2 

i(t - 0) - 0 - 6V 1 - f V 2 - V x - % v o , v 2 - v o 
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v(t) = 


~ 2 q sin 6t + cos Bt 


l<t) ’FT v o 

o 




sin Bt e 


■ 2 t mv 




v(t) = v cos 0 ) t 
o o 

mv a) 

i(t) = p 7- sm w t 
B D o 


B b0 o 
' o 


o 2 . 2 1 

w sin Pt e 


x(t) = 


V 

v(t)dt = — sin a) t 
0 ) o 

o 


V 

x > s + — > s + v > 
max oj o 

o 


B bs 
o 

J^L 


a) H a = 


2rr 


Rectangular cross section toroid 
a 


$ = p Ns / H , dr 

n lu * 


r=b 


P Nsl p Ns 


Circular cross section toroid 
a 2 

2rdrdt)> 


$ = 


P IN 
o 

2tt 


R + r cos 


p NI 
o 

2tt 


r=0 4>=0 
a 


rdr , = _ tan 1 


r=0 

a 


/r 2 - r 2 


/ 


2 2 <t> 

R - r tan — 


R + r 


<f>=0 


= p NI 
o 




dr 


r=0 


= -p 


= p NI 
o 


[~2 2 | a 
NI Jr - r n 
o V 1 r=0 

-h 


2 2 

R - ,/R - a 


M = — = p N 
I o 


R - /i 


TJ 2 2 

R - a 
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d+a<D 
b) $ = 


d+a 


D-d 


4+°-* Y 

□ 


«-D-> d>D 


y ib 
0 


dr + 

dr 

y Ib 

L _ 0 tri 

\ 

d+a 

' D-d 

2tt 


r J 

r 

2 7 : £n 

d 

V. ✓ 

D-d-aJ 


1 c 

D-c 

1-a 


— 

- 


u„ b r? 


„ 4> 'o „ 

; M = — = -= — £n 
I 2tt 


(d+a) (D-d) 


d (D-d-a) 


* ♦ 


3> = 


y lb 

O 


□ 


2t: 
d+a > D 


d+a 

d+c 

i-D 









dr _ 


* 

dr 

y Ib 

- 0 £n 

/ *y 

d+a 

r > 

d-D 

9 

: M = — = 
’ N I 

y n b 

^ 0 TJ 

d+a 

_d_-D_ 

J 

r 

✓ 

r 

2tt 

d J 

.d+a-D. 

277 

l d J 

. d+a-D J 

d 

d- 

-D 


- 

- 

-■ 





«-D-» 

I 


y ib 
$ _ ° 


2tt 




d+a D-d d+a-D 


l d 


m 


y ib 

o 

2TT 




dr + 


dr _ 

r 


r 


0 

fd+a 

f_ 

D-d 1 

l d 

[d+a-Dj 


dr 

r 


; M = 


, y b 
_ o 

T ” Yn - 


5. 


a) A = 


y IdS _ 

2 ~ sin 0 , sin 0 = 

47rr 


^a 2 + D 2 


l~2 ~5 

, r = ^a + D 



r \ 

d+a 

l d 

* 

D-d 

d+a-D 


| 

r | 

i 



— 




b) A, = 


y ma 
o 


4tt 


a 2 + D' 


3/2 


$ = 9 A ad 9 = 


y ma 
o 


r 2 2l 3//2 

2 [a + D J 


c) M = 


2 

y a dS 
o 


1 2 

2 [a 2 + D" 


3/2 


d) B (z = -a) = 
z 


V 2 ai 


: (d 2 + a 2 . 


) 3/2 


e) $ = B^(z = -a)dS = 


y I 0 dSa 
o l 


2 2 
a + D 


3/2 


$ V Sa 

f) M = — = 


6 . 


H = i 
z 


12 2 (a 2 + D 2 ) 

K(t) 


-^j 2 [agrees with (c)] 


x > 0 


2 

+ * < 0 


M K 


$ = °^° s (b - a) = $ o 
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L^+iR=4 i 5 R = 2(s + A a + b) 
dt dt ctA 

a) i(t) - f z th ; t - | , (b) i(t) ^ 
U K 

c) $ = -° —■ s(b - a) cos ait = Re $ 

2 o 


i(t) = ReIe^ Wt -> [Lju + R]I = j(D$ I = ^ 


j(D$ 


[Lj (D + R] 
1 L(D 


4> i (d 

o J 


[r 2 + (L0)j 2 


3 


1/2 


-iO> 


= tan 


R 


-o)4> 


i (t) = 


[ r 2 ■ ' 2 


7. a) 


+ a ,, 2 ] 1 ' 2 

Cp * 


sin (wt - <j>) 


<T-* oo 


f 6 
4 6 

l 




y Ids 

“i ‘ fr 

4 nr 


2 cos 8i + sin 8i_ 
r 8 


; i • i = sin 0 = — _ , i *i 

r p J^T72 * r 


= cos 0 = 


_ _ y Ids 

B = B *i = - - [3 cos 0 sin 0] 

rl 1 r , 3 J 

4 m: 


<Jr2 + d 2 


B = B 1 + B 0 
r ri r 2 


3y IdS 
o 


3/2 


b) K = -H (z = d) = - 
c(j r 


2tt [r 2 + d 2 ) 

3 Ids rd 


cos 0 sin 0 = 


3y IdS dr 
o 


2 IT ( r 2 + d 2 ) 


5/2 


r 


2ir lr“ + d^) 


2 . ,2 


5/2 


c) F = - ± y K H (z = d) 
z 2 o <j) r 

1 v 2 

= -z y K 

2 o <J) 
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2ir 00 

f = / J F rdrdcj) 

cf)=0 r=0 


y Q 9(ldS) 2 d 2 
4 7T 


3, 

r dr 


r=0 


f 

2 . ,2 ' 

l r + d 


9y d 2 (IdS) 2 
o 

4tt 


2 .2 , , 

r + d /4 


t 2 + 4 


r=0 


3y (IdS)' 
o 


d) 


3y (Ids) 


32TTd 


32 td 
2 


8 . 


. * j.2 _ 32iMgJ 4 _ 32»(l0 3 ](9.8)[l0 8 j 

31, o (dS ) 2 3(410 * IQ" 7 f.10- 6 ) 2 

4 

I = 1.63 x 10 amperes 


= 2.65 x 10 


8 


a) H = K(t) 

z 

b) | E-d£ = - J B-dS 

s 


Take contour moving with thin block 


E'dy = 

y 


K(t) , _ K(t)s _ d_ 

a6 ay a6 


s ■ -v 


K(t) dx + dK(t) 

dt X dt 


3 


y=0 

y=l 

dx 

dt 

-V ■> X : 

dK _ 

KV 

dt 

X 

O 

1 

c, 

rt 

|dK 

dt 

*“ X _ • 

o 


[l 

K fx 

- vtl ^ 


rt 


= 0 ; ^ = ay V5 


l 1 ' *mJ 


-* AnK = - 


1 - tofx - Vtl 
R mJ I o J 


KmJ = 


constant = K x 
o o 


1 - 


R 


K(t) = K 


o pc - Vt 
o 


'-t 
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electromagnetic induction 


c) K(t) = K if R = ay V6 = 1 

o m -o 

d) For R <1, K(t) decreases with time 

m 

For R >1, K(t) increases with time, 
m ’ 


9 . 


♦E • dl - - 

at 


B*dS 


a) $ = irr 2 B(t), R = ^ 


/ tt.tt do 2 dB 

4 E dl = iR = — = Trr — 


rad dB , 

1 = T dt dr 


b) dP = i R = 


rad 

d b'i 2 

dr 2 

r . \ 
2 tr 

tad 

'dB' 

2 

dtj 


[adrd y 

“ 2 

dt 


c) P = 


irad fdgl 2 
2 ,dt 


3, 

r dr 


3 , 
r dr 


tad 

2 


l dt 


fdB_1 2 a 4 _ tcda 4 [dB 

j / o ! j 


8 


[dt 


d) TTa 2 = NtCa^ ) -*■ a = ~r 

/N 


e) P = 


tad 


r dBl 2 a 4 N 1 rroda 


, dt J 


4 r dBl 2 


dt 


Section 6.2 


10. H, = 


Ni 

2Tr[b+rcosS] 
2ir a 


$ = y 


H rdrd0 

4> 


9=0 r=o 


_ UoNi 

2 TT 


2rdrd9 

b+rcos9 


9=o r=o 


- 181 - 
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y Ni 
o 


2rdr 


r=o 




tan 


_1 


2 e 

tan — 


b + r 


dr 


0=o 


a 

r 


= y Ni 
o 


r dr 


Jb 2 -r‘ 


r=o 


=-y Ni 
o 


A 2 2 

= y Ni 
o 

, 1,2 2 

/b-r 

b - yb -a 


r=o 

L J 


N$ 2 

L = ^ = y N 
1 o 


- Jb 2 -e 


N i N i 

U. a) H x = -j- , H 2 = -j- 


$ = 


2 ( N 1 . >2 
*> 7! 1, + 75 


2 " y o (H 1 + H 2^ a 2 = V a 2 ^ ± 1 + ^ *2 


o 

2 2 2 2 
y TTa N. y TTa N 

T o 2 2 T _ o 1 1 

n 5 t- 


J 2 A, 


J 1 A, 


y TTa N N 
M = -Q --L l 2 
5 M £„ 




di 

M di 

M di 

b) 

V 1 = L 1 

1 

dt 

+ dt 2 

’ V 2 = dt 

c) 

\ = 1 2 

= i 




1 2 2 
' r dt 


v = V 1 + v 2 = (L 1 + L 2 + 2M) L t = L 1 + L 2 + 2M 

d) i, = - i 0 


Wi -v 2 - (Li + L 2 - 2M) gl + L t - 4 + L 2 - 2M 
e) = v 2 -* (M - L 2 ) ^ = (M - L 1 ) ^ -> (M - L 2 )i 2 = (M - L 1 )i 1 


1 = h + i 2 *1 


1 + 


M-Lj 

M-L„ 


m-l 2 

^ 1 1 = 2M-L 1 -L 2 1 
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V, 


di l 

M(M-L. ) 

di 

m-l 2 

- L 1 L 2 + M 2 

dt 

L i m-l 2 

” dt 

2M-L 1 -L 2 

m-l 2 


M-L L 

L^L. 

i 

2 ' 


T = 

12 

1 2 - M 


j_i 

t 

2M-L 1 -L 2 

L 1 +L 2 -2M 

l 



^^2 ^1 

Vi = - v 2 - -(M + L 2 ) — = (M + L x ) + (M + L 1 )i 1 = - (M + L 2 >i 2 


i ^ i 2 i 1 


1 + 


M+L ;[ 

M+L„ 


,(M+L 2 )i 
1 " 2 M+L 1 +L 2 


+ i, = 


v. = 


di l 

M(M+L ) 

T 

di 

-m + l 2 


L lh -« 2 

dt 

l m-L 2 

" dt 

2M+L 1 +L 2 


M+L 2 


L = 


L iV M 


t L 1 +L 2 +2M 


a) 





I -I 


R = — ± — 

1 Vi D 


R„ ■ 


2 E 2 a 2 D 


*3- 3 


li 3 a 3 D 


b) » 2 -*l + *3 

*1»1 + *2 E 2 " Vl + *2*2 


$-d + $ r = Ni 

3 3 2 2 2 2 


9 . = 


N 2 ± 2 R 3 + N 1 i 1 [R 2 + R 3 ] 


1 HR + R 3 + R 1 R 3 - 

rI 


R„ 


N 2 i 2 [R i + r 3 ] + Vi R 3 


R- 


R + R + R 1 K 3~ i 

Ro 


*3 = 


N 2 X 2 R 1 N 1 X 1 R 2 

R + R + R 1 R 3~ 
Ro 
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c) , d) A 1 = N 1 $ 1 = L 1 i 1 + Jli 2 ; L 1 = 


A 2 = N 2 $ 2 = + L 2 i 2 ; 


L 2 = 


*1 tR 3 + R 2 ] 


R„ 


\ + R 3 + R 1 R 3 


R„ 


n 2 2 [r 3 + Ei1 


K. 


"R + R, + R 1 R 3 
1 R„ 


13. a) H = 
r 1 


¥i 

2g 

2g 


O < $ < TT 


TT < 4>< 2tT 


b) $- = y H TTa £ = 

1 or 


y N I aTT£ 
oil 

2g 


M = 


% N 2 R 3 


R„ 


R + R + R 1 R 3 

R„ 


L = 


N, 3> y N n na£ 
1 1 o 1 

' 2 g 


c) 


2g 

[N 1 i 1 + N 2 i 2 ] 

2 1 

• [-N 1 i 1 + N 2 i 2 ] 
2g 

-[N-ii], + N 2 i 2 ] 

2g 


o < <j> < e 


0 < <J> < IT 


TT < <J> <. TT + 0 


tt + 0<4><2tt 


d) - 


y Q £a ^(N 1 i 1 + N^Xtt-G) + [-N^ + N^]© 


2 2g 


y o &a ] N i (tt-20) + N i l 
2g 
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ELECTROMAGNETIC INDUCTION 


y JlaTrN y la N N (7T-20) 


e) T = 2N 2 I 2 £[y o H r ]a 


=-y N.N.I.I, a l 
o 1 2 1 2 — 

2g 


|14. a) Flux through coil 2 = $ 
Flux through coil 1=2$ 


b) v 2 = i^ 


h 

2N„ 


2N, 


„ d$ 

V = N 

2 '2 dt 

- 9W d$ 

V I " 2N 1 dt 


1 i r l 


N 


2N 


1 \ 


2 _h 

N„ 


f2N 1 l 


N„ 


"l 


S. J 


15. a) v.. 


N_ 

n" 


N_ 

N 


\ . t. . « N . _ 

b) v 2 - N v x i 

N 


N 


®L 


Section 6.3 


16 . J +x = qn + y + E x , J_ x = qn_y_ Ej 


J x = J +x + J -x = q ( W + n -0 E a 


J . = qy ,n (E - y E B ) , J =qyn(E + y E B ) 

+y n + + y + x z -y - - y - x z 


J = J , + J =qE (y n + y n ) - q E B (y , n - y n ) 

v +y -v v++ - — xz++ - - 


a) Open circuit J =0 

y 


y + n + - y_ n_ 


E B 

E = X Z 

y u + n + + 
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17. 


ELECTROMAGNETIC INDUCTION 


i = J is = 
sc y 


a) B, = 
<P 


V 


2irr 

yi 


2irr 


E d = 

, f 2 

J B d y , n -y 
x z r + + 

q(y + n + + y_n_ 

y 

E = 

y 

0 

f 2 2 ) 

r B £s 

y n - y n 

X z 

+ + ~ - 


(n + y + + n_y_) 2 i 


air 


iron 


b) Take contour moving with loop downward (v = -V i ) 


o y' 


R„ 


I 

( — _ 

2 

— _ _ _d$ 

— — _i 

' dr 

Q E -d£ + 

(v x B)'dr = = — ; $ = 

at 

B'dS = 2w j[V +y(L " y)] 

r 

J EMF J 

Ri 


[ 



EMF + 


I 2 V pi T „ R 2, 

1 o H i £n — (y-u )v 

2 dr ‘ 2i R 1 ° ° 


R, 


^2 

R n [ (y -y)y+HL] 


-I£n 
2tt iV l L VK o 


EMF = - 


y V I R 0 

-^£n-^ 
2 tt R, 


c) Take stationary contour (velocity of cylinder v = V i ) 

o y 

R 2 


(J) E’d£ 
EMF 


(vxB)-dr--f -i (p-p o )V o B»^ 


R-, 
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R„ 


V Ul R T .. 

EMF + -X-_£n-A = — - (y- y )v £n -=±- 
2t7 R 1 2tt m o o R^ 


U IV R 

EMF = - — 2 ^— £n — (agrees with (b) ) 


d) Closed loop through slot. [Take stationary contour through loop] 


IV R 

♦ i-dJi - - f - - -sf (v-u 0 )to ^ 

EMF 


a) H=o, B = y M i 
o o z 


b) 


E-d£=-^ 


B-dS (Take stationary contour) 


E = 


E + v x B, J = aE / = o->-E=-vxB in magnet 


b 

r 


<P E'd£ = 0 = - v + 
oc 


ojB ,.2 2 

* E z V dr ■ - v oc+ ST ( 


r=a 


v 


ojB ,,2 2. 

z (b -a ) 


oc 2 


c ) y? = - — — *r 
c) 2-nrlo 


<t) E*d£ = 0 = - v + 


2frr£a 


dr + 


wri, x B i "dr 
<p z z 


r=a 


r=a 


“>B ,.2 2. 

v - 1R.„ +~ (b - a > ; R. 


b 

£n a 


int 2 


int Inal 



ELECTROMAGNETIC INDUCTION 


'«'r 1 + 



+ 


2 2 
(OB (b -a ) 
z 


F = JxB = -i 


t, 2 /n _2 2. 

loB (b -a ) 
z 

<j> 4iTrJl R. 

int 


T = 


r x F 2 7rrJ£dr = - 


„ 2 ,,2 2 . - 
(OB (b -a ) i 
z z 


2 R 


r dr 


r=a 


2 

f 2 2] 

2 

wB 

z 

b -a 
1 



int „ r=a 
i 


4 R 


int 


19. 


a) .j, E*dA = - — 


b 

r 


B’dS [Take contour moving with rim] 


- v + 


i , d 

aA dr " dt < 


s (2Tr-9)(b 2 -a 2 ) 
(B cos cot) ^ ^ 


; o<0 (t) <2tt 


(2TT-0) (b 2 -a 2 ) „ . B o (b 2 -a 2 )cos u>t « 

v = iR - — — B CO sm cot 

2 o 2 


= iR - 


2 2 

B (h -a ) b _ a 

[co cos cot + co(2TT-0)sin co.t] ; R = — — 

2 o CJ A 


2 2 
B (b -a ) 

v = v(i = o) = - — [co cos co t + co(2TT-0)sin cot] 

oc 2 o 


B (b 2 -a 2 ) 

I = ^ [co cos co t + co(2tt-0) sin co t] 

sc 2R o 
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20. a) B = 



2 2 
B (b -a ) 
o 


[to cos W.t + u)(2tt- 0) sin tot] 
o 


J = — = cr ( — - + VB) ; v = - iR. + VBa = iR, 
sD a mt L 

: a 

; R, 


y NI Va 

i(R int + R L ) " VBa " -V 2 - 


y NI Va 
o o 


1 ' s<E i„t + V • P ' 1 “i 


int asD 

y NVal ~' 2 
o o 

s < R i„t + V 


h 


1 'i - Ldi ? y ° Nl 

b) v f - dl ’ B = 


Ldi . . _ 

v. - v = 1- l R. 

f dt int 


y NVa 
o 


= 0 


i = I e 
o 


-st 


R 


y NVa 
o 


s = 


int 


For self -excitation s < 0 V > 


sR. _ 

int 

y Na 
o 


dl f 

2i. (L r + L f ) jj- 


+ i 


i f (R r + R f - Gto) + i / i f dt = 0 


d 2 i. 


dt 


+ 


R + R„ - Gto 
r f 


di 


(L + L,) 
\ r f 7 


_f 1 . = n 

dt (L + L-)C X f 


T st 

if = I e 

0 (R + R, - Gto 
s 2 + 1 r f 


(L r + L f ) 


1 * + 


(L r + L f )C 


= 0 


Ir + R - Gto) 


fR + R - Goo] 

2 

1 r f | + 


1 r f j 

1 

' 2(L r + L f ) 


2(L r + L f ) 

(L + L ) C 
r f 


1/2 


a) Self excited if_ ^ + R <Q + C^+ R f ) 

r f 

b) d-c self -excitatio n ® 

^2 


R + R , - G 0) ' 
r f 

2(L + L,) 
r f 


(L + L,)C 
r f 


> 0 
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. . 4(L r + V 

C [R r + R f - Gw] 2 


ac self-excitation 

R + R £ - Go) |2 
r f 

2 (L + L,) 
r f 


c) frequency = 


1 

4(L 

«, n s 

+ 

(L r + L f )C 

U ">■ < r 

R + 
r 

1 

r £ 

4 “ 

1 

~(R r + R f - Goj)~ 

(L r + L f )C 

2(L r + L f ) 



Section 6.4 


I r 1 


22. a) H (t+°°) =0, H (t = 0) = — r- 

z z D 


*-! 


H z (x = 0, t > 0) = H (x = d,t > 0) = 0 


b) 


„ , . v K . . nTTx -o^t 1 

H (x,t) = E A sm — j— e 11 ; a = — 

z ’ n =i n d ’ n ya 


t -1 2 

nn 


H (x, t - 0) - -jf 

Z D 


1 - 


21 

“ . . nTTx . , o 

= £, A sm — : >- A = — — 

n=l n d n nuD 


[See Eqs.(24)-(26)] 


oo 21 

H (x,t) = £ — ^ sin e a n t 

z n =l nirD d 


3H 


21 


- T ^ v V nTTx -OUt 

J- = - i —5— = £ T- cos — 3— e 11 

f y dx n= j dD d 

- _ 3h _ 3 

c) F = y J Hi =-y H -5^- i = - 3- 
oyzx oz dx x ox 


f y o H 2 1 
z 


f = sD 

X 


F dx 
x 


x=o 

Dy^ 


= -s 


H 2 (x = d) - H 2 (x = 0)" 
z z 

NI 


= 0 


23. a) H (t-**>) = H = — 
y o s 


b) H (t = 0) = 0 , H (x = 0) = H (x = d) = H 
y y y o 
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c) H (x,t) = H + E A sin e 0Lnt ’ a = — 
y o n =i n d n ya 


f 12 
nn 


H (t = 0 ) = 0 -> 

y 


d 

r 


A d 

„ . nnrx , , m 

H sin — j— dx + — 3— = 0 
o a 2 


x=0 H d 
o 


mux 
— — cos — 
mTT d 


Ad 2 H 

+ -f- = 0 -> A = — 

2 m mu 


(cos mTT - 1 ) = 


x=0 


4 H 


H (x,t) = H + E - 


O . nlTX — 0L-. t 

— — — sm —3— e 1 
WT d 


n=l 
n odd 

9 H 00 4 H n „ 

y v o nux e -0Lt 

— = E — cos — 7- e n 

3 x n=1 d d 

n odd 


0 m even 

I 


- 4 H 


o modd 


mTT 


3H ~ A, II ^ \ 

d) F = - y J H = - y H -r| = - 4 ^ Yoy) 
x o z y o y d x d x 


f = sD 
x 


F dx = - 3 y sD H 2 
x 2 o y 


= 0 


x=0 


x=0 


s u v a • n7Tx P -a n (t-T) 

e) H = E„A sm — — e “ ' 
y n=l n d 


nTTx 


4 H 


H (t=T) = H = E A sin , 
y 0 n-1 n d 


A = 


n mr 


H - Z ^ sin 2 = 

y n=l nTT d 


J = 
z 


8H 4 H _* 

-5* - S -£■ cos SE e -an<t-T) 
dx n =i d d 


f) H (x,t) = Re H (x)e^ wt 

y y 

H (x) = A e (1+j)x/6 + A e~ (1+ j )x/6 

y 1 2 


H (x = 0 ) = H =• A + A„ 

y o l 2 


H (x = d) = H - A ie < 1+ J )d/6 + A e- (1+J)d/S 

y o 1 2 
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H o (1 - e" (1+ j )d/6 > 

A 1 = ” -(1+j) d/5 (l+j)d/S ’ A 2 -(l+j)d/6 (1+j) d/6 


H (l - e < 1+ j> d/6 ) 

o J 


- e 


- e 


H (x) = - 




i (l+j)x/6: j. (1+j) (x-d)/6 -(l+j)x/S _ -(1+j) (x-d)/S 


0 


y v/ |“ e -(i+j)d/6_ e (i+j)d/5"| 

»[- 


(l+j)x/5 + e (l+j) (x-d)/5 ~(l+j )x/5 ^-(1+j) (x-d)/S 


dH 


J = 


H o (1+ j) 


- e 


+ e 


z dx 5 |- e — (1+j ) d/6_ e (1+j) d/S j 


I 

1 


g) From (d) 


1 2 
f =-iysDH z 
x 2 o y 


= 0 


24. a) H (x,t) = ReH (x)e 
z z 


x=0 

j“t 


H (x) = H e - (1+:i)x/6 ; H - 
z o . o D 


dH 


J = 

y 


z (1+j) T1 ~ (1+j ) x/6 
dx So 


9H 

b) F = y J H = - y H -~ 
x o y z o z dx 


8 T V H 

i l! " 


f = SD F dx 

X X 


0 oo 


= - SD 


Jl 

9x ( 


r l , H 2) 
"7 l*o z 


dx 


1 2 
= - ± y s D H Z 
2 'o z 


1 2 
T Vi SDH 

2 o O 


c) H z (x) = A x e 


x=0 

-(1+j )x/ 5 (1+j )x/ 5 

+ A 2 e 


H (x=0) = H = A 1 + A 
x o 1 l 


£ (W) - 0 - Ae-< 1+ « d ' 6 + A e< 1+ « d/S 
z 1 z 
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H e (l+j)d/6 R e -(l+j)d/6 

A - - 2 A = 2 

1 e -(l+j)d/6_ e (l+j)d/6 A 2 e -(l+j)d/6_ (l+j)d/6 

* t ^ e -(l+j) (x-d)/6_ e (l+j) (x-d)/6 

H z (x) = H o e (l+j)d/6_ “(1+j )d/6 


dH z ^ H o (l+j) £ e -(l+j)(x-d)/6 + e (l+j)(x-d)/6 ~| 


^y dx 6 

(1+j) d/6 _ e -(l+j)d/6 

From (b) 

: i 

i 

1 2 

d 1 2 

f = - 7T y sDH 
x 2 0 z 

= y y o sDH o (unchanged) 

x= 

=0 

r -K D<y<D+d | 

25. a) H (t=0) = < 

; H (t -* °°) = - K o<y<D+d 

^0 o<y<D 2 u 

t 


J x (y = 0,t) = 0 


, . i 3 H 3H 

} 77^ 1 = aT - 5 H (y ’ t} = “ K + H (y)e at 

ycr g dt z o z 


d H 


dy 


— + ayot H = 0 -> H = A. sin /ay a y + A„ cos /ay a y 

2 z z 1 i 2 v 


dH 


J = 


x dy 


A^ cos Jaya y - A^ sin Jay a y 


J (y = 0) = faya A. = 0 -> A. = 0 

x VI 1 


H z (y = D) = 0 = A 2 cos Jay a D -* Jaya D 

—t2 


= (2n + 1) j n = 0,1,2. 


a = 


ya 


(2n+l)fr 

2D 
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H (y , t) = - K + E A cos 
z on 

n=o 


(2n+l) it y -c^t 
! 2D 


H (y,t = o) = 0 -*■ K = I A cos 
z ° n=o n 


2DK 


(2n+l) it y 


2D 


„ (2m+l)TTy , o . (2m+l)TTy 

K o COS 2D dy = T^+Iyir Sin 2D 


D 


2K D 
o 


o 7T (2m+l) 

(~l) m 2K D 
o 


sm 


(2mfl)ir 

2 


m _ (-1) 2K 0 D 
2 ir(2m+l) 


V = (-1) 1 

TT(2mfl) 


ir(2nri-l) 


J x (y,t) = 


J x (y ’ t} = 


+ 

0 

1 

f AK d (- 

D n 


n=o TT(2n+l) 


3H 

CO 



z 

V - 2Ko 

(-D 

3y 

— Zj 

n=o 

D 

oo 

E 

A cos 

n 

(2n+l)TTy 

2D 

n=o 

OO 



= -K 

= E A cos 

0 

n=o 

n 


oo 

E 

-4K (-l) n 

0 

cos 

n=o 

7T (2 JH"1) 


3h 

°° 2K 


: z 

3y 

= E - 

n=o 

o 

D 

(-1) : 


COS 


[ 


(2n+l)TTy e -a n t 


2D J 
(2n+l)iTy 


-a t 
e n 


-a (t-T) 
e n 


(2n+l)fTy 

2D 


A = ~ 4K o (-1) 
-> n 


u(2n+l) 


(2n+l)TTy 

2D 


-a (t-T) 
e n 


n 


(2n+l)TTy 

2D 


-a (t-T) 
e n 


(l+j)y/« . a -(l+j)y/« 


H (y) = A e ~ + A„e 


J (y) = = (1+.1) 

X dy o’ 


A e ( 1+ j)y/ 6 _ A e -(l+J)y/S 


(1+j )D/6 + A -(l+j)D/6 
o r 2 e 


H (y=D) = K = A e + A 0 e 


K q 

(y=°) = 0 = A 1 - aJ -v A x -A 2 *£ e (l+j)D/6 +e -(l+j)D/6 j 



electromagnetic induction 


26. a) 


b) 


27. a) 


K 


H z (y) = 


J (y=o) = 


£ e ( 1+ j)y/6 + e -(i+j)y/5 -| 
(l+j)D/6 +e -(l+j)D/6 J 

K q (1+j) £ e (1+j) y /6 -e" (1+j)y/6 


] 


«[ 


(l+j)D/6 +e -(l+j)p/6 


] 


H (x) = A n e R m X ^ + A ; R = oyv £ 
z 1 2 m o 


H z (x=o) = K q = A 1 + A 2 => A 1 = 2K o 


l-e Rm 


H (x=£) = -K = Ae** + A_ A = 


-K o [e R, n +l] 


° 1 2 2 !-.*» 


H z (x) = 


l-e Rm L_ 


2e R ra x/£ _ ( 1+e Rm) 


■ 3h 


J y ( X ) - - -K„ ^ ^ 


3x 




an 


F x = ^Vz = “*> H « _^ = 


y z 

£ 

f = sD / F dx 
x J x 

x=o 


. 9 x 


-l.(^o H z 2) 


= SD j- 


1 a(-%y 0 H z )dx 


x=o 


ax 


y 0 sDH_ 


= -% <y~ z 


£ 


= 0 


1 2 - ^ 

- V H - II +(W)H; H„(x,t) = Re H» 


ya 


jwt 
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1 d 2 H jU)H +v dH 


ya 


dx 


H = Ae 
z 


Px 


dx 


a 2 H 


dH 


Z o z -*• j z - yav _z_-jajyaH = 0 


dx 


p -yav Q p - jtoya; = 0 


dx 


P- 2 ^ ± J(-2f“-)V i» 


R 

m 

2 £ 




1 - II + J 


m 




ojya 


R 

m 

P 1 " 2 £ 

R 

_m 

^2 “ 2 £ 


H = 
z 


+ 3 
- 3 


R 


e - fi I'U 

V m 

R x 
m 


A^ 6 * +A 2 e- Sx 


2SL 


H z (0) = K o = A 1 + A 2 


H (x-> oo) = 0 -> A = 0 -*■ A = K 

z 1 2 o 


~ , a „ -gx R x/2£ 
H (x) = K e e m 
z o 


3 (X) = =&* 


_ _ K , _J2 ON -3x V/2£ 

dx - " K o < 2 £ " B) e e 


k) F=uJH =-uH Mz - 

x y o J y H z y 0 H Z 3 X ' 3 x 


\ V 


f x = 


F x dx = - sD 


x=o 


oo 

r 


x=o 


_S 
Sx L 


\ y o V 


dx 


= - I P„sDH z 2 


= j y Q sDK 0 2 cos 2 a)t 
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ELECTROMAGNETIC INDUCTION 


. kx -kx o<x<s 

A l e + A 2 e 

A 

a) H z (x) = _ 

;H z (x,z,t) = ReH z (x)e j (Ut “' kz) 


. Be -Y(x-s) x>s j ; y 2 = k 2 ( 1 +jS), S= (u-kU) 

K 


Boundary Conditions: 

A 

H z (x=o) = K 0 = Aj + A2 

H z (x=s + ) = H z (x=s_) = A 1 e ks + A 2 e ks = B 

A A 

Uo^x ( x=s -) = UH x (x=s + ) 


V -H = 0 


d^x 

dx 


- jkH z = 0 -*■ H x = 


. kx . -kx 
A^e - A 2 e 


_1 jke " Y(x - s > 


o<x<s 


x>s 


U„ L A lS ks - A 2 e- ks 




UBk 

Y 


Mo. 


O e ~ ks + fi + _y. is 1 ks 

L 1 y Tj 


C 1 

K ° |' 1 -^Y k ' 


-ks 


1 n JJ k -1 -ks r. 11 k-| 

t y Q Y J + L 1+ ^ Y J 


’ A„ = 


y k T ks 2 
e 


o _ 2 ' y Q y 


K 1 + 


y k 


ks 


H(x) = 


K 


L Y J 


k(x- s) , .Tv. 

6 (1 Z + J 1 x ) + 


+ z -:y} 


r~ — l 





R --v 

L f 0 Y J 

-ks 

e + 

" 1 + — - 
V'o Y J 

ks 

e 

o<x<s 


2 K 0 e 


-Y(x- s) 


t ik t 

. z y x . 


1 - 


_y _k 
^o Y 


-.ks 

e + 


"t , y k~ 

L 1 + IT y J' 


ks 


x> s 
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J = 


3H 3H 


x - 


3z 

o 


V 


z -* J = - jkH - z 

3x y x — 

0<X<S 


dH 
z 

dx 


2K r Y 2 - 

^ o L 1 


-Y(x- S ) 


-ks 

L Uo Y J e 




X>S 


-Yx 

_ K e (Y 2 -k 2 ) 


J = o 

y 


(agrees with (6.4.5.)) 


lim 
s -* o 


\ S - K e- Yx 


[h - *T h] 


b) s = o 


H = 
z 


a ■ Yx . . -Yx 
A^e + A^e 


.Be 


-k(x-d) 


o<x<d 


x>d 


Boundary Conditions : 


H (x=o) = K = A.+A„ 
z o 1 2 

H z (x=d_) = H z (x=d+) * A 1 e Yd .+ A 0 e“ Y ' d = B 


V 


j y < A i e ' “ - A 2 e ~' X ) 


(a/ 31 

-k(x-d) 


l -jBe 


2 

o<x<d 

x>d 


yH x ( x=d _) = y 0 R x ( x *d+) => A 1 eYd - A 2 e -Yd J = - y Q I 
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Check: 


lim 

d -** 1 


H - K (I - ^ I )e _YX 
z o z y x 


J = K (y 2 -k 2 ) e Yx 

y 

Y 


(agrees with (6.4.5)) 
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to , 

29. a) V 2 H - H = 0 ; c 2 = ; H = H y (x)i y 


d2 H _ “ 2 h 1 o> 

A 'r —?*- y = 0 -*• H = A.. sinh kx + A 0 cosh kx ; k = — ^ 

ax c y x z c 


H (x=0)=H = A„ 

y o 2 


NI 

; H = o cos tot 
o 


Hy (x=d)=H o = A 1 sinh kd + A 2 cosh kd -> A^ = H p ^ Cosh kd - ) 

sinh kd 


H = H r (1-cosh kd) . , , 

o i . - : — : sinh kx + 

sinh kd 

kd 


cosh kx } 


= H 


-2 sinh — j sinh k,x + cosh kx 

r. . , k d , kd 
2 smh — j cosh — 


= H 


cosh 


kd 


{ cosh kx cosh - sinh ^ sinh kx } 


= H 


, kd 
cosh — 


cosh k 



J 

z 


3 H 

Z 

3x 


kH 

= o 

, kd 
cosh — £ 


sinh k (x - ~ ) 


b) 


F = 
x 


^TT 

-U J H = -pH y 
° z y o y ^ 
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= -sD 


T- (4i H 2 ) dx 
dx 2 0 V 


= - * y 2 


= 0 


Section 6.5 


30. 


H. = 
<)> 


i(r - — ) 
r 

2tt (b z - a 2 ) 


U i 
2tt 


-i(r - f ) 

2 IT (d z - c 2 ) 


0<r< a , r>d 


a<r<b 


b<r<c 


c<r<d 


w = \ t J H ( j ) 2 = 


0 

1 

2 y l 




0<r<a, r>d 


i 

2 

„4 

2fr(b 2 - a 2 ) 


r 2 + ^ 2 - - 2a 2 
r 


iV ^ 


2 y 2 


2Tr(d 2 - c 2 ) 


2 r 


r 2 + 4 - 2d 2 


a<r<b 


b<r<c 


c<r<d 


W = 2ttZ wrdr 
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- 202 - 


0*10 0*10 
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ELECTROMAGNETIC INDUCTION 


Cylinder Plane 


,/ 2 ire 


cosh 1 s + R2 
' R2 


-> 1 - cosh-> 


S + R 2 N 


2ir 


r 2 


32. 


ya V H If ; 5 = Ee H <}, 


4> 


V *(H(*)V = 7 37 (r % }I z 


Vx(VxH) = - “ 


- (rH ) 

r 3r ' <jr 


- V 2 H = -yajwH, 


3_ 

3r 


7 7 (r V 


- jwyaH^ = 0 


r2 d % , r H (jwycfr 2 + 1) = 0 

d7^ dr " <p 


H^Cr) = Ai Ji 


r (1-j) 

6 


; 5 =i 


,wya 


A j 

H . (r=a) = o Aj = I o 


2ira 


2uaJi 


t 


H^r) - *„ 


27ra 


Ji 


Ji 


r (1-j) 

6 


a (1-j)' 

6 


c) 


/N /S. 


t _ 1 d , q , dH, H , 

J Z - 7 d 7 (r V = _^ + _1 

dr r 
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Section 6.6 


33 . 


a) T = i 2 ^ = - Liii 2 sin 26 = - Lil 2 cos 2 u) t sin 20 

Z ao i o O 


b) 

T = - Lil 2 

O 

sin 20 + -^ 

sin 2(oj Q t +0) + sin 2(0 - w t) 




L ° - 1 _ 


0 = tat + 6 =><T> 



sin 26 when co = ±to 
o 


c) <T> 


max 


Lil 


when 6=7- 


34 . a) $1 = Li( 0 )ii + M(0)i2 


$2 = M( 0 )ii + L 2 ( 0 ) i 2 


Vi = 


d$i 


v 2 = 




dt 


dt 


. , . . d$i . d$2 

p = V1I1 + V2I2 = 11 + X2 

dt dt 


b) p = ii 




Li(0)ii + M(0)i2 


d 

2 J 2 dF _ 


M( 0 ) ii + L2 ( 0 )i ‘2 


i 


2 J 


1 


d 

dt 


\ LiOHj 2 + | L 2 ( 0 )i 2 2 + M( 0 )i 1 i 2 
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4 


ii 


d0 


2 dL i , _. 2 dL 2 , . dM(0) 

T 12 


+ 2iii 2 


d0 


de 


d0 

dt 


W - Li(0)ij 2 + y L 2 (0)i 2 2 + M(0)±ii 2 


energy stored 


T _ 1 . 2 dLi 1 .2 dL 2 . 1 . dM 

T “ T 1 i , + T 1 2 + 1U2 Tq 


d0 


d0 


d0 


Torque 


c) Li = constant, L 2 = constant, M(0) = M sin© 

o 

m dM 

T - i 1 i 2 -^q = M o IiI 2 cos0 


d) vi— Li + M I 2 cos0 ^ 

dF ° dt 


= -iiR ; R = 


OA 


e) J 


d 2 0 


dt 


T = T = M iil 2 cos0 
o 


Linearized: T d 2 0 „ T , 

J dF =M 0 l211 


M T d0 

M 1 — — 

o z dt 


- ±lR - Ll ^ 


0 = 0e St , ii = Iie St 


[ Js * ] - M „ 


I 2 Ii = 0 


A 

1 

“ 



0 

sM o I 2 + Ii 

R + Li s 

= 0 


s = 

0, s 2 + as + 

0) 2 = o 

; a= 

R 



0 


Li 


s = - a ±j 

r 7J7' 

“ 0) 2 



2 J 


o 



JLi 
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f) 8 (t) = [ Al e j3t + A 2 e'j 3t 


j3t ] e"f + A 3 ; 3- J 


+ A 3 ; 3 = / w 2 - (f) 2 


(t -> °°) = 0 -> a 3 = 0 


(t = o) = 9 o = Ai + A 2 


d0 

dt 


t=o 


= 0 = (jg - f ) Ai - (jg + § ) A 2 


Al - ^ 3 + ?) 9 o 

2 j 6 


A?= f )0 o 

2j3 


e (t) = 


W 


(JP+f )e j6t + OB - f )e-J 3t 


-ft 

e 2 


cos gt + -ttk sin gt 

2p 


a 

e 2* 1 


. , . J d 2 6 -J6 

ll(t) = mTT dF = — ^ 

o MI 2 g 


O) 2 
o o 


geos g t - — sin gt 


-ft 

G 2 


2 a 2 


Solutions: oscillatory if g real -> u q > ^ 


2 or 

Damped if g imaginary -> a) < 


U x k 

35. a) L (x) = In - 


- 1 .2 dL y i , b 

b) f = — l — = o In — 

x 2 dx — a 

4tt 
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36 . Magnetic Circuit 

T u Ni . y Nl 

In gaps H = ^ ^ = o sD 

2x 


\ -r / \ N$ y N sD ^ . 1 .2 dL 

a) L (x) = — = K o -»■ (b) f = — i — 

I o x 2 dx 

2x 


x2 y N sD 
I o 


4x 


Cylinder-plane 


a) L = cosh — 

2tt a 


(from Prob . 30) 


. _ 1 .2 dL _ y Di 2 

b) f = T7 i -j— = o 1 

x 2 dx 


4ir 


a [( 1 +i) - 1 ] 

a 


1/2 


y i D 
= o 


4n£x 2 + 


37. L (x) = In a [y (£-x) + yx] 
2tt 0 


-It 2 ^L _ In a I s 


f x = 2 1 


dx 4iT 


[y - y Q J =p m ghTT(b 2 - a 2 ) 


h = 


b 

I 2 In a (y - y ) 

4ir 2 p :g(b 2 - a 2 )° 
m 


2l^J 1/2 
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CHAPTER 7 

ELECTRODYNAMICS — FIELDS AND WAVES 


Section 7.1 


3H 


3E . — 


P, 


1. V x E = -y — ; V x H = e ^ + J c ; V-E = ^ 


3t f ! 


a) E = E (xi + yi )sintot 

o x y 

p, = eV*E = 2eE sintot 
f o 

— — — 9E — — 

VxE=0->H = 0->J =-e — = -eE (xi + yi )tocostot 

f 3t o x y 

b) E = E (yi - xi )cos<ot 

o x y 

= eV-E = 0 

3E 3E _ - _ 2E 

V x e = i [-r— • ^ = -2E costoti = -y y: *■ H = — - sintoti 

z 3x 3y o z 3t toy z 


3E 


J t = V x H - e — = +etoE (yi - xi ) sintot 
r 3t o x y 


c) ¥=ReE e j(wt - ^ “ k z z )T 
O y 


p f = eV*E = 0 



3E 

3E 

V 

x E = -i ~ — — 

+ i -y— ’ ^ 


x 3z 

z 3x 


E 


H 

= Re — [k i 

- k i ]e 


wy x z 

z X 


9H 

3H 

V 

i 

X 

1 •>- 

ii 

X 

„ Z ] = i 


l 

r 

os 

N 

3x J ; 


j (tot - k x - k z) 
x z 


x z z x o 


= -y 


J3H 

3t 


j (tot - k x - k z) 
X z 


jE 


] = iRe^ [k + k Z ] 


„ i (tot - k x - k z) 
Zn x z 


- _ _ jE „ „ j (tot - k x - k z) 

J = V x H - e = i Re [ — - (k 2 + k 2 ) - jtoeE ]e x z 

f 3t y toy x z o 

— 2 2 2 

Jj. = 0 k + k = to ey 
f x z 
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, x - Jf + € |E , 0E + e |f 


V-E - — 
e 


_ 3p f . P, 
a) 7 - J f + W - H f+ T- - 0 * Of 


P o (r,t=0)e t ^ T ; x = e/o 


^ , dE p . p x . 

b) p = p e t/T ; V*E = - 3 -^ = — e“ t/T E = — e~ t/x + C(t) 
f o dx e x e 


i ¥- oE x + - (v * H L 


Open Circuit: C(t) = 0=(VxH)->-H=0 

x 


Short Circuit: 


d p d . , p 

/ E dx = 0 = — e t/x + C(t)d -*■ E = 

q x 2e x 2e 


3H p d . , p dy . 

(, , 5 ). -s. . C(t) - - <f t/T - H - - - 2 - e‘ t/T 

x oy 2e z 2e 


O p f = P o e 


-t/x. 


.. „ p . p re 

V-E = - y (rE ) = — e t/T -»■ E = - £ ^— 
r 3r r e r 2e 


•t/x 


C(t) 


9E 


IS ‘ ° E r + 6 St 


r _ C(t) 


= (V x H ) 


Open Circuit: i(t) = 0 ■+ C(t) = 0 -*■ H = 0 

Short Circuit: 


/ E dr = 0 = — 
1 r 


2 2, -t/x 

p (b - a )e 


4e 


+ C ( t ) An — 
a 


C(t) = - 


,, 2 2, -t/x 

P 0 (b - a )e 

7“ b 

4e£n — 
a 


3H . 


(V xH )r= .[I|fi] = CM 


r * H « " - C <‘> z 


d) H = 0 when i(t) = 0 [Open circuited terminals] 



ELECTRODYNAMICS - FIELDS AND WAVES 


3. a) V x E = - || 


^ A ! 

V*B = 0 3 = V x A + V x [e+ = 0 


b) E + = -VV ! 

ot 

1 1 io rvp 

c) Vx H =-Vx(VxA)= - [V (V*A) - V A] = J, + e -|=- 

p P | t ot 


— r 3 A , „ 9V i 
J £ -e[- I+ V-] 

o t 


V 2 A - ep — | - v[v*A + ep ||] = -pJ 
3t 2 3t f 


d) V*A + ep || = 0 


e ) y. E = -V 2 V - -f- [V-A] = -f 
dt e 

9 3^V Pf 

From (d) V V - ep — tt 

3t 2 


f) r > 0, p f = 0 
2 

V 2 V - ep ~ = 0; V(r,t) = ReV(r)e jwt 
9t 


1 9 . 2 dV. u f. n r 2 1 

9 "a ( r ^-) + -yV=0 c = — 

l 9r dr eu 

r c 


^ ^ 2 / 

5 (rV) + k (rV) =0; k = £ 

9r 

J3 

A T7 -jkr , +jkr 
rV = V^e J + V 

lim V = -S- = ^ ^ V = ^- e“ jkr 

„ Airer r Airer 

r-MD 


Section 7.2 
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-E- | (V x H) = J. + [e E + P] 
f dt O 


V-(Ex H ) -H-(Vxe) -E*(Vxh) =- |- [i e |e| 2 +^ y |h | 2 ] - y H- 57 - E*|f- E-J 

dt 2 O 2 O 1 O dt dt r 


S-E.H, w-i Eo |E| 2 +I„ o |H[ 2 , P d - E* J £ , P p - E-f, P M - 


- 3P 


77 3M 


f’ P 3t’ M o 3t 


— 3w 

V-S + — = -P - P - P 
3t d P M 


b) Energy dissipated per cycle equals area of hysteresis loops 


= / P dt = / E-dP = 4P E 


S C 


w = / P M dt = / y H-dM = 4y M H 
M ' M ' o oSC 


w = w + w = 4[P_E_ + y M_,H ] 
T P M L SC oSC J 


_ _ _ _ 3J. 

5. a) V-(E x H ) + [j e|E| z + j y|H| Z ] = -E-J f = -y~ J f - 

ye 


V-(E x H ) + [| e |E | 2 + -J y |H| 2 + |dj 2 ] = 0 


2 '“f 

2to p e 


S = E x H, w = -r e|e| 2 + y | H | 2 + |j |2 


9 2 i-fi 
2to p e 


b) J = qnv -> — ^ I J f 
2w p e 


,2 12 2 i— , 2 1 i—i 2 


2 to p e 


2 q n |v| = 2 nm|v| 


c) Kinetic energy 


d) V x E = -jwyH 


— — 
V x H = jioe(l 2 ") e 


V*[y E x H*] = | [H**(V x E) - E-(V x H*)] 
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*| A A -j A Wp A 

= - H**[-jupH] + ^ E* [jcoe(l - -^E*] 


= ju[| e |E i 2 (1 - -|) - \ P | H | 2 ] 


) V • [y E x H*] + 2ja)<w> = 0 + <w> = i e |E | 2 (1 - -|) + ± p | H | 


e) 

V-[| E 

a) 

E =1 
x s 


S = E 
z 

b) 

1 

W= 2 

c) 

V-S - 1 

E(r) 

l = E - 
r 

a) 

¥*e = 


E*E = 1 

b) 

E*E* = 

c) 

E x E = 

d) 

E x E* 


NI 


NVI 


x y Jls 

1 „2 , 1 _2 1 rNI-,2 . 1 r V 

' + 2 £E x = 2 p[ ~ ] + 2 e[ s ] 


3w 

3t 


•» + £ 


l\l 2 


r l 


r — l 


1 2 ,2 


[Never zero] 

c) E x E = [E^ + jE_^]x[E^ + jE ] = j[E x E^ + x E ] = 0 [Always zero] 

d) E x I* = [I +j I ]x[e - IE.] = -j[E x E - E. x E ] = 2jE. x E 

r J i r i r i i r i r 

[Zero if E II E.] 
r " i 


Section 7.3 


8. a) E , H 
x y 


3E 3H 

v x E - J 


3t 3z 


3t 


VxH-oE+e^-.-^ - -[oE x + £ 
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2 2 
3 E 3E 3 E 

■, \ „ . X X X 

b) Ep ^ +uo ^-^ =0 


c) E (z) = E e J -v k 


-jkz 2 to . 2 1 

-v k = — - - jtoya; c; = — 


c. 


ey 


E x (z) = E^e -^ kz + E 2 e + ^ kZ ; k = J 4 jwycr 

c 


d) 


i) £- « [1 a[J 

we * c V we c 2 we c 2 J e 


ii} >> ^ k ° V^F (1 ■ j) = (1 6 J) 


aw 9E 3H 

e) VXE = -^^ = -^ 


2 2 
3H 9 3 E 

V*H=J +e — * ■ y = -e[w E + — 

f 3t 3z3t P x j 2 

2 2 

3 E 9 , 3 E . , , 

— ^ + ioJe - c = 0; E (z,t) = ReE e J (wt kz) 

2 P x „ 2 x x 


3t 


3z 


2 2 




2 2 
w - w p 


f) H = 

y 


- — ^ Re e j(wt ’ kz) 


l _ 2 . Re e J + kz ) 


K 


wpH 


o R uy j (wt - kz) 
2 k 


K 

_o _ wp j (wt + kz) 
2 Ke k 


- 3E 3H 

a) ^E=-yf^=-y^ 


3E 


3H 


3E 


VxH=J„+e-f--»- — = J + e 


f 3t 3z x 3t 


2 2 2 

3 E 3J 3 H , 3 E 

x , x _ _z = 1 x 


3t 2 5t 9z9t y 3z 2 3 
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2 2 

3 E 3 E 3 J 0 

x 1 x x 2 1 

3z 2 " c 2 9t 2 = P 8t 5 


b) Homogeneous Solution: E 


x 


= ^Re E^e j 


“ jkz + £ 2 e Jkz ]e jut ; 


k = 


. 2 . 


Particular Solution: E = Re[ J e^ wt ] 


0 ) o 


E l 6 


-jk Q (z - d) 


z > d 


JJ 


E 4 e 


+jk Q (z + d) 


z < -d 


E ( z ) = E 2 e ^ kz + E^e" 1 "^ 2 + — ^ -d < z < d ; 


k = w/e u 
o o o 


k = co/ey" 


3H , 3E 


E -jk (z-d) 
1 o 

— e 

n o 


^v jk2 - V 3 ^ 


E jk (z + d) 

A. e o 

n 

o 


z > d 


-d < z < d 


z < -d 


n o = 


= ji 

I E 


Boundary Conditions : 

E (z=d ) = E (z=d )-*■£ = E e" jkd + E e jkd + ^-2- 

x + x - 1 2 3 o)£ 


V**V - H (z-d.) - i [£ 2 e-J“ - £/“] 

o 

E (z=-d ) = E (z=-d ) E. = E e^ kd + E_e _:ikd + — - 
x+ x-42 3 we 


y*--V ■ y‘~o - - 1 r ■ n [ V 3M - V 3kd;i 

o 


Symmetry -* E « E^, E 2 = E 3 


•p^ — E ~ ~ ~ . g _ g _ __ — 

1 4 weLn sinkd - jncoskdj ’ 2 3 2weLn sinkd - jncoskdj 


jn J sinkd 
o o 


E = E = - 


V 
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E x (z) = 


-jk Q (z - d) 

in J sinkd e 

o o 

aje[n sinkd - jricoskd] 

-J ncoskz jj 

2 + c 

oje[ri o sinkd - jncoskd] ue 

+jk (z + d) 

in J sinkde 

, o o 

^ cje[n sinkd - jncoskd] 


-jk Q (z - d) 

jj sinkde 

f o 

ue[n sinkd - jncoskd] 
o 


Hy (z) = 


j J Q sinkz 


oje[n sinkd - jncoskd] 
jk^ (z + d) 

-jj sinkde 

| J° 

' 0)c[n sinkd - jncoskd] 


z > d 


-d < z < d 


z < -d 


z > d 


-d < z < d 


z < -d 


P V = 


1 d ^ ^ 
j Re / E-J * dz 

-d 1 


2 2 
n J Q n +d j J Q “I 

j^2 (oe[n o sinkd - jncoskd] ^ coskzdz + UE J 
2 

t J^nsinkd -| 

kue[n o sinkd - jncoskd] J 


2 2 
J n nsin kd 
o o 


2 2 

ku)e:[(n sinkd) + (ncoskd) ] 
o 

P (z=d) = \ Re (E (d)H *(d)) 
z 2 x y 


, r ji J sinkd (-j J sinkd) “ 

= — R e — - 0 — 2 

2 (jje[n o sinkd - jncoskd] coe[n sinkd + jncoskd] 


_1 

2 


2 2 

n J sin kd 
o o 


(coe)2[(n sinkd)^ + (ncos kd)^] 
o 
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k = tu/ep" -»■ = 


A 1 

kwe 2 


e/ep" (we)" 


p z ( z=d) = -P z (z=-d) =-P v 


sh 9E 9H 

10. a) V x E = — p (z ) -2S -*■ — - = -p(z) — 2 

9t 9z at 


e(z) 

_9E ^ 

9t ^ 9z 

9E 

= - (Z) 9^ 

9H 

9 2 E 

9 2 H 


9z ^e(z) 9z 


3z 3t 


= y(z) — A 


9t 


9 2 H , , 9H 

y 1 9 


at 


2 y(z ) 3z e(z) dz 


-i 

tzrrr = 0 


9 (J 1 


9E 

X 


3 2 h 


8z ^y(z) 8z ' 8z 8t 


) = ~ = e(z) 


9 2 E 


at 


2 

9 E 


at 


, a , 9E 

— _ — — [— — 2L"| = n 

2 e(z) 3z *-y(z) 3z ^ 


,, / ^ a z . . -a z 

b) e(z) = ee 1 1 , p( z ) = pe 1 


9 2 E 


9 2 E 


x + - 1 


9E 


9t 2 £(z)y(z) 9z 2 e(z)y 2 ( z ) 9z dz 


^ = o 


2 2 

a E . 9E 9E 

x _ _1 x - a x _ n 

st 2 ' e >* 3z 2 + ^ 32 


z > 0 
z < 0 


E (z,t) = ReE (z)e 
x x 


j(ajt - k | z | ) 


2 k rHk 2 2 

-u H 1 — 2 — = 0 -»■ k + ajk - w ep = 0 

ep ep J 


k = - 


+ I - - 


2 

■ 2 jot + / L 

^ + a) ep = - ^ - 3» 3 a) ep 
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E e j(wt ~ 6z) e ~ 2 2 
o 


E e J(“t + Bz)/ 2 Z 
o 


z > 0 


; z < 0 


8H , 3E 

= __2 51 -v h = l 

3t y(z) 9z y 


,.n , a. : +o. 

™ — E e j(a)t - 6z) e 2 Z 

juy 6 


juy o 


-2 (j 6 + j) 

H (z=0 ) - H (z=0 . ) = K e 3 ^ -v r — E = K + E 

y - y + o j cuy ooo 


\ 2 a „ ... 

c) u ey - — — > 0 oscillatory 


2 a 

iii cy - — r < 0 evanescent 
A 


11. a) z' = Y(z - vt), t' = y(t - vz/c 2 ) ; y = ■ — jj — 

° f^P 

* n 


r 


Z 1 = Y ^ Z l ~ Vt ^’ Z 2 = Y ^ Z 2 “ Vt ^ 


t' = Y(t x - v Zl /c 2 ), t’ = Y(t 2 - vz 2 /c 2 ) 


f - t' = ^ (z - z ) 
2 2 K 2 V 

c 

o 


b) t| = Y(t x - ^f), tj, = Y (t 2 - ^f) 
C o 


t* — t * — y ( t — t ) 
1 2 1 T 


c) z 2 " Z 1 = y ^ z 2 ~ z -]) = yL 
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— — — — ~ ■ vz 1 

12. a) u = u i + ui +ui;z' =y(z- vt),t'=Y(t ~) ; y = 

xx yy zz ’ 2 

J c 

o 


dr' 

U = d^ 


/ 


Az 


, _ Az 1 _ Az - vAt _ At V _ U z V 

z At' .. vAz . v Az vu 

At o 1 o 77 , z 

2 2 At 1 tt" 

c c 2 

o o ! c 


i - <^) 2 


, _ Ax' _ Ax 


U x At' 


Ax/At 


u 


xV 


1 - (— ) 2 
*~ c o ; 




vAz. . i v Az. vu 

y(At 2~ ) - x * 

c c 2 

o o c 


-)• 


u = 

y 


vu 


1 - 


b) i) u = ci ->u'=c 
ox x o 


,1 - (— ) 2 , u' = 0, u* = -v 
c ’ y z 


ii) u - c i -> 
o y 


u'=0, u' = cjl- (— )2, u' = -v 
x y ol c - 


c z 

o 


_ _ C - V 

iii) u = c i -> u' = 0, u' = 0, u' = — = c 

o z x y z i _ v_ o 


o c 

iv) u = — [± + i + i ] -> u' = u ' = — 


c) 


/ u ,2 + u ,2 + u' 
/ x y z 


- ll ~ (~ 

/3 xyz x y /3 J 

C(u -v) 2 + (u 2 + u 2 )(l - C ^) 2 )] 172 


n 2 , _ S3 
) » U 1 


z t v 
o 1 - 


c /3 
o 


x y 


vu 


1 - 


j 2 . 2 , 2 V s 2 r 2 2 2 -, 1 

i u + u + u - ( — ) I u + u -cl- 2vu \ 
xyzc xyo z J 

O' 7 


1/2 


vu 


1 - 
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Section 

13. E = 

a) 

b) 

c) 

14. E = 
a) 


ELECTRODYNAMICS FIELDS AND WAVES 


2 ■ 2 . 2 2 

Ifu + u + u = c 
x y z o 


o vu o 

{c + (r~) - 2vu } 

,2 ,2 2 0 C o Z 

' ii ' -4- ii 1 — 


/ 


1/2 


u 1 + u 4- u 
x y z 


1 - 


vu » 

z 


vu 


c - 


o c 


= c 

vu o 


7.4 


100e j(2w X 1()6t ~ 2lT x 10 2 ^1 


to = 2tt x 10^ rad/sec -> f = 77— = 10^ Hz 

Ztt 


, „ ,.-2 -1 , 2 tt -.2 

k = 2tt x 10 m -»■ X = "v = 10 meter 

k 


c = ^ = f A = 10^ meter/sec 


2 _ _ _1 10~ 9 _ _ £ r X 10 

C ep ^ £ 2 4tt e r £ o 36 tt ^ £ r 9 

o c p 


If- 


n = J ”7 — = 40 tt 

TT ^x 2.5 i (2ir x 10^t - 2tt x 10 2 z) , 

H = — = e amps/meter 

y p it r 


1 I E | 2 10 4 125 , 2 

<S> = -r - 1 - 1 — = 777 — = watts/meter 

z 2 n 80 tt it 


Re[E i +E e^i ]e^ ut kz ^ = E cos(tot-kz)i +E cos (cot - kz + d>) i 
xo x yo y xo x yo y 


H = - Re[E i - E e^i ]e J (wt kz ^ 
n xo y yo x 


E _ E 

X cos (tot - kz) i - — cos (tot - kz + d>) i 
n y d x 
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2 2 

E 2 

b) S = E x H = [— cos (tot - kz) H cos (tot - kz + (j>)Ji 

n n z 

2 2 
n E + E 

^ . A t 


2 2 2 1 QE 2 

15. a) M ^ H — — — d = QE costot -*■ ^—4 + ; to 2 d = ° costot; to 2 = — — r- 

dt 2 4*e R 3 ° dt 2 ' ° M ° M4 tte R 3 

o o o o 


Q E . 


d = 


2 2 
M(to - to ) 
o 


COStdt 


nq 2 e 


„ 2 
£ E to 
oop 


b) P = NQd = 5 7T- costot = — ^costot; to = - 

2 2. 2 2 p Me 

M(to - w ) to .- to r o 


2 2 
_ _ _ <0 (0 

D = e_E + P D = E_[l+—^ — E cosut c(to) = e [l + 0 P » ] 


O o-J " *■ 

o 2 2 o 

Cl ) - 0 ) 

O 

2 2 

s ,2 2 , N u r ,. “p 1 2 1 

c) k = to e(co)y o = ~2 LI + ~2 2 J 5 c = IT^ - 

C 0) - to o o 


2 2 - 
(0 -to 
o 


d) Propagation ->■ k real ■+ to < /to + <o 


rr 

/(0 

v ° 


Evanescence k imaginary to > / to + to 


2 

to 

V o 


e ) v = — = 
P k 


CO 


[1 +t- e ^] 


2 2 - 

0) - CO 

o 


2 *|l/2 


_ 2 2 2. n 

,, , r w to to 2w 1 

cL to — to (to - to ) J 


2k 


to - to (to - to 

o o 


., 2 2.2 2,2 2 . 2 2 
„ .(to - to) + to (to — to ) + to to 
2 to | o p o jo 


"( 


, 2 2.2 
(to - to ) 
o 


] 


2 to r / 2 2.2, 2 2 n 

-o o 5—7 L(w - (0 ) + (0 (0 I 

z.z z.z o po 

c (to - (0 ) 
o 
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V = 


2 2 2 

dw_ kc 2 (w 0 - w ) 


dk u r 2 2 2 2 2-, 

L(<o - to ) + uj to J 

o p o 


f) V x E = -jtopH 

V x h* = -jtoe(to)E* 


16 . 


V*[e X 

ii 

i — i 

<|ffi 

H* • (V x 

A A 

E) - E 


= 

— jtop |h | 2 

+ jtoe 


=- 

j to[pi I H 1 2 

- e(to) 

V‘[-| E 

1 1 

<| ffl 

X 

+ 2jto[i 

p|f| 2 ■ 


dv 



and b) 

X 

m , 
dt 

= q (e + 

X 

■ v B ) 
y z 


dv 




m — ^ 
dt 

= q (e - 
y 

v B ) 
X z 


dv 




I^l 2 


ITTI 2- 


7 e(to) | E | 2 ] - 0 


_ q 


qB„ 


0 ) = 


x m x o y o m 

' q A 
v = - 1 E - to v 

y my ox 


z ~ q 

m — — = qE itov = E 
dt z z m z 


(-3-)[jwE + to E ] (-^-)[jwE -to E ] 

v n ir .a. m' J ^ -.»■ 


v = 2-Z .. v = m Z 2 x . = 

x 2 2 ’ y 2 2 ’ z j tom z 

tO - (0 io — to J 

o o 

2 

£ CO 2 

J = qnv = — ^ [ j WE + to E ] ; to 2 = -3— 3 
x ’ x , 2 2^ J x o y p me 


(to - to ) 
o 


E “d 

J = qnv = — ^ — 7T- [jwE - to E ] 

y y (to 2 - to 2 ) y 0 x 
o 


£0) 


J = qnv = . “ E 
z z jo) z 


c) V X E = -p || -* { 


9E 8H 

77^ = -* jk-E = jtoyH 

°z dt x y 


SE 9H 

3^ = y IT + “ jkE y = ja)VlH x 
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i 


V x H = J + e -* ■( 
dt 


- -jk - 

ikH = J — E = ito£E 

y up x J x 


3H 

T c~ 

!3E 

' x -> 

3z 

J £ 

X 

9t 

3H 

X 

T 4 - c- 

|9E 

3z 

y 

9t Z ^ 

r 

w 2 i 

2 

EtO tO 


Eto 

3 = jtoEE + — 9 P 9 [jtoE +to E . 

y x (to 2 -to 2 ) x 0 y 

o 


eo3 


[■ * A] * 

L a) - a) J ! 


P o 


2 2, y 


! (to - to ) 
o 


■J < „ „ LJ wil IUU. 

y , 2 2. J y ox 

(a ) -to ) 3 

o 


ik 


-ikH = ■“ — E = ito£E 1 + 

x top y J vl 2 




2 

£<0 tO 

P O 


- - , , 2 2. x 

to -to J (to -to) 
o o 


[ 


V 2 2 

k c 

X | 2 

0) 


0) 


- (! + 0 ^ tt) + 


2 2 
0) - 0) 
o 


■] 


. 2 

jto to 


P o 


? 9 E = 0; c 2 = — 

(to 2 -to 2 )to y EV 

o 


. 2 

^ 10) 03 

R-O 

* . , 2 _ A “y 2 


+ E 


to (to - to ) 
o 


[ 


.2 2 

k c 


to 


- (1 + | = 0 
03 03-03 


-]• 


i 


. 2 2 
k c 


to 


- a + _ y 9 ) 


2 2 
to - to 
o 


r-[ 


to to 
P O 


to(to 2 - to 2 )J 
o 


= 0 


2 

to to 


k = “_ <h + P_ + P_°_ 


2 2 ~ . 2 2. 
to - to to(to - (0 ) 
o o 


to 


1 + 


2 2 
(to - u' ) 
o 


(0 

£ — (1 ± — ) 
(0 


= - o { 1 + 


2 + 

to to Z to 


( ,, ) 


.2 2 v to 

(to - to ) 
o 


= — u - 
2 y 
c 


to(to _j_ to ) 


to / to 


d) k = 0 -> to itoto - to = 0 -> to = it — ± / (— £) + 

' n n / J / 


o p 


o s 2 , 2 

to 
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k+ c °->-(i) = ia) 


2 2 
0 2 /-a) - (oco - a) 

Mode (1) k - ^ { u(a) _ ° ) P 

c v o 


2 2 
„ 2 + aiai - a) 

Mode (2) k = ~r 


2 1 ai(ai + 
c ^ o 


° _ _e I 

“n> / 


Propagation -»■ k real 


Mode (1) a) > + 


, o.2 , 2 

( ~2 } + V 


Mode (2) a) > - ~ + 


CJU 0 0 

/ °\ 2 2 

(— ) + w 

2 P 


0) < 0) 


Evanescence -»■ k imaginary 


Mode (1) to < m < 
o 


0 U 

J2+ ( _o 
2 2 


,2 . 2 
) +w 

P 


to / (0 ~ ~ 

Mode (2) 0 < a) < - + /(-|) + Up 


E 

e) / = 
x 


. 2 
1(0 0 ) 
P_°_ 


2 2jk 2 c 2 


to(u - u ). . 

o 2 


'P 


U): 


~2 ~ = - j [Circular polarization] 


- (i + 


2 2 
0) - 0) 
o 


) 


0 _ UJ _ 
V T* 

P k 


[l 2 1 

L u(u + (0 o ) J 


E e 
o 


j (cot - k Q z)_ E 


i = f [i + j i ] + — ?■ [i - j i ] } e 
x 1 2 x y 2 x y J 


j(o>t-k z) 


_ _ _ j (wt-k z) _ j (wt-k z) 

g) E t = {E 1 [i x + ji ]e + E 2 [i x - ji le } 


2 co 

k = ^ [i - - 7 p J 

1 2 c o(w - co ) 

c o 


2 co 

k = \ [1 - , P J 

2 2 co(co + co ) 

c o 
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E t (z= 0) = E t i x = E l( i x + ji y ) + E 2 (1 x - jiy ) - E x = E 2 = 


~jk, z 


E X=1l (1 x + J 1 y )e 1 + (± - " JO e Z l e 


— -^ k 2 Z i j(dt 


x y 


H = {^(i - ji )e j 1 + k (i + ji )e ^ 2 }e jwt 

T 2wu 1 1 x y 2 x y ‘ 


11 2 2 

17. a) A<j> = o)£( — ) = (jj£ABE = 2tt£cBE 

c c o o 


b) A* = | = 2 ttJIcBE 2 -»• E 2 = 

2 o o 4B£c 


2 2 1 

A<j> = tt = 2tt£cBE + E = 


o o 2B£c 


j (wt-k £) . , 

c) E = E 1 Re e 11 [± x + e J i y ]; <f) = (k - k^) £ 


Transmission axis of crossed polarizer in direction i - i 

x y 


- (1 x " jd _ E 1 „ J< “ t - k || I) 


E = E 
t 


•.-A 

= l!l 

4 n 

.2 


^2 

1 2 


/2 


Re e 


[1 - e J<t ] 


[(1 - cos<j)) 2 + sin 2 <J>] 


1 "i n 

“ — (1 - cost)) ) 


1 .2 <t> 

= — sin 2 


Max light -y <f> = (2n + 1)tt 
Min light -><() = 2niT 


n = 0, 1, 2, . . . 
n = 1, 2, . . . 
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Section 7.5 

-jk z_ _ +jk z_ _ -jk z_ 

18. a) E. = ReE.e ° i , E = ReE e ° i , E = ReE e Z 1 
ii yrr ytt y 


-E. -jk z E +jk z -k -jk z 

— i J o — — r o — — t ^ J t — 

H. = Re — - e i , H = Re — e i , H = Re — - E e Z i 


n 


x r 


n 


x t toy t 


x 


k = to/e y , k = 
o o o t 


2 2 
tO - (0 

E. 


b) E. + E = E 
i r t 


“ k t n - 

-E. + E = — — E 


i r toy t 


E = 


- k t- n 

E . [l - — ] 
l . toy 


2E . 


1 + 


V 

toy 


1 + 


toy 


c) <S> = 

z 


- - ReE H* 
2 y x 


z > 0 (Transmitted) 


1 /r 1 2 k t -j( k t " k ^ z 
<S> = ^ Re< E — e Z Z 

z 2 |t' toy 


= 


i l=tl\ 2 i £ ii\ 


2 toy k n „ 

<oy[i + ^] 1 2 

toy 


to > to (k real) 
P t 


to < to (k^ imaginary) 


z < 0 


1 -jk z „ jk z jk z -jk z 

<S> = - — Re [E . e ° + E e 0 ][-E*e ° + E*e ° ] 

z2n i r i r 


2jk z ^ -2jk z 

= - Re-1 - I E . I" + I E r - E E*e ° + E.E*e 

2n 1 1 i 1 1 r 1 ri ir 


-k [|£ i |2 ~ |S r |2] 
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2n 


1 - 


Vi 2; 

cop * 


1 + 


V,2 

toy 1 


k n 

k imaginary |l 


|E, 


toy 

2 


M. 

|i + — ;| + <s> =o 

'toy 1 z 


k real -> <S> = ~ 

t z 2n 


4k t n 


2k t I E i I 


k n 9 k n o 

toy (1 + ) • toy[l + ] 


cop 


cop 


19 # a) — — — 

E = E x cos (cot -kz)i x + E y sin(ty/ - kz) i y 
H = —\E X cos(cot -kz)i y - E y sin(<y/ - kz)i x J 


V 


S, = ExH = — [ii 2 cos 2 (cot -kz) + E 2 y sin 2 ( cot - kz) J i z 


b) E = E cos(tot - kz)i 
t x x 


H = 


— cos(tot - kz)i 
n y 


t n 


— cos 2 (tot - kz)i 


c ) I E t 2 I = I E t c OS ^ I 


H 


E COS <t> 

l t i 


t2 1 


II. ' 2 


t 2 

S t = — - — COS <j> [Law of Malus obeyed] 


_ jto(t - ^ jto'(t+-) 

20. a) E. = ReE e i : E = ReE e 

10 y r r 


E jto(t - £)_ 
H. = Re - — e 

i n 


c'_ _ E V(t+jr) 

i ; H = Re — e 
x r n 


b) E_ (z=vt) = 0 -* E e 
I o 


jtotd - 7) j w't(i + -) 

c * r 


+ E e 
r 
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u(l--) = (o' (1 + — ) -► w* = — ^ oo ( 1 - — ) 2 £ (0(1-—) 

c c + — c c 

c 1 


E = -E 
r o 


E =E.+E = ReE [e 
T i r o 


jw(t - — ) jco'(t+J) 

C - e JdT = E [cosaj(t ) - coso)’ (t + — )] i 

y o c c y 


H„, = H.+H = Re — - [e 
T i r n 


-E ) ju' (t+-r) 


+ e 


]i = -E [cosco(t - — ) + cosu)' (t + 
x o c 


:) S = E t x H = —2. [cos 2 to(t - - cosV (t + -)h- 

1 1 r| c ci 

z 

We cannot use the complex Poynting vector because the incident and reflected 
waves are at different frequencies. 


Section 7.6 


_ „ j (ut-k z)_ 

21. a) E. = ReE e i ; k = w/e, p, 

i l x 1 11 


_ E. j (ut-k^ z)_ 

H± - Re e i y ; ^ - 


_ ^ j(wt + k z)_ 

E = ReE e i 

r r x 


_ E j(u>t + k z)_ 

H = Re - ~ e i 

r n y 


E t = ReE^sink^Cz - d)e 3 i ; k 2 = n 2 = 



8E _k. jE 

H = Re[- -7— 7—^] i = Re — — 2 E cosk (z - d) e 3 Wt i = Re — cosk (z - d)e 3t0t i 

t jwy 8z y jmp t 2 y n 2 2 y 

b) Boundary Conditions : 

E. (z=0) + E (z=0) = E (z=0) E. + E = -E sink 0 d 
1 r t i r t 2 
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_ _ _ jn, 

H.(z=0) + H (z=0) = H (z=0) ->■ E. - E = — - E cosk„d 
1 r t 1 r n 2 t 2 

-E.[jn-,cosk„d + n 0 sink„d] 2 ti E. 

^ I “ 2 I _ 2 . l 

r [jD^cosk^d - n 2 sink 2 d] ’ 1 t jr^cos^d - n 2 sink 2 d 

— i — — 

c) <S> = ± Re E x H* 


z < 0 


i i iu i i v Z 1 Z 

<S> = Re[E.e 1 + Ee | ][E*e 1 - E*e 1 ] 

z 2n 1 i r j i r 


-jk„z jk_,z ik, 

E e + E e 
i r 

[|E,| 2 - |e I 2 ] 


1 r 1^, |2 1 2 

2n n " ' l ' 1 r 


= 0 


z > 0 


<S> z = 2 ^— Re[E t sink 2 (z - d)(-j)E* cosk 2 (z - d)] 


= 0 


1 


^ * _ JE _ 

d) K(z=d) = H (z=d)i = i 


x n 2 x 


F = — Rey„K H* 
z 4 / x y 


1 Iv I 2 

= 4 VV 


1 |J V _ 1 , - ,2 

4 y 2 2 4 e 2 ■ t ^ 

Do 


e 2V E i 


[n 2 cos 2 k 2 d + n 2 sin 2 k 2 d] 
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Section 7.7 


22. E = Re Ee jWt e Y * r 


-Y x E = -jwyH 


I = Re He jWt e" Y ‘ r 


/N _ 

-y x h = jwe(i + — — -)E 

jwe 


-yeE = 0, -yyH = 0 


2 2 2 

yy = (a - k + 2ja*k) = -aj ye(l + ^ ~) 

2,2 2 

a - k = -(a ye 


— t~ awy 1 

°’ k - 2 ■ 3 
0 


23. a) H- 




— Y • r 

iReH.e^e i 

2 ■ y 


Y. X H i -y *r 

r „ 1 1 y 10 )t 1 

Re : e J e 

J 03 C 


E= 


y xH i -Y *r 

Y 2 2 y i tot z 

Re- : ^ e e 

jO)£ 


z > 0 


z < 0 


y = jk i + y i 
1 xx z z 


y„ = jk i - y i 
'2 J x x 'z z 


r -[ k 2 -^] 1/2 

z x 2 

c 


y x h = [jk i +y i ] x Hi = H [jk i - y i ] 
1 1 J xx zz ly 1 J x z z x 


y 2 x H 2 = H 2 [jk x i z + y z i x ] 


E = 


H. • “It * r 

— 7 — [jk i -y i ]e :]Wt e 
jioe x z z x 


z > 0 


H 2 r .. -r ' t i jut _Y 2 * r 
Ljk l +y l Je J e 

JU)£ X Z Z X 


z < 0 


E (z=0 ) = E (z=0 ) + H = -H 
x + x 1 2 
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A /\ 


e (E (z=0 ) - E (z=0 )) = o sin (cot - k x) ->• — [-H_ + H_] = -ja 
z + z - o ' x a) 1 2 o 


ja to 

\ = 2k^ 


J 3° w 

b) K (z=0) = -H (z=0 ) + H (z=0 ) = -H_ + H = r 2 - 

x y+y - 12 \ 

/S ! 

_ 3a dK -jua wa 

Check: V • K + — - = 0 ^ + jaia ! = 0 -> K = - -■ = t- 5 - 

I 3t dx o x -jk k 


-jaia 


a = -ja K = — r— 
o o x k 


24. a) y , = [k 2 - ^] 1/2 ; c_ = 


X 

1 


0) 


'zl u ~x 2- 
c 

o 


° / 


Non-uniform k > 

x c 

e y o 

o o 


r,2 w -.1/2 1 

Y o = Lk - — 9 J ; c = 

22 X c 2 


03 

c < - — < c 
k o 
x 


Uniform k < — 

x c 


Non-uniform in each region -> k > — -*■ uj < k c 

x c x 


Uniform in each region -*■ u) > k c 

x o 


b) 


* -jk x Y -.z 

u X zl 

H^e e 


z < 0 


-Y i z Y t z “jk x 

H y = '| ^2 e Zl + H 3 e zl ]e x 0 < z < d 


-Y z2 (z-d) -jk x 

H. e e 

4 


z > d 


H 


1 r -1 T J. - 1 X 'zl 


E = 


J03E 


jooe^ x z zl x* 


-jk x x Y„ n z 
e e 


z < 0 


V * H = 1 - 777 - {[jk v i^-Y^ 1 i^]H 9 e zl +[jk r i ii +Y „- 1 i„]H.,e zl }e x 


. LJ lv I -i 

J0)£ o X z zl X 2 


H 


z _ _ Y„i z „ -jk X 

x" 1 " z 'zl"x J “3° 


_ -Y ~(z-d) -jk x 

[jk i - y 9 i ]e z e x 

J03E X Z z2 X 


0 < z < d 
z > d 


Boundary Conditions : 


H (z=0 ) 

y 


- H (z=0 ) = K -*■ H 
y + o 1 




K 

o 


- 230 - 



ELECTRODYNAMICS - FIELDS AND WAVES 


E (z=0 ) = E (z=0 ) -»• -H = H - H 
x x + 12 3 

-Y -.d Y -I d 

H (z=d ) = H (z=d ) -> H„e Z + H e Z = H 

y - y + 2 3 4 

. "Y zl d „ y zl d Y z2 e o . 

E (z=d ) = E (z=d ) -H e Zl 4- He H 

* “ * + 2 3 Y z i e 4 


K 

fi l"-f 


1 + 


£ o Y z2 


e Y 


e Y 0 ~2 y -.d 

- (1 - -^-^)e Zl ■> 


zl 


e Y 


zl 


G ^ 9 

i +-^ z2 


e y 


K 

. u ° 

’ z 2 


zl 


-Y , d 
zl 


K o " 2Y zl d E o V. 

- ~ 6 (1 “ T 77) , -K e 

H = — ; H. = — 

3 e Y o 4 e Y 


1 +^- z2 


e Y 


1 +-^ z2 


zl 


e Y 


zl 


c) Y -1 real (non-uniform) , Y 0 imaginary (uniform) 
zl zZ 


z < 0 

<S> = i ReE xH*=^Re 


-H. 


Y -.z 
T zl 


jrne 


[jk i + y i ]e x H*e 

x z ’zl x 1 


Y zl Z 


l H ll r f - jk x ± x + Y zl i z (Y zl +Y zl )z 
r— Rei : e 




o 


K \\ 2y z 
'lx zl — 

— - e 1 

2we x 


<S > = 0 
z 


z > d 


<S> = - Re 


-H, 


[jk i - Y 0 i ]' 
jme x z z2 x 


-y (z-d) ^ ~ Y zS z - d )_ 


z 2 


X H*e 

4 


1 1- 1 2 

- ‘I l H 4 I Ee 


■IV.-’lA - <Z - 1>< ' f z2 lf 7.2 > 
e 




1 |S ,2 y* + ys 

2 1 4 1 me 


- 231 - 



ELECTRODYNAMICS - FIELDS AND WAVES 


Section 
25. a) 


O ’ -I ^ 

„2 zl 

K e 
0 

[Vx + |t Z 2 

* i 

z. 

£ 

^r-, ./O' 

T z2 

\ 2n. 


e Y 


l 0 )£ 


zl 


<S > = 
z 


? ~ 2y i d 

£ Y 


z2 1 


2«oe[l + (/^) 2 ] 
* zl 


0 < z < d -Y , z _ __ - y z — — 

, r He Z (jk i - y i i )+H.e'zl (jk i + y ,i ) -Y , z Y ,z 

<i> = I Re / -2 * z , zl x 1 x[H*e zl +£*e zl ]T 

2 [ jue 2 3 y 


— 2y z 2y z 

2 " R® -j{|H 2 | 2 e Zl HkI x -Y zl T )+ |H 3 | 2 e !l (-jOn,! 1 , 1 


+ H 2 H*(-Jk x i x - Y zl i z ) + a 3 fi|(-jk x l x + Y zl i z ) } 


K [+|S 2 | 2e 2YzlZ+ |fi 3 | 2 e 2Yi!lZ + 2Re(li 2 H*)]i x+ 2Y zl Eeja 2 5|i z } 


Y 


— RejH„H* 
z we 2 3 

o 


<S > = 


Y zl K 0 2 2y zl d 2E o I Y z2 I „ -2 y , d 

e z1 K 2 \ 

[i + (-— ^^) 2 ] 


£ TT. 


'£ Y 


2o)e[l + (^-^) 2 ] 


zl 


e y 


zl 


<s > = <s > 

Z 0<z<d Z 


z>d 


7.8 


_ x j (cot - k .x - k . z)_ 

E. = ReE.e X1 Z1 i ; k . = k sinG 

li y xi o 


_ E . _ j (cut - k .x-k .z) 

H. = Re — - [-cosGi + sinGi ]e “ J ” 

1 t| x z 


: k . = k cosG 

zi o 
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i(u)t + k .x + k .z) 
E = ReE e xi zi 

r r 


E j (wt + k .x + k . z) 

H = Re [cosBi - sin0i ]e X1 Z1 

r n x z 




ReE^e 


i (oat - k .x + k . z) 
xi zi 


i 

y 




j (wt - k .x + k . z) 

[cosQi + sinBi ]e ' J 

x z 


i (wt + k x - k . z ) 

“ n f i xx zx t 

E. = ReE e x 

2 2 y 


H = Re tt- [-cosBi - sinBi ]e 


j (wt + k .x - k . z) 


xx zx 


-jk .x 


jk ,x 


b) E t (z= 0) = 0 + (E. + E 1 )e X1 + (E r + E 2 )e X1 = 0 


E. + E, = 0, E + E„ = 0 
ll r 2 


A -jk . z A ,, jk .z 
E t (x= 0) = 0 (E ± + E 2 )e 21 + (E r + E 1 )e 21 = 0 


E . + E„ = 0 , E + E = 0 -*■ E = -E. , E 0 = -E . , E = E. 
i2 rl 1 i 2 i r i 


E t (x,z) 




-j (k .x+k .z) j (k ,x+k # z) 
xi zi , xi zi 
e + e 



x - 


k . z) 
zi 


j (k .x-k .z) 
xx zx 



= 2E.{cos(k .x+k .z) 
x l xx zx 


cos(k ,x - k . z))i 
xx zi y 


= -4E.sink .xsink .z i 
l xi zx y 


E T (x,z,t) 



(x, z) e 


jut 


-4E sink .xsink . zcoswt i 
o xx zi y 


H t (x,z) 


— i-cosBi [e 

n 1 


-j (k .x+k .z) j (k .x+k .z) -i (k .x-k .z) j (k .x-k .z) 

_ J ' VI -7-i ' J V VI 71 J ' -W-l 2.1. J VI 71 


XI 


ZI 


-e 


xi 


zi 


+e 


xi 


-e 


xi 


zi 


] 


- j (k x+k z) j (k x+k z) -j (k x-k .z) j (k .x-k ,z) 

, . -T r xi Zl XI ZX XX ZI XX ZX -| 1 

+sxn6x Le -e -e +e Jr 

z 
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= 2i — 1 jcosGi [sin(k .x + k ,z) + sin(k .x-k ,z)l 
J n 1 x xi zi xi zi 


- sin0i [sin(k .x+k . z)-sin(k .x-k ,z)]j 
z xi zi xi zi J 


= 4i — jcosGsink .xcosk .zi - sinGcosk .xsink .zi } 
n xi zi x xi zi z J 

- - ■ t -4 e q _ _ 

H (x,z,t) = ReH (x,z)e' |aJ = — — jcosGsink .xcosk . zi -sinGcosk .xsink .zi jsinojt 
T T n xi zi x xx zx z J 

_ -4jE. 

c) K(z=0) = -H (z=0)i = — cosGsink ,x 

x y n xx 

_ -4jE. 

K(x=0) = H (x=0)i = — sinGsink .z 

z y n zx 

o f (x= 0 ) = a (z= 0 ) = 0 

8 y 

d) F (z=0) = ~ y |K(z=0 ) | 2 = — 77 IE, l^cos^Qsin^k .x = 8 e |E. l^cos^Gsin^k .x 

z 2 o 1 1 2 1 i 1 xx o x xx 

n 

F (z=0) = x y |k(x=0) I 2 = 8 e |e. j 2 sin 2 0sin 2 k .z 
x 2 o 1 1 o 1 x zx 

e) ¥ = E x h 


-16E _ _ 

sink .xsink . zsincotcoswt jcosGsink .xcosk zi + sinGcosk .xsink .zi } 

ri xx zx 1 xx zx z xx zx x J 


Section 7.9 


26. a) cosG 

x 


h i . h i 
— >- s = 

s . i cosG. 
x x 


S . 

s r cosG 
r r 


s. + s h h 

— = — [ — - — + — - — ] 

c, c. cosG . cosG 

1 1 x r 


sinG . 
x 


L 1 L 2 

IT’ sinG r = i" - L x + L 2 

i r 


L lr , = s.sinG. + s sinG 
AB x x r r 


= h. tanG . + h o tan0 
1 x 2 r 
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sin0 cos6 . - sin0.cos0 
t 1 1 t 

sin6 cos0. + sin0.cos0 
t 1 it 


-sin(0. - 0 ) 
l t 


sin(0. + 0 ) 
l t 


T 


2n_cos0 . 

2 l 

n„cos0 . + n,cos0 
2 i 1 t 


2cos 0 . 


COS0 COS0 

i + t 


fh 

! / — sin0 . cos0 . 

V e ? 11 




/e. 


— sin0.cos0. + sin0.cos0 
^2 11 i t 


2sin0 cos0. 
t l 


sinG cos0. + sin0.cos0 
t l it 


2sin0 cos0. 
t l 


sin(0. + 0 ) 
l t 


H interface 


n, cos0. - n cos0 

1 i 2 t 

n„cos0 + n, cos0 

2 t 1 i 


COS0. COS0 
- - -=■*) 


COS0 


COS0 


+ 



sin0 cos0. - sin0 cos0 
t i t t 


'2 

sin0 cos0 + I — - sin0 cos0. 
t t ' e i t. i 


sin0.cos0. - sin0 cos0 
l l t ■ t 

sin0 cos0 + sin0.cos0. 
t t li 


sin(0. - 0 )cos(0. + 0 ) 
i t i t 

sin(0. + 0 )cos(0. - 0 ) 
it it 

tan(0. - 0 ) 
i t 

tan(0. + 0 ) 
l t 
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2cos0 . 


T = 


2n cos 0 . 
2 1 




n„cos0 + r],cos0 cos0 cos0 
2 t 1 i t^ i 


'2 '"1 
2cos0 .sin0 


sin0 cos0 + 
t t 


— cos0. sinO 
i t 


2cos 0 . sin0 
x t 


sin0 cos0 + sin0.cos0. 
t t xx 


2cos0 . sin0 
i t 


28. 





sin( 0 + 0 . 

t i 

)cos(0. - 0 ) 
i t 

n = A + 

B_. A 

0 5 A 

= 1.5, 

-15 

B = 5 x 10 


Color 

A 

A (meters) 

n 

sin0 . 

0 [sin0 “ ] 

t t n 

violet 

4 x 

io" 7 

1.5313 

19.06° 

blue 

4.5 

x 10" 7 

1.5247 

19.14° 

green 

5.5 

x 10~ 7 

1.5165 

19.25° 

yellow 

6 x 

io" 7 

1.5139 

19.29° 

orange 

6.5 

x 10~ 7 

1.5118 

19.31° 

red 

7 x 

io" 7 

1.5102 

19.33° 

P3 

w| 

H* 

II 

; ReE . [cos0 i - 

X XX 

_ j (ut 

■ sin0 . i ]e 
x z 

-k . x-k . z ) 

XX zx . , . . 

; k . = k, sin0 . ; 

XI 1 1 

H. : 
i 

E. 

= Re — 
n l 

j (tot 
e 

k .x-k .z) 

XI Zl T . 

V 

Ki ■ k i cos V "1 - 1 71 

E J 
r 

= ReE [■ 
r 

-cos0 . i 
i 

i (cot - k .x + k .z) 
. „ T -i XX ZX 

- sxn0.x Je 
X x z 


E j (ut - k . x + k . z) 

77 Tj r xx zx t 

H = Re — e x 

r n 1 ) 
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j (wt - k x-k z) 

E = ReE [cosG i - sinG i ]e xt zt ; k = k sinG ; k = oj/e y~ 

I 1 t x tz xt 2 t 2 22 

e j(wt-k x-k z) nr 

H, = Re 7 e 5 k = k„cosG ; n 9 = — 

1 ^2 zt 2 t 2 I 


_ ^ _ _ j (wt - k x+ k z) 

E„ = ReE [-cosG i - sinG i ]e ,L 

2 2 t x t z 


E j (ut - k x + k z) 

i, - Re e xt zt : 

2 n 2 


_ „ - _ _ j(o)t-k.x-k. (z-d) ) 

E = ReE [cosG.i - sinG.i ]e '" 1 Z1 

4 - +- 1 - -I -in- 1 


t“ i x 


1 z" 


E j (ut - k .x-k .(z-d)) 

- „ t XI zi (r 

H = Re — e i 

t ,n 1 y 


Boundary Conditions: 


H (z =0 ) = H (z =0 ) 


y + 


E. + E E, + E„ 
i r _ 1 2 

11 1 n 2 


H y (z=d_) = H^(z=d + ) -* 


-jk d ik d 

~ zt , i zt 

E 1 e + E^e 


E (z =0 ) = E (z =0 ) ■+ (E. - E )cosG. = (EL - E„)cos6 
x - x 4- lr l 12 t 

„ -jk d jk d 

E (z=d ) = E (z=d ) -»■ (E e Z - E e z )cos 0 = E cosG. 
x-x+1 2 tti 


c^sinG^ = k^sinG^ -*■ /e^y^ sinG_^ = /e^y^ sinG^ 
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-1 

n l 

n 2 

n l 

n 2 

0 


r t 1 

r 


1 

•H 

<W 

1 

0 

“ jk zt d 

e 

jk d 
e zt 

n 2 
" n i 


% 


0 


cos 6 

COS0 






1 

t 

COS0 . 
1 

t 

COS0 . 
1 

0 


=2 


E. 

l 

0 

- Jk zt d 

e 

jk d 
J zt 
-e 

COS0 . 
1 

cos6 t 


E 

t 


0 


D - det 


-1 — 


-jk d 
J zt 


COS0 


COS0 . 
1 


-ik d 
J zt 


ik d 
J zt 


COS0 
t 

COS0 . 
1 


ik d 
J zt 


COS0 , 
1 

cos 0 


n, cos 0 . n 0 cos0 

= -4cosk d - 2 j sink d [— — + — - 

zt zt n o COS 0 n COS 0 . 

z t 1 1 


] 


1 Dr 


E = — det 
r D 


" jk zt d 


COS0 


cos 9 . 

l 


-ik d 
J zt 


ik d 
_ zt 


COS0 


COS0 . 
1 


-e 


jk d 
zt 


COS0 . 

] 

COS0 


t -I 


- 239 - 



ELECTRODYNAMICS - FIELDS AND WAVES 


2jE. rn cos0 n, cos0. - 

— sink d _ -i. — 

D zt Ti- cos0. n cos0 

- 1 1 2 tJ 


E 1 = D det 


-1 E. 




0 0 


1 E. 


0 0 


j k d 
zt 


COS0 
t 

cos 0 . 

1 


-e 


jk d 
J zt 


cos 0 . 

l 

cos 0 


-2E . e 


jk d 
zt 

. e r cos0 . 

i i 

D l^cos©^ 


+ 


E 2 = D det 


-1 


0 e 


- 3k 2t d 


cos 0 
t 

cos 0. 

1 


0 e 


-jk d 
J zt 


E. 

l 


COS0. 

1 

cos 0 


t J 




2E.e zt rcos6. 

— i _ 

D [_cose t 


E t = D det 


-1 — 


-jk d 
J zt 


COS0 


COS0 . 

1 


0 e 


-jk d 
J zt 


jk d 
J zt 


COS0 t 

COS0 . 
1 


-e 


jk d 
zt 


E. 

l 


-4E. 
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Check: Special Case, p = ri , 9 =0. 

1 2 t x 


D - -4e 


ik d 
J zt 


E = 0, E =1, E„ = 0, E = E. e 
r 1 2 t i 


-jk d 
J zt 


b) Uniform plane waves in middle region -*■ k real -*■ cos0 real 


£ 2 M 2 

-*■ / sin0. < 1 ->■ sin0. < 

e 1 P 1 i i 


Vl 


E 2 U 2 


c) <S> = - Re E x H* 

t 2 t t 


= -r Re — - — [cos0.i + sin0.i ] 

2 l z lx 

Uniform plane wave in middle region [cos©^ real] 


4 E. 


2 2 hi cos0. p„ cos0 2 

4cos k d + sin k d [ + — ] 

zt zt n 0 cos 0 n COS 0 . 

2 t 1 i 


Non-uniform plane wave in middle region [cosO^ = -j |cos0^|] 

i 2 


4 E. 


ru cos 0 . n 0 |cos6 I 0 

{2cosk d - sink d [ 1 " n 

zt zt n 0 cos0 ri cos0 . 

2 t 1 i 


L ]}' 


Oppositely traveling non-uniform plane waves in middle region allow time average 
power flow although each non-uniform plane wave alone cannot carry time average 
power. 
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6 = 90° - a 

c 


45 


45 


1 1.414 

1.33 1.88 


30 c 


60 


1 

1.33 


1.155 

1.536 


35.27 


60° 


30° 


1 

1.33 


2 

2.66 


-90 


31. 


sin6 = 1.33 sin0 . 

t l 


= (1.33) ( - 5) = .665 0 = 41 . 69 c 


1 

32. a) sin0„ = — sin©., 
2 1 


n 2 n i 

sinG. = — sin0„ = — sin0„ 

3 n 3 . 2 n 3 1 


b) sin© 


lc n., 


c) Same critical angle with or without coating. 


d) sinO^ > — [Coating must have smaller index of refraction than light pipe.] 


n„ 


33. a) sinG = — sin0 = 

t n nR 


y - R _ R 

sin©^ sin(0 - 0 ) 


sin8 

= R[ — r r 


sin(0 - 0 ) 


+ 1] 


sin(0 - 0 ) = sin0cos0 - sin0 cos© 
t t t 


2 

= sinG 1 - sin 0 - sin0 . 1 - si 

t tY 


• 2 
m 0 
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= - 1 - 
R 


(— ) 2 - — 
nR' nR 


J 1 - <f > 2 


y = R 


y<2R + Jn 2 - (|) 2 - ji 


2 ,x> 2 

' - ( R> 


- (5) 2 < H - 2 
V 2 


n > 2 ->- 1 - qy 


F 

CM 

1— i 

(—) 2 
V R' 

+ 
1 — 1 

1 

l—l 

(n 2 - 

2) 2 , 


+ 1 


-) 2 ) 
r' ; 


Fi 


2 2 


( 21 )- 


b) sin0 = 


sin0 a 


t n n 


sin0 sin(90° + 0 - 0 ) cos(0 - 0 ) 
t t t 


R' 


R 


RsinB 

R. , t R “ 


cos(0 - 0 ) n[cos0cos0 + sin0sin0 J 
t t t 


aR 


r i 2 .a. 2 , a -| 

"W 1 " a J 1 " <n } + ^T ] 


aR 


r n n 2 . 

L. n - (na) n - a + a J 

1 \ 


; /~2~ <_ n < 2 
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CHAPTER 8 

GUIDED ELECTROMAGNETIC WAVES 


Section 8.1 
1. From (2.6.4c) 

2lT£ 


C = 


cosh ■*■(—+ 1) 
a 


2tte 


cosh ■*■[— w - l] 
2a 


wire-plane 


2 wire line 


L = 


e M 
o o 


cosh "*"(—+ 1) 
2 tt a 


wire-plane 


U o ,-lrD 2 

cosh L — o ~ 1J 


2t t 


2a 


2 wire line 


o s 3v _ , . _3i 

' 9z L z 3t 


tf * -«*> If 


2 2 
9 v T , . a i 
= -L(z) 2 

at 


9z9t 


_ 9 r 1 9i -i 
9z L C(z) 3z^ 


a 2 i 


at 


2 L (z) 9z L C(z) 3z 


l — — — ] 


A_ 

9z9t 


= -C(z) 


at 


= - — [ 


1 9v 


9z L(z) 9z 


] 


a 2 
3 v 


at 


1 9 r 1 3v 1 

L t / „\ J 


2 C(z) 3 Z l l(z) 9z 


b) L(z) = L e az , C(z) = C e aZ 
o o 


v(z,t) = Rev(z) e^ a>t , i(z,t) = Rei(z)e^ wt 


- 244 - 



GUIDED ELECTROMAGNETIC WAVES 


a 2 i 

at 2 " L(z)C(z) az 2 • l(z)c 2 (z) 3 z dz 


1 3i + _ 1 


31 dC(z) = 

rv 1 _ ^ 


a 2 v 


1 3 v 1 3v dL(z) 

9t 2 " L(z)C.(z) az 2 l 2 (z)c(z) 3 z dz 


= 0 


3 2 i 1 a 2 i a 31 


.2 L C 2 L C 3z 
3t o o 3z o o 


= 0 


a 2 y _ 1 3 2 y + a 3v _ « 

„2 LC.2 LC3Z 
Bt o o 3z o o 


d i(z) di(z) 2? n 

__ + a — - + L C to i(z) = 0 

.2 dz o o 

dz 


i(z) = Ie^ Z p 2 + ap + L C (d" = 0 

o o 


= _ a + 


a 

4 


L C u 
o o 


f i j.e; 3 


TP 2 “ 

L C u - -7— 

00 4 


i(z) = [l 1 e- 


je, + j -Jfj,' 2 2 


A / \ 1 di 1 

y (z) = - t . -TT / r r ur = - t 


d,- 5ST V^ + f)^ cz ] 


a 

^'3 3z n 2 Z 


c) v(z=o) - v o - - -jig- [i/je - f) - I 2 ae + f)] 


Open Circuited End: i(z=£) = 0 -> I^e d B£ + I^e dB£ = 0 


I, = 


-juC V e 
o o 


-JBA 


; Io- 


jtoC V e 
o o 


j BL 


1 [(jg+|)e ;]3A + (j6--f)e~ j ^] ’ 2 [(jB + -|)e j3£ + (j0- 




i(z) = 


-juC V 
o o 


[(j3+-f)e jeA + (jB--f)e d3£ ] 


r is(z - £) -j B(z - a) -] 
L e - e Je 


2wC V sinR(z - a) e 
o o 


[(J3+ f)e j3£ + 
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C 2j V [gcosg (z - £) - ^ sing (z - £) ]e^ 

/ \ 1 Q1 O l 

v ( z ) = - T7 = 


j " C<Z) dZ [(jB + f)e jM + (j S -f)e-J W ] 


Short Circuited End: v(z=i) = 0 -t I (jS — - I ( j S + ^)e 


= 0 


X 1 = 


o)C V e 
o o 


-jg£ 


2(jg - -)sing£ 


- ’ X 2 = 


o)C V e 
o o 


j3£ 


2( j 3 + y ) sing£ 


v(z) = 


JV 0 r jg(z-£) -jg(z-£)-| 2 z 

2sing£ 6 


V sing(z - £)e 
o 

sing£ 


i(z) = - - 


1 dv 


V 


jojL(z) dz jL ii)sing£ 


[gcosg (z 


£) + — sing (z 


- £)] 


a 2 

d) Waves decay if - — > u L C 

4 oo 


Cut off -> oj 


co 


2/L C 
o o 


/ 2 a 

e) Short circuited line resonance -> sing£ = 0->-g£=£/LCw - — = nr n=l,2,3. 

J o o 4 

2 


oj = 

n 


/ nTr \ 2 a 

mt; 4 

L C 
o o 


1/2 


* • ■ j t. j3£ , -j3£ N , a / j3£ -j3£s „ 

f) Open circuited line resonance -+■ jg(e +e ) 4- ~(e -e J = 0 


Ci 2 8 

gcosg£ + — sing£ = 0 -> tang£ = - — - 
2 a 


3. a) E - ru i , eE . , adtl 


qr (j) ’ f cj> ar 


» q t = / o f Ddr = 


2® in i 

a a 


H = H (r)i $ = pH (r)raD -*■ H (r) = — — 
r r r r yaDr 


/ H (r)dr = — £n — = i -* H (r) = — — 
J r uaD a r 


b 

r£n - 
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C = 


e£n — 

a 


Dv(t) 


a 


$_ _ ya 
Di 


» L n-i b 


Ln — 
a 



aW 3E 

»>!■-«?» x 


3H 


3t ' 3z P 3t 


V x H - Jf + e f 


3H 3E 

— ^ = J + e 

3z x 3t 


2 2 2 
3 E , 3 E 0 3 E 

, x I x . 2^ x 

» ^ ^ . + e — = a ► w E + — 

3z 3t 3t „ . z y ^ z p x „ . 2 


3 2 H 9J 
Z = . x 


- c 


at 


dz 


at 


2 3 2 E 
2 x 

dz 2 


„ , \ v(z,t) 3 V , 2 2 3 V ^ 

E (z,t) = — -> x- + a) v - c = 0 

x S i - 2 P a 2 

3t 3z 


Hy<2 , t) . ii&al 


, . _ j (cot - kz) 2 2 2 2 

v(z,t) = Reve ■> -w + co + k c 

P 


= 0 


2 2 
W co - co 

_ + E 


k real (propagation) -> co > co 

P 

k imaginary (evanescence) co < co 


v(z) = V^sinkz + V^coskz 


v(z=0) = 0 = V„ 


v(z = -£) = V = -V^sinkL 
o 1 


V sinkz 

v(z) ° ink& , v(z,t) = Rev(z)e JUt 


V sinkz 
o 

sink#. 


cosoit 


jj _3i _ 1_ _3v -( z ) - + ^ V coskz 

D 3t s 3z 12 ysjco sinki. 
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• - V kD 

. / \ „ c / \ J<ot o coskz 

i(z,t) - Rei(z)e = — smut 

toys smk£ 

e) Resonance -*■ sink£ = 0 -* k£ = nir -> <o^ = to^ + ( ~ c -) ^ 

p £ 

5. a) i(z,t) = ^ ~ [v(z - Az) - v(z) ] ; v(z,t) = -^ -^7 [i(z) - i(z + Az) ] 


llz, i(z,t) - -C v(z,t) - -L 

z-n) 


b) i(z,t) = Reie^^ v(z,t) = Reve^ Ut 


i = -Ctokv; v = -Ltoki 


2 2 - 2 2 
i = +LCto k i -> LCto k 


= 1 -> k = 


>/lc 


a (0 (0 /LC 

c) v = — = 

P k 

dto 2 n— 

v = — = -to /LC 
g dk 

Such systems are called backward wave because the group velocity is opposite in 
direction to the phase velocity. 

d) v(z) = V^sinkz + V^coskz 


v(z=0) = 0 = V, 


-V 


v(z = -£) = V = -V sink£ -> v(z) = — . sinkz 

o 1 sink£ 


, - jtoCV kcoskz rr~ , 

C / x „ . dv o . C TT coskz 

i(z) - -Ci(o — = — — = 1 7 V — . , - 

dz sinkt J J L o smkl 


e) Resonance -> sink£ = 0 -* k£ = nit -* to = 


n ,nn 


<f)*c 
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V R + Z 

v = A = o 

V +n=0 2 ( R^ + R } 


V = V, + V 
n +n -n 


V R^ + Z R t - Z 

o / L _o^ j--j_ + L o 

R. T t 

o 


— (- 
2 R l + R 


B , 7 ] (r r ) n 

R^ + Z s L 


V R t 

— — — (r r ) n 

R + R s L 



IRR R-Z R-Z 

i- [1 - (r s r L )”]; 

L s so L o 


n 


' \ ' \ + R : 


I R 

08 [i - (r r T ) n ] 


s L 


b) V = 
n 


i r r (i + r )[i - (r r ) n ] 

o s o L s L 

i-rr T 

s L 


r = — - 

o R + Z 
s o 


lim 

y* 

V = lim 

n r ->1 

S 

V = 21 Z n 
n o o 

R -**= 
s 

r -^1 

j_i 


lim 

I = lim 1 
n r ^ n 

s 

= I o [l - (-l) n ] 

R -*» 
s 

V- 1 



n even 


n odd 
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>) 

v-CO-V^uCO-urt-T 


>3 


WAVES 







c) Triangular voltage waveform is integral of v(t) = V [u(t) - 2u(t - T) + 

0 V 

u(t-2T)]. The source current is then the integral of i g (t) = — ^ — — [u 
2u(t - T) + u(t- 2T) - r[u(t-2T) - 2u(t - 3T) + u(t-4T)]] 




GUIDED ELECTROMAGNETIC WAVES 


v(t=0_) 

= iv 

= V + 


2 o 

+ 


V Y 


i(t=0_) 

o o 
4 

= Y (V 
o 

a) t 




V = -r V 
+ 8 o 


= Y (V, - V ) V =-V 

— — o O 


0 < t < T 


T < t < 2T 


z = 0 


V = -f- V 
+ 8 o 


V - 8 V o 


V. = f V 

+ 3 o 


V = 0 


z = £ 


V = — V 
+ 8 o 


V = 0 


V^ = o V 
+ So 


V = 0 



i> WWV — o 


+ 

— 


v + -\Uv_ 


4 

V + +v. 


~l~o 


0 < t < T 


T < t < 2T 


2T < t < 3T 


v 

+ 4 


V = f V o 

- o O 
V 

V = -2- 

+ 4 


V = R V o 
— o O 


V 

V = 

+ 4 

V 

V =-2- 

12 


V . = - V 
+ 8 o 


v = o V 
— o o 


V 

V = -2 
+ 4 

V 

v = — 

12 


V 


V 
_c 

+ 4 

V 



t-5 Ct') s Vo C3V + -V.) 


V = 


12 
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i-sOO 



c) t 

0 < t < T 


z = 0 

V 

V = -2. 

+ 4 


z = i 


V = ^ V 
+ 8 o 


T < t < 2T 


V = - V 

8 o 

V 

V = -2 

+ 4 


V_ = 0 
V 

v = — 
+ 4 




V = 0 


V = 0 



Capacitive Load 


v(t=0_) = 0 = V + + V_ 


i(t=0_) = = Y (V , - V ) 


v z v (t=0_)=0 = V + + V_ 


-> V = -V = 


o o 


b) t 

0 < t < T 


o + 
z = 0 


V + = 0 


V = 


-V z 

o o 
2R 


+ - 2R 


V 


S i(t=0 ) =^-=Y (V. - V ) 
- 2Z o + - 

o 


V = -V =- 
+ 


z = SL 


V 


V z 
o o 


+ 2R 

s 

-V Z 

V = -2-2. 
2R 


Inductive 


T < t < 2T V + = 0 


V = 


-V Z 
o o 

2R 


V + = 0 

-V Z -Z (t-T)/L 

V = ° — e ° 

2R 
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z = 0 


0 < t < T 


V = — ~ 

+ 4 


-V 


V = 


T < t <2T 


V = -2- 

+ 4 


V 


V = — - e 

2 l 2 


- (t-T) /Z C 
o , 



z = H 


V 


V = -2. 

+ 4 


V -t/Z C 

V = (i-e 0 ) 
2 ^2 ; 


o 

V + = ^ 


v -t/Z C 

V = — - e ° ) 

2. 2 e ; 


Inductive Load 


Capacitive Load 


AfCtsJl lx/t) 

i 


ATC 
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t 

z = 0 

z = 

z = 

V 


V 




0 < t < T 

v = — 
+ 2 

V + = 0 

V = 
+ 

0 


V_ = 0 

V_ = 0 

V = 

0 


V 

V 


o 

T < t < 2T 1 

V = 

+ 2 

v = — 
+ 2 

v + = 

4 v 

3 o 



V 




V = 0 


V = 

0 


V 

V 


o 

2T < t < 3T_ 

V. - -a 

V. --S- 

V = 

\ v 
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oj = 

n 


c 3, 

I <” + 4 ) ' 


f (" + 


inductive 


capacitive 
jk£ T7 „-jk£- 


c) i(z = -£) = I = Y [V e JKX - V e“ J **] 
o o + - 


v + = 


IZ (1+jXY) 
oo J o 


[(1-jXY ) e jk£ + (1 + jXY )e JKX '] 
o o 


ik£ 


v = 


-I Z (1-jXY ) 
o o o 


[(l-jXY Q )e (1 + jXY o )e JKX '] 


jk£- 


Resonance 


(1 - jXY )e (1 + jXY )e jkA = 0 + tank£ = ~ 

o o aY 


17. 


I „ | „ , „ 4 . inductive 

X = Z -*■ tank£ = _ 1 . . -* oj = 

o capacitive n 


>. D _ 1 , 1 „ _ 2 TO 


f (n+ i^ 


i (n+ l H 


a 62n'a a <52irb : 
w w 


£n 


n = 0 , 1 , 2 , 


b) a = I [RY + GZ ]; Y = y- = p~-~- 
2 o o o Z y „ b 

o , £n — 
a 


1 fgj $ + , M 

2 la <57n b ° J e 


c) a = 0 -* a = 


da 


1 f F/I + I) 

2 Vy ( a b ; 

a 6£n — 

w a 

i nr .11 

I^r -1 <; + b 

_ P O 1 ' ■» 


a b 


da a 6 2 b . b .2 b 2 

w La £n — (£n — ; a 

a a 




a( a + b 
£n - 


= 1 -»■ £n — = 1 + ~-^ — ^ 3.6 
a b a 


18. 


a) v ( z ) = V + e jkz + V_e jkz 
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£<z) - ^ 0 [V +e - jkz - V_e Jkz ] 


v(z = -JO = V = V e Jkl + V e Jka 
o + 


v(z=0) = i(z=0)R L -> V + + V_ = y q r l < v + - V_) 


V. = 


-V (1 + Y R ) 
o o L 


+ [e- Jk \l-Y *)-(l + Y E t )e jk ‘] 
O L o L 


; v = 


V (1 - Y R_) 
o o L 


[e“ jk£ (l-Y R ) - (1 + Y R )e jk£ ] 
O L O L 


V (1 + Y R t ) -V (1 - Y R_) 

o o L X7 a. o o ij 


b) v + * v - * 


2Y R T + 2jk£ 
o L 


v(z) % 


2(Y o R L + jk£) 
V 


[(1 + Y 0 R l )(1 - jkz) - (1 - y Q \)(l + jkz)] 


(Y R + jk£) L o L 
o L 


[Y R t - jkz] 


Y V 

iOO £ oVv '- p 0 1 ^ 0 , [d + Vl )( 1 " jkz) + (1 - Y -, R T )d + jkz)] 


2(Y R t + jk£) 

O L 


Y V 

% o o 


o L 


(Y A + jkt) C 1 - 


c) YqR^ << 


k l 


i(z = -£) = 


l 

-* — wwv 
+ 


Y V (1 + jk£Y R t ) 
o o o L 

Y A + J k<! '» 1 + J k «„\ 


-*■ V = 


i(z = -£)[Y R_ + jk£]z 
o L o 


U 


* i (z = -£) Z [Y R + jk£][l - jk£Y R ] 

O O L O L 




Cb 

'Xj 


% 

% 


% 


i(z = -£)Z [Y R + jk£] 

O O L 

i(z = -£)[R L + jATc £] 

i (z = -£) [R^ + jwL£] 


Y o R L >> k£ 
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i(z = -£) % 




Y V (1 + jk£Y R ) V 
~ ~ o L 


o o 


W 1 + 



a 


% ^ (1 + jk£Y R t )(1 

K O Lr 

L 


% V Or- + jk£Y ) 




° *L 


v(£- + j»c«> 


*l 


Section 8.4 


19. a) Z (z=0) = 2(1 -j), Z (z=-f) 
n n 4 


JO±j>+ Y n <am -? 


2(1- i) 
50 


Y t (z=--) = jB + -* B = .04, R_ = 25 


1 v2 

b) "V = 4 r 

S 2 

A V 

20. a) Switch open -> Z(z=-~ ) = 400 -*■ <P> = — 

z louu 

A y2 

Switch closed -*■ Z(z=-— ) = 800 -»■ <P> = ^qq 

1 y2 

b) Switch open -> <P L > = — <P> = 32 ° Q ~ 


V' 


Switch closed -*■ <P T > = 


L 7200 


c) Switch open -*■- Z =50 line, VSWR = — = 2 

o 4 

o 


Z = 100 line, VSWR = ~ = 4 
o 25 


*L 


Switch closed ** Z =50 line, VSWR = ■— = 2 
o Z 

o 

Z 

Z = 100 line, VSWR = -2- = 8 

O 1Z . _> 


21. a) and b) i(t) =Reie^ Wt ; I = |l|e^ -> i(t) = |l|cos(u)t 


V 


I = 


Z Z (-£) 
o n 



2(1- j) 


+ <f>) 
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_X 

8 

_A 

4 

3A 

8 

A_ 

2 


Z (-£) 
n 


.2 - . 4j 
•2+ .4j 
1 + 2 j 
1 - 2j 


V 


50 ( . 2-.4j ) 

V 

o 

50 C • 2+. 4j ) 

V 

o 

50 (1+2 j) 

V 

o 

50 ( 1— 2j ) 


V 


50//2 

V 

o 

50/72 

V 

o 

50/5 

V 

o 

50/5 


63.4 


-63.4° 


-63. 4 C 


63.4 


<P> = — V III cos<)> 
z o 

V 2 

(.447) 


100/72 

V 2 
c 

100 / 7 i 
v 2 

C 

100/5 

V2 
o_ 

100/5 


(.447) 


(.447) 


(.447) 


Z T - 1 
nL 




C) ^ Z nL +1 2(1 - j) 1 - j 


r T I = 


/2 


VSWR = 


1 + |r 


1 - | r 


l 1 = 1 + 7i 

iT ~ /2 - 1 


22. a) v(z) = V +e jkz + v_e jkz 


l(z) = Y [V e _jkz - V e jkZ ] 
o + - 


v(z=0) = i(z=0)R + V+V =RY (V -V) 

L + - L o + - 


V 


Vo 


- 1 


\~ Tl ' \\ + 1 3 


v(z= - £) = V = V e jk£ + V e jk£ ; k£ = ~ 7 = f 
o + — A 4 2 


= j (V + - V_) 


= I jV + 


V + = 


v(z) 

i(z) 


1 i\. v. - - | 


jV 


o [3e“ jkz + e jkz ] 


-j [3e" jkz - e jkz ] 
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b) VSWR = — = 2 

Lt 

o 


V 


c) |v(z) | z - <-|) 2 [3 e - 3kz + e 3k2 ][3e 3,UI + e ~ Jkz ] 


- (-|) 2 [lO + 3(e- 23kz + e 23kz )] 


V 


= (— |-)^[l0 + 6cos2kz] 


|v(z) I -*■ kz = -rnr, n = 0, 1, 2, . . . 
max 


Since - — < z <0->-n = 0^-z = 0->- |v(z) I = 2V 
4 max o 


I v(z) I . -> kz = - 

'min 


(2n + 1 )tt 


, n = 0, 1, 2, . . . 


n = 0 z = - — -»■ v(z) I . = V 

4 mm c 


Check: VSWR = 


v(z) 


max 


v(z) | 

'mm 


= 2 


23. VSWR = 3, Z = 100, — = .5 meters, d . = .2 meters 

o 2 mm 


2?rd 


kd 


mm 


mm 


= . 4tt 


VSWR- 1 _ 1 r 4d min . n _ 

VSWR+ 1 2 ’ ^ ^ A ~ 1 -* ' 27T 


r = 


| r = I e ' j( - 2w) 

1 L 1 2 


Z, = 


[ VSWR - j tan |] 

Z : — ; tan 


i _ 


° [l - j VSWR tan |] ’ 2 


= -.3249 


= 100 [3 + . 3249j ] 

[1 + j (3) (.3249)] 


= 170.08 - 133. 29j 
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24. a) A ->■ Z T = 2(1 - j) , B Y T = .25 + .25j 
nL nL 

C -»■ Y (-A.) = 1 + 1.6j, i. = JL = -137 A 
n 1 ID 

Y _ = -1.6i -* = . 089 A 

n2 J 2 

D ■> Y (-JL) = 1 - 1 . 6j , JL = l_ + l = . 279 A 
n 1 1 D C 

Y _ = +1.6j -> £ 0 = .411A 

n2 2 


b) 


c) 


d) 


25. a) 


*1 = 

.1371 + Si 2 = 

.089A + 


- 

• 279A + jl |, Si 2 = 

. 411A + ~ 


h-» 

II 

• 25 A + £ 2 = . 

074A + ^ 


£ 1 = 

. 3755 A + I1 |, £ 2 = 

= .426 A + 


*1 = 

• 039 A + I1 |, = 

. 177A + ~ 


II 

i — 1 

• 25 A + a 2 = . 

324A + 


*1 = 

• 294A + ^ = 

.089A + 


*1 = 

• 446A + = 

. 411A + ~ 


Z nL 

= 2(1 - * Y nL = 

= .25 + .25j 


Y al 

= .25 - j . 3375 



Y a2 

= .25 - jl.65 

' -j .5875 -»■ = 

.166A 

Y 1 = 

jIm(Y - Y ) = h 
a n£ 

1 -jl.90 -> £ b = 

. 077 A 


Y bi = 1 - jl.6 
Y b2 = 1 + j 3. 6 

Y 2 = -jImY b = h 


jl.6 -*■ a 2 = . 411A 
-j 3.6 -»■ l 2 = . 043A 
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\ = . 166A + Si 2 = .411A + “ 

A 1 = -077A + sl 2 = . 043A + ~ 

b) Z _ = 1 + 2j ■+■ Y = .2 - j .4 = Y . 
nL J nL J al 



Y bl = 1 - j2 -°> Y b2 " 1 + J 3 ' 8 


Y, = - j ImY = 


j2.0 + l 2 = . 426 A 
-j 3. 8 -*■ £ = . 041A 

j 2 


1 = • 25 A + l 2 = .426A + 

^ = • HA + 

Z = i - 
nL 


2 , l 2 = . 041A + ^ 
j ■ 5 -»■ Y = .8 + j.4 

nL 


, = .8 - i .025 
il j 

9 = .8 - j 2 . 0 


j Im(Y - Y 

9 . 


1 - 


nL' 


-j .425 -*■ £ = . 187 A 

J 1 

-j2.4 -> £ = .063A 


-J ImY b = 


j.25, Y b2 = 1 + j 2 . 2 

j.25 -+■ £„ = . 289A 

j 2 


— j 2.2 -*■ £ 2 = -068A 


87A +5|, £ 2 = - 289A + ^ 
063A + £ 2 = . 068A + I ~ 

■ 5 + j 1 + Y^ l = .4 - j . 8 
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Y al = * 4 - Y a2 " - 4 ~ J 1 - 8 


Y = jIm(Y - Y ) = 
1 a nL 


+1 .6 -*• £, = . 334 X 
J 1 


-11.0 l = .125A 
1 


Y bl =1 ' j’ Y b2 =1 + j3 -° 


Y 2 = -jImY b = \ 


j •> i 2 = . 375 A 


[ -j 3. 0 l = . 051A 


£ 1 = . 334 A + ^, £ 2 = . 375 A + 

= .125 A + Sj, j > 2 = . 051A + ^ 


26. a) Inductive 


Capacitive 


Z (z=0) =1+1 
n J 


Z (z=0) = 1 - j 
n 


Z (z= --) =^ = iiz3l 
n V k 1 1+j 2 


z (z=-|) = ^ 

n 4 1-j 2 


Z(z= .l) = (1-j) 


, Z 

Z(Z= 4 } =_ 2 (1+j) 


, 2V V (1+j) 

b) i(z=-A) = - o 


4 Z (1-j) Z 

o o 


2V 

f / A. o 

i(z=--) = 


v o (1 -j) 


4' Z (1+j) Z 
o o 


i(z=--^,t) = Rei(z= --|)e^ Wt 


i(z=--|,t) = Rei(z= --)e^ Wt 


t/2 V 


cos(wt+45°) 


V 


cos(oit-45°) 


c) a) -> 2<i) 
o o 


Z n (z=0) = 1 + 2j 


Z n (z=0) = 1 j 


Z ( z = -— ) =-L_, d- 2 3) 
n 4' 1+2 j 5 

A Z 0 (1 - 2 j> 
Z(z=-^) 


z ( = _ = 1 = 1 + 2 j 
n Z 4 } 1 . 1.25 

n 

Z( z = --) - Z ° (1+ 2 j) 

U 4 } 1.25 
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Inductive 

5V 


i ( z= - y) = 


V Q (l+2j) 


4 Z (1-2 j ) Z 

o o 

V A" 

i(z=-— ,t) = — cos(wt+63. 43°) 

4 Z 


i(z= 


i(z= 


Capacitive 

(l-yj)V 

A s _ Z O 

" 4 ; Z 


V /l. 25 


_A t ) = -2_ 

4’ ; Z 


cos(a)t-26. 57°) 


d) (D ->■ — 03 
o 2 o 


Z (z=0) = 1 + y 
n 2 


Z n (z=0) = 1 - 2j 


7 r = - A') = 1 = (1 2 

n Z 4 i 1.25 

2 1 

, z a-4 j) 

Z(z=-—~) = — — 

( 4 J 1.25 


z c z= - A) = JL_ = (l+2j ) 

n Z 4 ' l-2j 5 


ZC1+2J) 

Z(z=-A) 


i (z= -A )= !o (1+ i) 

O 


i(z=--,t) = z 


V A. 25 

cos(cot+26 . 57°) 


V (1-2 j ) 


• / A \ o 
1<z -'4 ) ' ~Z 

o 

. V A 

i(z=-— , t) = ° - ■■■ cos (wt-63 . 43°) 

o 


Section 8.6 


27. a) V x E = -y 


_3H 

3t 


- - 3E 3J f 2 - 

V X H = J f + e ~ = cyE 


eV* E = 0 


yV-H = 0 


i 


2_ g r o ^ ^ -p ”1 

V x (V X E) =V(V-E) - V E=-V — (V X H) =-y L eE + e — % 

/ at L p at 2 J 

9 , „2— (jo 2 

JL_ iLJ± _| E E 

E 2 2 2 

c at c 

' 2 3 

V x (V x H) = V(V-H) -VH=VxJ+ e — vxE 

/ f at 

1 3 2 h 

= V X J - ey — - 

at: 
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2 3H 9J 

v IF = " v x ^ 


f . 3 3 H 2 „ - . 

— I- ey y = -a) eV - x e + ey ~ 

J p , J 


3t' 


at' 


2 

“p 3H 1 3jf 

= c 2 9t c 2 3t 3 

V 2 H = — j + ~2 H 

c 3t c 22 

2 2 2 co ■“ (a) 

Solutions the same as in text with k + k + k = — ^ 

x y z l 


TM - Eqs . (13), (18), (19), (22) 
TE - Eqs. (30) , (32) 


2 2 

CO — U) i-t oi/o 

mtr _ nir . r p _ ^imr^ 2 _ ^n?r^ 2 jl/2 


, , , m . nir . r 

b) k = — , k = — k = [- 


x ay 


co 


= [m 2 + (I^) 2 ] 1/2 


c) v = 


p k ’ V g dk 
z z 


dco 


k c 
z 


d) TM [From (42) and (43)] 

,2 


<P > = 
z 


coek abE 
z o 

2 2 

8(k + k ) 
x y 


to > CO 


CO 


TE [From (47)] 


<?> = ■{ 

z 


coyk abH 
z o 

2 2 

8(k + k ) 
x y 


coyk abH 
z o 

2 2 

4(k + k ) 
x y 


m, n 4- 0 


m or n = 0 


to > CO 


CO 


e) From (54) 


a = 


2 (~) 2 [b + f (44)] 

a III 

TT C 

coyabk a 8 
z w 


2 2 

(a) (a) o t / o 

; k = [ - (V ] 1/2 
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28. a) 


<P > = 
z 


coek abE 
z o 

2 2 ’ 

8(k + k ) 

x y 


, mu , rnr 
k = — , k = — 
x a y b 


k k E sink x 

|K (x,y=0) | = |K (x,y=b) | = -^ | y~ 

jcoy(k + k ) 
x y 


K z (x=0,y)| = |K z (x=a,y) | = 


k k E sink y 


x o 


2 2 

■jtoy(k + k ) 
x y 


1 |K z (x=0,y) |' 


<P (x=0,y)> = <P (x=a,y)> = — Re(E*K*) = -z 

d all OyO 


X -- l |K (x,y=0) 

X « /n I \ A 


<P d (x,y=0)> = <P d (x,y=b)> = — Re(E*K*) = 2 


a w 6 


b a 

<P HT > = / 2<P^(x=0,y)>dy + / 2<P d (x,y=0) >dx 


dL o " ' d ' 


kV 

o 


2 2 2 2. 2 , „ 
to y (k + k ) a 6 0 

x y w 


b 2 2 a 2 2 

1/ k sin k ydy + f k sin k xdx} 
x y ^ y x 


2 2 2 
to e E 

o 


b) a = -r 


... 2 , , 2,2 12 
a o (k + k ) 
w x y 

.. <P > 2a)e(bk^ + ak^) 
1 dL x y 


2 2 
kb k a 


2 <P> 2 2 

a 6k ab(k Z + k ) 
w z x y 


29. a) TE 

Electric Field Lines 

, E k tank x 

dy _y_ _ __x x_ 

dx E k tank y 

x y y 


tank y d(k y) = -tank x d(k x) 
y y xx 


-&ncosk y = £ncosk x + constant cosk x cosk y = constant 
y x x y 
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Magnetic Field Lines 


, H k tank y cotk y d(k y) 
dz _ _£ = _Z Z_ + Y V 

dx H k tank x , 2 

xxx k 


cotk x d(k x) 
x x 


x 


— y £nsink y = -^r £nsink x + constant 

k 2 y k 2 

y x 


(sink x) (k y /k x^ 
x 

sink y 

y 


= constant 


TM 


Electric Field Lines 


, E k tank x tank y d(k y) tank x d(k x) 
dy; _y _y . Y y _ x x 


dx E k tank y 
xx y 


£ncosk y = ~ £ncosk x + constant 

k 2 V k 2 

y x 


(cosk x) (k y /k x) 

X 

cosk y 

y 


= constant 


Magnetic Field Lines 
H k cotk x 

7 ^ = ~ ~ ^ * cotk y d(k y) = -cotk x d(k x) 

dx H k cotk y y y x x 

x y y 

£n sink y = -£n sink x + constant 
y x 

sink x sink y = constant 
x y 

_ _ j k k sink x 

b) K(x,y=0) = H [i cosk x - i — ] 
ox x z , 2,-2 

k + k 
x y 


.a. _ _ jk k 

K(x,y=b) = -H cosn 7 r[i cosk x - i -7 7 sink x] 

o x x z , 2 2 x 


k + k 
x y 


jk k 

z_y_ 


K(x=0,y) = H [-i cosk y + i 77 — , , 7 sink y] 
o y y z k z + k z y 


x y 
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— — _ k z 
K(x=a,y) = -H cosimr[-i cosk y + i y z 0 sink y] 

y y z k 2 + k 2 y 

x y 

On y = 0 and y = b surfaces 


, K -k k 
dz z z x . 

— = — = — ~ y tank x tank z 

2 . , z x z 


dx K 


x k + k 
x y 


-k‘ 

2 

cotk z d(k z) = —z — 

z z k 2 + k 2 
x y 


tank x d(k x) 
x x 


z 

An sink z = — — 

z k 2 + k 2 
x y 


An cosk x + constant 
x 


(cosk x) 
x 


2 2 2 

k /(k + k ) 
z x y 


sink z 
z 


- constant 


On x = 0 and x = a surfaces 


dz 

dy 


-k k 

Z V 

— y tank y tank z 

k 2 + k 2 y 
x y 


(cosk y) 

y 


2 2 2 

k /(k + k ) 
z x y 


sink z 
z 


= constant 


c) TM - At x = 0 


- jk k 

a (x=0,y) = 0 z x „ eE sink y 

f k 2 + k 2 ° y 

X y 
k k 2 E 

K (x=0,y) = X -y— ! - — y— sink y 

z j W (k 2 + k 2 > y 

x y 


_ 

V *K = — - 
Z 3z 


+ “jk K 
z z 


8a 

■aT * jwa f 


So 


V K + 3t 


f _ 


-k k 
z x 


(k + k‘) 
x y 


0 E sink y [ — - cos] = 0 
2, o y 7 L wy 
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TE - At x = 0 

-k k2H o 

a (x=0,y) = — ° ? sink y 

r jw(k + k ) 7 

J x y 


Jk k _ 

K(x= 0 ,y) = H [i » z y sink y - i cosk y] 

° z k 2 + k 2 y y y 
x y 

■ a k 2 

V • K ^ -jk K +^-K = H k sink y — 5- + l] 

I zz 8yy oy y k 2 + k 2 

x y 


So , 


V *K + — — = H k sink y [■ „ „ 

I St o y y J \ 2 . . 2 


Z + 1 - x” -] = 0 


2 2 
k + k k + k 

x y x y 


30 . a) f [A 2 + (B) 2 ] 1/2 


, , c r 2 2.1/2 

a = b f = — — Lm + n J 
c 2a 


c = 3 x 10 8 , a = 10 2 -*• f = 1.5 x 10 10 [ m 2 + n 2 ] 1/2 

c 


m 

n 

f 

c 

1 

0 

1.50 x io 10 

1 

1 

2.12 x 10 10 

2 

0 

3 x 10 10 

2 

1 

3.35 x 10 10 

2 

2 

4.24 x 10 10 

3 

0 

4.5 x io 10 

3 

1 

4.74 x io 10 

3 

2 

5.41 x 10 10 

4 

0 

6.0 x io 10 

3 

3 

6.36 x 10 10 

f 

CO 

c 

c 1.5 x 10 

= 2^ 3 

2f f 


CO CO 
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31. 


f 

CO 

a 

o 

I— 1 

o 

r— 1 

1.5 cm 

00 

o 

I— 1 

1.5 m 

io 6 

150 m 

io 4 

15 km 

io 2 

1.5 x 10 

TM 



E (x,y,z) = E sink xsink ysink z; k = mir/a 
z o x y z x 

E k k 

E (x,y,z) = ^ sink xcosk ycosk z; k = 

y k 2 + k 2 x y z y 

x y 

E k k 

E (x,y,z) = tt cosk xsink ycosk z: k 

x k 2 + k 2 X y Z 

x y 


h = - 
y 


1 

9E 

3E 

1 

( Z 
^3y 


jmu 

E 



0 

sink xcosk 

jwy 

X 

y 

E k 

. 2 


o y 

k 


jrny 

(k 2 + 

k 2 ) 


X 

y 


9E 

9E 

1 

juy 

( X - 
v 9z 

Z ) 
9x 1 


k k" 
JL ^-> 


z y k 2 + k 2 

X 


X 




k x k z 

cosk xsink ysink z (— x x + k ) 

x y 2 k 2 + k 2 x 

x y 

E k k 2 

— y y cosk xsink ysink z 

Ja)M k 2 + k 2 x y 
x y 


, 9E 9E 

H = - -7 Ox- 2 - - = 0 

z jojy 3x 9y 


TE 


H (x,y,z) = H cosk xcosk ysink z 
z o x y z 


mr/b 


pir/ £ 
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-H k k 

H (x.y.z) = ° y 2 cosk x sink y cosk z 

y k 2 + k 2 x y 

X y 


-H k k 

H (x,y,z) = — r r- sink x cosk y cosk z 

X k 2 + k 2 x y 

x y 


9H 3H 


E = ( — A _ — Xn 

x jwe 3y 3z 


cosk x sink y sink z(k 4 ^ — «) 

jwe x y z y . I . _ 2' 


k + k 
x y 


2 

-H k k 

0 -^ -- y — r— cosk x sink y sink z 

,, 2 z. x y z 

iwc(k + k ) y 

J x y 


. 3H 3H 

E = — (— - —3 

y jwc 3z 3x 


H k k 

sink x cosk y sink z( x z ^ + k ) 
jwe x y 2 k 2 + k 2 X 

x y 

•2 

H k k 

r — sink x cosk y sink z 

,.2 2, x y z 

jtoe (k + k ) J 

x y 


1 3E 3E 

E = 4- (^ - ^) = 0 

z jioe 3x 3y 


b) k 2 - k 2 + k 2 + k 2 - (=4 2 + (2J) 2 + O 2 - % 

x y z a b i ^ 


c) TE 


E = — sink x sink z i ; k = — , k = 0, k = — 

k x z y x a y z i 

x 


H = H [- - — sink x cosk z i + cosk x sink z i ] 
ok x zx x zz 

x 


K(x,y=0,z) = -K(x,y=b,z) = -iL (x,y=0, z) i + H (x,y=0,z)i 

* Z Z X 

r k Z 

= H Lit - sink x cosk z i 4- cosk x sink z i I 
o *x x z z x z x J 
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K(x=0,y,z) = K(x=a,y , z) = -H^ (x=0 ,y , z) i 

= -H sink z 
o z 

< P HA (x,y=0,z) > = <P (x,y=b,z)> = -| Re(E*K*) 


2 

1 H o iv z->2 .2 2 2 2 -| 

= -y — ) sm k xcos k z+cos k xsin k zj 

^ cr o k x z x z 

w x 

1 H o 2 

<P (K=0 ’ y ’ z)> = <P dA (x=a,y ,z)> = - ^ sin k^ 

w 

a £ b £ 

<P > = / / 2<P (x,y=0 ,z) >dxdz + / / 2<P (x=0,y,z)>dydz 

d x=0 z=0 dA y=0 z=0 dA 


TT /- 

o f .a. 2 a_ _£ a. _£ b£ 

a 5 | V 2 2 2 2 2 

w 


H 2 £ 
o a 


2o 6 1 2 

w 


(1 + (f) 2 ) + b 


d) <W> = J c |e 1 2 + J p |h 1 2 


2 2 „2 , 

“ y o . 2, 2 , 1 2 r z 2 . 2, 2 , 2 . 2 

^ sxn k xsm k z + - pH L(; — ) sxn k xcos k z + cos k xsxn k zj 

,2 x z 2 o k x z x z 

k x 

x 


1 2 } a) ey .2 .2 ,a N 2 .2 2 2 . 2 

= — uH ■< — y— sm k xsm k z + (— ) sm k xcos k z + cos k xsm k 

2 o 1,2 x z £ x z x 2 

v k 

x 


a b £ 

< W > = / j J <w>dxdydz 

x=0 y=0 z=0 


2 2 


1_ 2 f a) sya a. kb + ^-a^ 2 a. _£b + a_ _£b 


2 P o 1 2 2 2 2 2 T 2 2 


1 ,,2 fu 2 eya 2 , ,a s 2 . „ 

= - yH o a£b — + ( T> + 1 

^ TT 


e) Q 


2 2 

w eya „ 

W <W> w 0 ab t^-2— + <f) + 1 W 

o 


TT 


<P d > 


[f (1 + (f) 2 ) + b] 
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2 2 

to eya „ 

, h ^ ^ 
zab 7T 

tf a + <f) 1 2 > + b] 


6 = 


Q = 


l to ya 

V 0 

4 ab 


w 


2 2 rl 1 1 

- TT C L~y + — 

a £ 


6 L 2 2 
ra , DTT C 1 

1-2 9 9 j 


2 2 
a) a 
o 


Section 8.7 

2 2 2 

32 . a) k + k = to ey 
x z 

2 2 2 
-a + k = to e y 
z oo 


n 2 x 

ot = 0 - 9 - to 


ey - e y 
o o 


TM 


Odd : a = — k tank d = 0 9- k = ^-7 

e x x x d 


1- 0 1 ^1 j n 1 ( 2 n + 1 ) 7 T 

Even: a = - — k cotk d = 0 9 k = — 

e x x x 2 d 


TE 


U- 


Odd : a = k tank d = 0 9- k = -^-7 

y x x x d 

Even: a = - — — k cotk d = 0 9- k = ~*'^ 7r 

y x x x 2d 


b) k d << 1 9- tank d ^ k d, cotk d 2; - — 7 

x k d 


x x 


TM 


Odd: a % — k^d, k^ + = to^(£y - e y ) 


e x 


o o 


1 ^ 1 1 2 / e \ 2 2 , w e ,2 

k + k (-—7) - to (ey - e y )( — 7) = 0 

x xed ooed 

o o 
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Even: 

TE 

Odd: 


Even : 

c) TM 
Odd: 


<P > 
z 


k 2 = _ I ( _E_)2 

x 2 e d ; 

o 


+ n 

'\l 4 


( ^i )4 + “ 2( -rd )2(ey - e 0 y o ) 

o o 


,22 ,22 2 
k = w e y + a = w ey - k 

ZOO X 


a r o 


Ik 


ed 


2 2 2 2 
, k = -a + a) (ey - e y ) = co (ey - e y ) - 
x o o o o 


e o 
<^> 2 


y o , 2 , ,2 I, y N 2 4 . / 1 , y s 4 , 2 / y s 2 / ^ 

a % — — k d, k = - -(— j) T /t (— t) + w (— 7 ) (ey - e y ) 


y x * x 2'y d 

O 


4 v y d 
o 


"y d' 
o 


o o 


2 2 2 2 2 
k = ii) e y + a = a) ey - k 
zoo x 


y o . 2 2 2. N 2 . , , y 0. 2 

a r. k = -a +o) (ey - e y ) = w (ey - e y ) - (— ) 

yd x 00 00 yd 


<S> = - Re E x H* = 7 Re[(E i + E i ) x (H*i )] 
2 2 xxzz yy 


^ Re[E H*i - E H*i ] 
2 x y z z y x 


= 


U£; o^z 1 , 1 2 - 2 a(x-d)— 

-I - |A 2 I e 


toek 


z | . | 2 2, - 

— — A cos k x 1 
2 1 1 1 x z 

c 

x 


ai£ o^ C z 1 . 1 2 2a(x+d)— 

2 l A 3 ^ 6 X z 

a 


x > d 


x < d 


x < -d 


-d log k o o d wek 0 „ 

/ — ° Z | A | e a X dx + / — |A | cos k x dx 

^ -j * 1 ^ J. X 

- 00 a -d k 


00 we k 0 

, t o z 1 . 1 2 -2a(x-d) , 

+ J — |A 2 I e dx 

da 
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<p > 

z 


Even: 


<P > 
z 



<P > 

z 

TE 

Odd: 
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we k „ 0 wek 0 , 

° Z [|Aj 2 + |A 9 | 2 ] + |A 1 | 2 [k x d + | sin2kjl] 


2a 


3 ■ 1 3 


I A. I = I A I sink d = I A 
2 1 1 1 x 


. , cosk d 

l 1 e k x 

o x 


2 we k 2 wek 

| A | [ — y— ^ sin k d H (k d + — sin2k d)] 

1 3 x ,3 x 2 x 


<S> = - Re E x H* = Re[(E i + E i ) x H*i ] 
2 2 xxzz yy 


= Re[E H*i - E H*i ] 
2 x y z z y x 


“ £ o k z i„ | 2 -2a (x-d)— 

2 |B 2 I e 
a 


o 2 

= < B | sin k x i 

.2 1 x z 


( W£: o k z 1 2 2a (x-d) — 
8 B e 1 

Qt 2 3 


x > d 


-d < x < d 


x > d 


we k „ „ wek 

-fr [ Ib 3 i + |b 2 i ] +- r s - IbJ [k x d - -j .i«2k d] 

2a k 

x 

| | ea 

|B I = |B I cosk d = sink d 

3 1 1 x e k x 

o x 


B wk [— cos k d 3 y (k d - — sxn2k d) ] 

1 z 3 x , 3 x 2 x 

a k 

x 


_ 1 XL 1 - „ _ „ _ 

<S> = - Re(E x H*) = - Re[E i x (H*i + H*i )] 
2 2 yy xxzz 


- Re[-E H*i + E H*i ] 
2 y x z y z x 
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<p > 
z 


|a 2 


<p > 

z 


Even: 


<P > 
z 



<P > 

z 


d) <p d > 


a = 
z 
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= 


“ y ° k z i, | 2 -2a(x-d)— 

2 l A 2 l e 

a 


wyk „ „ 

z | . 1 2 2 — 

— 7T- A cos k x l 
, 3 1 1 1 x z 


x > d 


-d < x < d 


toy k 
o 

2 '“3 


| A | 2 e 2a(x-d)y 


x < -d 


wy k toyk 

[|A 9 | + |A 3 ] 4 | A 1 1 [k^d +— sin2k^d] 


2a 


3 L 1 "2 


ya | A | cosk d 

| A, | = | A^ | sink^d = — 


y k 

o x 


K 


toy k „ toyk 

— ^ - sin k d 4 ~ [k d 4- — sin2k d] 

3 x ,3x2 x 

a k 


<s> = { 


U3VJ o k z | 1 2 -2a(x-d)— 

~z~ IV e 

a 


toyk „ „ 

z | 1 2 . 2 — 

— ^ — B„ sm k x i 
, 3 1 1 1 x z 


Wy o k z i„ 1 2 2a(x4-d)— 

I b 3 i 6 

a 


x > d 


-d < x < d 


x < -d 


toy k 
o z 

2a 3 


2 2 wyk 2 1 
[ I b 2 I + I b 3 I ] + — r l B i I [k x d -i sin2k x d ] 


B = cosk d = — - — B sink d 
1 3 1 '1' x yk '1' x 

o x 


toy k 2 toyk i 

— ?— — cos k d 3 [k d - — sin2k d] 

3 x ,3 x 2 x 


1 ifl 2 

~2 a |E | 


L <P d > 


-d < x < d 

+ “ 1 i=,2. 


> <P > ; <P d > ' 1 2 C ’ ,E| dx 

z -d 
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TM 


1 2 2 2 2 
Odd: < P J > = o I A I [sin k x + (- — ) cos k x] 

d 2 1 x k x 

x 


<Y = I ° "IT" [k x d(1+( ^ )2) - I -n2k x d(l- Y) 2 )] 

XX X 

[d(l+ Y) 2 ) - | Sin2k x d(l- Y) 2 )] 

OX X 


a = 


z 4wk k e „ 

z x [— §- sin k d + Y (k d + — sin2k d)] 
3 x . 3 x 2 x J 

a k 

x 


Even 


1 2 2 2 2 

: <p > = — a I B _ I [cos k x + (- — ) sin k x] 

d 2 1 1 1 x k x 

x 


| B | k k 

<p d > ■ \ 0 ir- [ V (1 + ( ir )2 > + 1 sin2k x d<1 - <r )2):i 

XX X 


TE 

Odd: <p > = -• Y) 2 I A n I 2 cos 2 k x 

d 2 k 1 1 1 x 

x 


<P > = - Y) 2 — [k d + j sin2k d] 

d 2 k k x 2 x 


x x 


„ a .wy 2 1 1 2 .2. 

Even: <p, > = — — ) B. sin k x 
a z k 1 x 

X 


<P d > = f (fV l\& - I Bin2k x d] 

X X 


33. a) E (x=0) = E (x=0) = 0 
y Z 

TM even not allowed 
TE odd not allowed 
Allowed modes: TM odd, TE even 

b) TM odd 

jek A 

a (x=0) = eE (x=0) , 

r x k 

x 
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K (x=0) = H (x=0) 
z y 


j weA^ 
~k 

x 


TE even 


a^(x=0) = 0 
K (x=0) = B 

y i 

__ 9ct ^ A -jueA - j ek A 

c) TM odd: V^. *K + -^- -> -j + j wo f = -jk^ ( — — )+jw( — ~ ~ — ) =0 


TE even: V^,*K = 0 


d) <P > = 


d a <$ 
w 


SI 2 


ajeA^ | 2 ^ 


k ad 

x 1 w 


a 6 
w 


TM 


TE 


e) a = 


<P > 

l cL 

z 2 <P > 
z 


TM odd: <S > = ■( u 

z 


, 2 

WE o z i, 1 2 -2a(x-d) z | A |2 2 -2a(x-d) 

7 T- A e = -7T- A cos k de 

2 1 2 1 , 2 1 1 1 x 


> d 


e k 
o x 


wek „ „ 

z | . 1 2 2 

7T- A cos k x 

. 2 1 1 1 x 


0 < x < d 


P o z I I 2 -2a(x-d) y k z i i2 . 2 -2a(x-d) _ 

— ^ — B e = 7T~ B. sin k de x > d 

2 1 2 1 ,, , 2 1 1 1 x 


TE even: <S > = { 

z 


y k 

o x 


wyk 


z i R 1 2 .2 

B„ sin k x 


2 1 1 1 


0 < x < d 


x 


TM 


<P > 

z 


taek 

z 

k 2 

x 

uek 


x 


2 (• e 2 -2a(x-d) 

A, < cos k xdx + £— cos k de dx 

1 >0 x d 0 


« , cos k d 

| A | - k d + - sin2k d + — — 

3 1 l 1 2 x 4 x e 2a 

o 
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cock , 2-1 

a = 7 ^— [k d + — ■ sin2k d + — — cos k d] 

z a ok x 2 x e a x 

w z o 


TE 


<P > 

z 


toyk 
z 

k 2 

x 

toyk 


1 2 Jr .2 , f jj .2 -2a(x-d) 

, i sm k xdx + J sin k de dx 

1 i x \ u x 


d U o 





sin k d-^ 

1 B. I 2 ft k d 

_ JL 

sin2k d + 

9 X 1 

1 l 1 1,2 x 

4 

x y o 

2a j 


a 

z 


k 3 

x 


a 5c4ik 
w z 


[k d - 

x 


sin2k d + — — sin 2 k d] ^ 
2 x y a x 

o 
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CHAPTER 9 


RADIATION 


Section 9.1 


1. a) V x E = - 


jm 

3t 




V x h = J + aE + e 4= 
s 3t 


V *B = 0-^B = VxA 


V • E = 


b) V x (E + = 0 E = - 1 - VV 

3t 3t 


VX H = - Vx(VxA) =- [V ( V • A) - V 2 a] = J - a [|^ + W] - e ~ 
p p v s 3t 2 

at 

— 2 — 

2- r — 3Vn 3A 1 3 A — 

V A- V[V-A + paV + pe tt] - pa — - -=■ = -yJ 

ot dt Z ^.Z S 

C dt 

— 1 3V 

Gauge condition: V*A 4- paV 4- — 7 : — = 0 

Z dt 
C 

„2- 3A 1 3 2 A -t 

v A - pa — - -2 —2 = -pJ s 
c 3t 

V*E = - V-A - V 2 V = - 
3t e 


- eV 


3V 

3t 


„2. 3V 1 3 V 

VV-ya — - -j — 

9t c 3t 2 


c) V = Re V(r)e' ]Wt , p = 0 


1 d , 2 dV, . ~ a) - . 

~ 2 dr r d7 } “ Ja))jaV + ~2 V = 0 

r c 

d 2 ^ 2 

— 2 (rV) + (-^ - jwpa)rV = 0 
dr c 
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0 ~ 2 ~2 ~ Ja)U ° r 
V = — e Jc 

4irer 


d) v x E - - f 

9t 9t P 3t 2 


V*B = 0^-B=VxA 


E - - |f - W 


«#> ■ m • I- - v 2 f- M <#-> - V » 4 

c c 3t c 3t 

2 2 — 
n 2 3A „r 3A “p Tr 1 3 2 V n “p 3A 1 

V “3t~ VLV “3t + "2 V ~ o = -V 

c 


2 2 J 2 3 t 

c 3t c 


2 s. 3 

c 3t 


3 J 

C 

9t 


— ojZ 2 

„ „ 3A p 1 3 V 

Gauge condition: V • — 1 V H ~ — — 

3t z z 2 

c c 3t 


= 0 


V 2 A 


2 - 


LU / 

P ~r 1 3 A — 

- — k A - — r- — - = -uJ 


2 ~ 2 
c 3t 


V*E = - V • - V 2 V = - 

9t e 


v 2 v-^v-^^| 


For p = 0 with Q(r=0,t) = ReQe 3Wt 


dr 


2 ( rV > + 


2 2 

(co - a/) . 

x — E- rV = 0 


V = 


. r 2 
— J — 03 — 

C]l 


4iTer 


2. a) y 2 A - ^ -^-4 = -*1J_ = 0 

c 2 Bt 2 f 


i (cot-k x-k z) 
~r d a J x z - 
A = Re A e 
x 


x 


> 0 
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3 2 A 3 2 A 2 . . 2 

x, x , 0) „ ,2., 2 w 

— r + 2~ + “2 A x = 0 ^ k x + k z = ~2 

ox oz c c 


1_ 3V 

2 
c 


= - J| v - v = 

C 


k c 
x 


V*A = - 9 -r— “jk A - 9 

2 3 t .xx 2 w x 


(b) E = - - VV + E = -jojA i + (jk i + jk i )V 

3 t xx xx J zz 

, 2 2 2 .. . 2 
k c - to ik k c 

Y A ° 17 Y A 

= i j ( ) A + i A 

x 10 x z w x 


_ _ _ 3 A 

B = V x A = i — — — -> B = -jk A 
y dz y z x 


jk 


K jk 


VK 


H = A -* H (z= 0 ) A A = 


y x y 


y x x 2jk 


For z < 0 let k ■+ -k . 

z z 


9 , 3 2 A j (wt-k x) 

<<=> A - ^ t-t - 

c 9 t 


z < a 


j (wt-k x) 

A = Re A (z)e ^ 

x x 


2^ 

dA „ 2 

x ,, 2 0) 

9 (k - — x)A = -yJ 

,2 x 2 x o 

dz c 


yJ 'i j (wt-k x) 

A = Re-i I Ad e X +A e 

x ,2 J) 1 

c 


j (wt-k x-k z) 
x z 


+ A^e 


Particular Solution 


Homogeneous 


dA = 
x 


yJ dz’ j (wt-k x-k (z-z 1 ) ) 
o x z 

2jk ® 


-yJ dz i (wt-k x+k (z-z ) ) 
o J x z 

e 


2jk n 


z > ; 


z < ; 


j (wt-k x+k z)", 
x z I 


Solution 
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z > a 


A 

x 


z < - 


A 

x 


-a < 


A 

x 


A = 
x 


k 

V = — 


a yJ dz' 



j (cot-k x-k (z-z')) 
e 



i (cot-k x-k z) 
x z 


ik a 

r z 

Le 


-ik a 
J z 


e 


] 



i (cot-k x-k z) 
. , x z 

sink a e 
z 


a -yJ dz' i (cot-k x+k (z-z')) 
r o x z 

•' 2jk 6 
-a J z 


yJ i (cot-k x+k z) -ik a ik a 
o x z r z z -\ 

—^T e Le - e J 


-yJ 1 i (cot-k x+k z) 

o . , J X z 

— ^ — sink a e 
, 2 z 


j < a 


z -yJ dz' j (cot-k x-k ( z-z ')) a yJ dz' j (cot-k x+k (z-z 1 )) 


/ ° 


X z 


2jk 

-a z 


+ /^5?E 


x z 


2jk 
z z 


yJ j (cot-k x) -jk (z+a) jk (z-a) 


x 


2k 


Cl - 


+ e 


- i] 


jyJ -jk a j (cot-k x) 

O Z . , X 

e sink z e 

,2 z 


z 


Re 


Re 


Re 


. 

w 31 

[ pJ o j 

L k 2 

z 

[ -yJ j 

o 

T 


sink a e 
z 


j (cot-k x-k z) 
x z 




-jk a j (cot-k x) 

e sink z e 

z 


] 


sink a e 
z 


j (cot-k x+k z) 
x z 


z > a 


z < a 


z < -a 


o x 
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E = 


2 2 

jk c jA 

-jcoA + jk V = A (-jco 4- — — — ) = 

x x x (0 co ' x 


x n 2 2 2 

(k c - co ) 


jk k c 

E = jk V = — — — A 

Z Z (0 X 


1 3A , -jk . 

H = - H = A 

y y o z y y x 


3 - U> , « f «= - ^ 2 

V = J :L 7— — R sin0d0d<f> 

S 4U£r QP 


2 2 2 
r^p = [r + R - 2rRcos6] 


2 -i M r 

a_R it J c QP 


o r e 

2e A r 


sin0d0 


0=0 QP 


dr. 


O J 0 „ . sin0de QP 

2r QP dr QP = 2rRsin e de - 


a R r+R -j ^ r 
f, ° r c QP , 

V = 2 77 . / . e dr 


:-R 


QP 


a o R -J?(rfR) -jf|r-R| 

[e - e ] 


2 e r(^) 


r < R 

-j ^ (r+R) -j £ (R-r) -j f R -j ^ r 
e - e = e [e 


V = 


C -’c ' J c r ~c 

L e 

r 

c " c 


e J 


-j M R 

j° o R ce C -j “ r J “ r 


2erto 


[e 


- e 


r > R 
. 0) 


-j ^ (r+R) 


-j f (r-R) -j * r -j S R j f R 
c c r c c -i 

e = e |_e - e J 
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. U) 

-J r r 


v = 


ia Rce 
J o 


2era) 


-j — R j — R 
r c c -i 

Le - e J 


< r 2 V=^fv 

c r c 

_ -itor/c . a) _ . a) _ 

, „ a Rre J -i — R i — R 

d , 2; N o r c c n 

~7~ (r A ) = -r Le -e J 

dr r 2ec 


A = 


■n . 0 ) _ . 0 ) _ , 

aR -i — R j — R -ju)r/c 
o r c c n e ,itor , 

2 Le - e ] 2 ( c 1} 


2ecr 


(— ) 
^ 2 
c 


a Rc . , . „ . . „ , C, 

( J“E + 1 )e -d^/ c [e -J^/c _ e ^R/ C] + _L 

2ea) r r 


r < R 


d , 2- . 

d? (r V 


T, . 0) „ . (1) .0) 

a Rr -i — R -i — r i — r 
o J c r c J c "i 

2 ^ 6 [e ^ 


a Rc -ju)R/c -1 — r . 1 — r . C 

" ‘ “ c (iS + 1) + e C (-^ - 1)] + -| 

c cl 

r 


A = e 

r 2 2 

lev co 


[* 


9A J W 

(b) E r = -^r-f 


r > R 
E 


-jo Rc . , . _ / . „ . j tuC 

(J»I +1) ,-J“r/c [e -J»R/c . e J«*/c ][;i . A 


r „ 2 ' c 

2er a) 


- j“ c i 


r < R 

-ja R c . -i — r . . , . icoC. 

E - e“>“ R/c [e c (^+l)(l-l)+e ;l “ r/c (^-l)<l-l)] £ 

1 2cr 2 ic c c r 2 


-jwc. 
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E r (r=0) = finite -»■ = 0 


E r (r=R + ) = 


-j“C. 


R' 


c i 


jo R 
J o 

eto 


E = 
r 


a R 
o 


er 


r > R 


r < R 


H = — V x A = 0 


* ^ E ^ A 

(c) V x H = J + e — -> J = -jtueE 

3t r J i 


Section 9.2 


4. d£ 


, dZ/2 

•« = b -in Uz)dz ' * 


di 

2-nn f eff 2 
3 { A } 


A = - 


1_ dl 
j a) dz 


(a) I(z) = I^cosaz 


d£/2 

d£ = / cosazdz 

6 -di/2 


0 . d£ 
2sxna — ^ 


„ I a 

o 

A(z) = — ; — sinaz 
3 “ 


(b) I(z) = I e 
o 


-a z 


d£ 


eff 


0 di/2 

t az, , t -az 
j e dz + J e dz 


-di/2 


,2 .-ad*/ 2 

a 
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A(z) = 


I a 

o ,-az 
— — e 

JOJ 

-al 

O CLZ 

e 




z > 0 


z < 0 


(c) I(z) = I coshaz 
o 


d£ 


eff 


d£/2 

= J coshazdz 
-di/2 

-al 


— sinh 
a 


A(z) = — - — - sinhaz 

JOJ 


5. <S> = ^ Re E x H* 


1 | m | k^n . 2„ — 
-z - 1 — 1 — o sin 0 i 

2 ( 4tt ) 2 r 2 


TT 2lT 

<P> = / / < S >r sin0d0d<J> 

0=0 d .=0 r 


1 Jm| 2 k^n2iT 


(Att) 0=0 


/ sin 0d0 


I m | 2 k^n _ | j | 2 (dS) 2 k^n 


12tt 


12tt 


<P> = 


1 |!| 2 r ^ R - ufaCdsii 

2 ' 6tt 


6 . 


(a) (p ) . , = 4tte R E 
z ind o o 


4ttg (e - e )R E 

( b) ( Pz ) ind = ^ e +£ ° ° 


(c) <P> = 


4 r 1 2 
“ ^ind 1 n 


12ttc 


ad£ 

2 
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7. 


(a) 

^dipole 


7 [ 2 cos 0 i + sin 0 il 

,3 r 0 J 

4"nr 


(from Eq. ( 8 ) Section (5.5.1)) 


Sphere = H q { (1 - ^ 3 ) co S 0 ± r - ( 1 +^ 3 ) sineij 
r 2 r 


(from Eq. (15) Section (5.7.2ii)) 


^sphere '*' S SUm un if orm field plus equivalent induced magnetic dipole moment. 

„ n 3 ^ m ind A TT „3 

HR = — 7 ► m. , =-2 ttH R 

o 4 tt ind o 


00 f - ne-J^sinet-^ + -L-J 7 

4. (jkr) ( . kr) 2 * 


— ind . 3 -ikr f — „ A/ 1 , 1 N 1 , 1 , 1 

H = — k e u 2cos0( v + ~) +i 0 smO — — r-H ~+- — — t) 

4tt r s3 0 (jkr) , N 2 , , 3' 


(jkr) (jkr)' 


(jkr) (jkr) 


(c) From Prob. 5, <P> = 


r 1 2 , 4 

m k n 

xnd 

12tt 


<P> = 0) 


8 - (a) B = v x A = 7^0 le ( V in0)i r 


13 / A 

(r V 1 e 


B 


dr 


rd0 B q sin0 


-1 ~36 ( V in6) 


3? (r V 


3 d 

— (rsin0A^)dr + — (rsin0A^) d 6 = 0 


rsinOAj = constant 

<P 


(b) A - Relief] - Rb[aA sl „ e( l + jkrje 1 < “ t - kr) ] 


4irr 


Assume m = m real 


A = - — [cos(iot - kr) - krsm((ot - kr) ] 

<p 4ir 2 

r 
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Magnetic field lines -* sin^9[ C ° S ^^ kr ) - sin(tot-kr)] 


Section 9.3 


9. (a) % r - acos0, % r + acos9 


E 

c 

jkr 


E„ % TTT7 sin0e~ jkr [e jkaCOSe + e" j (kaCOS0 - x) ] 


2E -j(kr-|) 

— — sin0e [cos(kacos0 - ] 




jkr 


H , = — 
<{> n 


(b) <s r >=|-^- 


2 l E o l 2 2 

~2 2 — s ^ n 6 C0S (kacos0 - 
k r n 


(c) <S > 

r 


= 0 when kacos0 - 


| = (2n + 1) j 


0 = 


(2n + 1) j + j 

cos ' 1 [ * i] 

ka 


<S > when kacos0 
r max 


~2 ~ nTT 


0 = 


nir + 

“■ _1 


(d) 2a = j -»■ ka = j 


Broadside -> 0 = 90° -> x = - 2nir 


Endfire ->-0 = O->-<S>=O 

r 


no endfire 


(e) E„ = t; — sin0e 
0 jkr 


-ikr v jn( k acos0 - x Q ) 
e 


n=-N 


constant 
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o . -jkr / 

= ^ smQe | 


sin(N + — ) (kacosQ - X ) 
1 o_ 

sin \ (kacos 0 - v ) 

2 o 


H = -- 0 

^ n i A 1 2 , /n , 2 1 

n E E fSin(N + -r-) (kacos0 - x )j2 

<S > - = 0 „ sm 0s = 

r 2 n .22 .1 


k r n 


sin — (kacos 0 - x ) 
z o 


<S > = 0 -*■ (N + —)(kacos0 - x ) = n7ir 
r z o 


nTT 


I + X o 


COS 


-1 N + 2 


ka 


<S > 
r max 


(N + — ) (kacosO 


X ) = (2n + 1) - 5 - 
o z 


= cos 


-1 


i- ( 2 n + 1) (tt/2) 

1 X c 

N + j 

ka 


— -? jry* 

10. (a) E 0 = [ ^ e jkacos9 + ^ + ^^ 0080 ] 


H , = — 
<f> n 


(b) <s > = ± 


r 2 n 


(c) (i) I = I = I , I = 21 + E = E = E , E. = 2E 

1 3 o 2 o 13 o2 o 


2E sin0e 


-jkr 


4E 


TT = “ 

0 jkr 


r n o . n -jkr 2 ,kacos 0 . 

Lcos(kacos 0 ) + 1 J =— — sin 0 e cos ( — ) 

jkr 2 


<S r > = 0 -> 0 = 0 , 180°; 


-1 r ( 2 n + 1 ) it -| 
= COS [ k^ ] 


„ . -1 r 2 n 7 T ~i 

<S > -* 0 = COS L J 

r max ka 


(ii) I =1=1 , I„ = -2I , E =-2E , E =E =E 
13o2 o 2 o 1 3 o 
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2E 


-4E sin0e 


-j kr 


E„ = 


0 jkr 


<1 nu Lii, 

— sinGe ^ r [cos (kacosG) - l] = — 7 


jkr 


. 2.kacos0 N 
sm ( — - ) 


<S > = 0 -* 0 = 0, 180°; 0 = cos 1 C^ 1 ] 
r ka 


<S > -v 0 = cos 1 [~ 2 -- ^ 1)7T ] 
r max ka 


(iii) I 1 = 


-I = jl I = I ^E =-E =jE,E = E 
3ozol3o2o 


-jkr 


E„ = 


E°sin0e _ ^jkacosG _ e -jkacos0 + 2 j ] 


jkr 


2E sinGe 




kr 


[l + sin(kacosG) ] 


<S > = 0 -* 0 = 0, 180 ; 0 = cos [ 


-1 |-(4n + 3) 7T - 


2ka 


r max 


e - cos ' 1 


11 . 


(a) dl = K dx 
o 


dE 0 = 


E 1 sinGe 
o 


~ jkr . v. • n j -K d£k 2 n 

e jkxsm0cos* E , = O 

jkr o 4 tt 


E e = 


E ' sinGe jkr +L/2 . Q 

o r jkxsinGcoso , 

J e dx 


jkr 


-L/2 


-jkr jkL , -jkL 

E sm0e sinGcos* 0 smGcosd) 

o r 2 2 

Le - e 


( jkr) jksin0cos<j> 


] 


2jE;e' lkr kL 

2 [sin (— 2 sin0cos<tO] 

-k rcosd) 


H , = — 
n 


(b) <S > = 0 
r 


kL 


sinGcosd) = nr 
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kL . „ , (2n + l)rr 

<S > — r- sin 6 cos<|> = 

r max 2 2 


Section 9.4 


12. (a) Eg - nH + - 


jknl sin 6 e ~ l r 0 L/2 

o j r ,, , 2z. i kz cos 0 , f .. 2zs jkzcosG, 

j J ( 1 +— )e J dz+ J ( 1 -— )e J dz 

'-L/2 L 0 


4tr 


— -j try" 

jknl sinGe J r jkzcosG „ 

(1 + _.,.T ~ (jkzcose - 1)) 


4iTr 


jkcosO jkLcosG 

jkzcosG 


0 

-L/2 


+ 


d-71 


jkcosG jkLcosG 


(jkzcosG - 1)) 


L/2> 
0 ‘ 


jknI o sinGe- jkr j ± _ 2 


-jkL 


cosG 


4tr jkcosG l jkLcosG 
ikL 


(1+7 


jkLcosO 2 


(— •'o L cosG - 1) 


cosG 


+ e 


(1-7 


jkLcosG 2 


cosG - 1) - (1 +~ 2 


j kLcosG 


)) 


ikL 


knI o sin9e~^ kr f -4 . 2 ,2 

7 + (0 

4irr kcosG IjkLcosG jkLcosG 

n I sinGe ^ kr , 

— 2 ~ [-1 + cos ( — cosG)] 

jirkrLcos G 

,2 


cosG 


-jkL 


+ e 


cosG 

) 


1 |E » 

< ^r > ‘ 2 “IT 


„ jknl sin e ^ kr L/2 

(b) E = nH = — / cos ^ eJ kzc0se dz 

G D 4fr _ L ^ 2 L 


-jkr 


jknl sinGe [jkcosGcos — + — sin — ] 

J _o e jkzcosG _ L L L 


4Trr 


jknl . . -jkr 
J o sinGe J 


4rL [(J ) 2 - (kcose) J 

jkLnl cos [—7 cose] 

o . „ -jkr 2 

sinGe 


(~) 2 - (kcosG ) 2 

cosG cosG 

2 _( e + e 


L/2 


Z= “ 2 


) 


8 r 


[(^| cose ) 2 - (f) 2 ] 
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r 2 n 


(a) E q % 


ri I sin0e J 
o 

2 

jirkrLcos 0 


r)I sin0kLe 
o 


2 T 2 

R = 40ir ( 7 ) 

A 


-jkLnl sin0e 

(b) e # % -§ 

2tt r 
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